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'Askhsh 1 'Estw ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai to Ω = {1, 2, 3, 4, 5, 6} kai oi enèrgeièc
mac exelÐssontai se treic qronikèc periìdouc T = {0, 1, 2}. 'Estw ìti h plhroforÐa mac gia tic katast�seic
tou kìsmou perigr�fetai apì tic diamerÐseic tou Ω F0 = {Ω}, F1 = {{1, 2, 3}, {4, 5, 6}}, F2 = {{ω}, ω ∈ Ω}.
Upojètoume epÐshc ìti sthn agor� up�rqoun diajèsimh d = 1 metoq  kai ènac trapezikìc logariasmìc pou
perigr�fei thn exèlixh thc axÐac thc nomismatik c mon�dac, twn opoÐwn oi anelÐxeic axÐac dÐnontai apì ta akìlouja
dianÔsmata tou EukleideÐou q¸rou RD (D eÐnai to dèndro plhrofìrhshc):
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S1 = (10, 3, 7, 1, 0, 1, 3, 3, 1).

(i) DeÐxte ìti sthn agor� den up�rqei arbitrage.

(ii) 'Estw omìlogo me koupìni C = 50 kai onomastik  axÐa F = 150. ProsdiorÐste to sÔnolo twn qartofula-
kÐwn antist�jmishc tou omolìgou an stouc kìmbouc pou antistoiqoÔn sthn qronik  perÐodo 1 epilègontai
qartoful�kia sta opoÐa perièqontai mìno qr mata.

(iii) Timolog ste to omìlogo b�sei enìc qartofulakÐou antist�jmis c tou.

(iv) Timolog ste to omìlogo b�sei thc paroÔsac axÐac thc qrhmatoro c tou, afoÔ pr¸ta prosdiorÐsete thn
anèlixh epitokÐwn pou orÐzei o trapezikìc logariasmìc kaj¸c kai ta dianÔsmata tim¸n twn stoiqeiwd¸n
agaj¸n.

(v) Up�rqei perÐptwsh oi dÔo timolog seic na eÐnai Ðsec ?

LÔsh:

(i) To di�nusma tim¸n π = (1, 1, 1, 1, 1, 1, 1, 1, 1) eÐnai orjog¸nio stic st lec tou pÐnaka twn apodìsewn twn
qrhmatooikonomik¸n sumbolaÐwn W (S), �ra den up�rqei arbitrage.

(ii) O pÐnakac W (S) eÐnai diast�sewn 9× 6 kai eÐnai o akìloujoc pÐnakac
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To omìlogo mporeÐ na jewrhjeÐ wc èna sugkuriakì sumbìlaio me di�nusma apìdoshc stouc kìmbouc tou
D+ to E = (50, 50, 200, 200, 200, 200, 200, 200). H agor� twn sumbolaÐwn den eÐnai pl rhc, ìpwc faÐnetai
apì touc upopÐnakec tou W (S). To sÔnolo twn qartofulakÐwn antist�jmishc tou E apoteleÐtai apì ta
qartoful�kia z = (z(ξ0), z(ξ1), z(ξ2)) me S(ξ+
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0 ). Gia ta qartoful�kia pou ikanopoioÔn thn pr¸th exÐswsh, èqoume ìti aut� ja eÐnai
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ìpou z(ξ2) = (a, b), z(ξ1) = (c, d). EÐnai (a, b) = (1200, 0) kai c + 6d = 1200 me c, d ∈ R. An upojèsoume
ìti to z(ξ0) eÐnai Ðso me (s, t), tìte gia ton kìmbo ξ1 èqoume 1

2s + 3t − 600 = 50, kai gia ton kìmbo ξ2

èqoume 1
2s + 7t− 1

2c− 7d = 50.

(iii) An to qartoful�kio z(ξ1) perièqei mìno merÐdia tou trapezikoÔ logariasmoÔ, tìte oi exis¸seic gia to z(ξ0)
gÐnontai 1

2s + 3t − 600 = 50, 1
2s + 7t − 600 = 50 kai an t = 0, tìte gia to qartoful�kio z(ξ0) = (1300, 0)

eÐnai S(ξ0) · z(ξ0) = 1300 �ra mia timolìghsh tou omolìgou eÐnai sta 1300 eur¸.

(iv) H anèlixh proexìflhshc pou orÐzei o trapezikìc logariasmìc eÐnai ∆1
0 = 2,∆1

2 = 3. H stoqastik  paroÔsa
axÐa kat� thn perÐodo 0 thc qrhmatoro c tou omolìgou eÐnai Ðsh me NPV0 = ∆1

0 · C + ∆2
0 · (C + F ) ef'

ìson se ìlouc touc kìmbouc thc periìdou 1 eispr�ttetai to koupìni C kai se ìlouc touc kìmbouc thc
periìdouc 2 to koupìni mazÐ me thn onomastik  axÐa F .

(v) Antikajist¸ntac ston tÔpo thc NPV0 ta noÔmera, èqw ìti NPV0 = 2 · 50 + 6 · 200 = 100 + 1200 = 1300.
'Ara h timolìghsh aut  sumpÐptei me thn timolìghsh b�sei tou qartofulakÐou tou erwt matoc (iii).

'Askhsh 2 'Estw ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai to Ω = {1, 2, 3, 4, 5} kai oi enèrgeièc mac
exelÐssontai se dÔo qronikèc periìdouc T = {0, 1}. Na epilèxete tuqaÐa ènan pÐnaka apodìsewn miac agor�c tri¸n
axiogr�fwn wc ex c: Ektìc apì ton trapezikì logariasmì tou opoÐou to di�nusma apìdoshc kat� thn perÐodo
1 eÐnai (1 + r)1 (ìpou r > 0 eÐnai to epitìkio apìdoshc, to opoÐo mporeÐte na to epÐlèxete na eÐnai mikrìtero
tou 1), me thn entol  Random[] sto Mathematica lamb�nete ènan yeudotuqaÐo arijmì apì thn omoiìmorfh
katanom  sto [0, 1]. Epanal�bete thn entol  10 forèc kai pllaplasi�ste touc arijmoÔc pou ja p�rete me to 10.
Ta akèraia mèrh twn arijm¸n sac kataqwr ste ta me th seir� pou emfanÐsthkan wc suntetagmènec twn dÔo
�llwn dianusm�twn tou R5 pou anaparistoÔn tic apodìseic twn axiogr�fwn d = 1, 2 kat� thn perÐodo 1 stic 5
katast�seic tou kìsmou.

(i) IsqÔei ìti k�poio apì ta trÐa axiìgrafa mporeÐ na grafeÐ wc qartoful�kio twn dÔo �llwn ?

(ii) An isqÔei ìti ta dianÔsmata pou epilèxate eÐnai grammik� anex�rthta, tìte breÐte thn apìdosh enìc qar-
tofulakÐou b twn metoq¸n (dhlad  twn axiogr�fwn d = 1, 2) pou diaqwrÐzei tic katast�seic tou kìsmou.

(iii) Na prosdioristoÔn timèc ex�skhshc tètoiec ¸ste ta dikai¸mata eÐte agor�c eÐte p¸lhshc pou eggr�fontai
sto b me autèc tic timèc ex�skhshc mazÐ me ta trÐa arqik� axiìgrafa na sunistoÔn mÐa pl rh agor�.

LÔsh:

(i) Upojètontac ìti to epitìkio gia ton trapezikì logariasmì eÐnai r = 0.10 kai efarmìzontac thn diadikasÐa
pou perigr�fetai sthn ekf¸nhsh, paÐrnoume ton pÐnaka

S1 =


1.1 5 8
1.1 7 8
1.1 0 4
1.1 5 4
1.1 7 4

 .

Den isqÔei ìti k�poio apì ta �xiìgrafa aut� mporeÐ na grafeÐ wc qartoful�kio twn dÔo �llwn. Autì
diìti ta trÐa dianÔsmata tou R5 eÐnai grammik� anex�rthta.

(ii) Ta trÐa parap�nw dianÔsmata -st lec tou pÐnaka S1 eÐnai grammik� anex�rthta, diìti h 3× 3 orÐzousa∣∣∣∣∣∣
1.1 5 8
1.1 7 8
1.1 0 4

∣∣∣∣∣∣
eÐnai mh mhdenik  kai Ðsh me −8.
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(iii) To qartoful�kio (0, 1, 1) èqei wc apìdosh to sugkuriakì sumbìlaio b = (13, 15, 4, 9, 12) to opoÐo diaqw-
rÐzei tic katast�seic tou kìsmou kai an jewr soume tic timèc ex�skhshc k1 = 5, k2 = 10, k3 = 25

2 , k4 = 14
tìte èqoume ìti oi apodìseic twn antÐstoiqwn call-options pou eggr�fontai sto b eÐnai

(b− k11)+ = (8, 10, 0, 4, 7), (b− k21)+ = (3, 5, 0, 0, 2),

(b− k31)+ = (
1
2
,
5
2
, 0, 0, 0), (b− k41)+ = (0, 1, 0, 0, 0).

Ta parap�nw dianÔsmata-apodìseic dikaiwm�twn agor�c p�nw sto b mazÐ me to b eÐnai mia b�sh tou R5,
�ra sunistoÔn mia pl rh agor� axiogr�fwn.

3


