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'Askhsh 1 'Estw ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai to Ω = {1, 2, 3, 4, 5, 6} kai oi enèrgeièc
mac exelÐssontai se treic qronikèc periìdouc T = {0, 1, 2}. 'Estw ìti h plhroforÐa mac gia tic katast�seic
tou kìsmou perigr�fetai apì tic diamerÐseic tou Ω F0 = {Ω}, F1 = {{1, 2, 3}, {4, 5, 6}}, F2 = {{ω}, ω ∈ Ω}.
Upojètoume epÐshc ìti sthn agor� up�rqoun diajèsimec d = 2 metoqèc kai ènac trapezikìc logariasmìc pou
perigr�fei thn exèlixh thc axÐac thc nomismatik c mon�dac, twn opoÐwn oi anelÐxeic axÐac dÐnontai apì ta akìlouja
dianÔsmata tou EukleideÐou q¸rou RD (D eÐnai to dèndro plhrofìrhshc):
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S1 = (10, 8, 2, 2, 2, 4, 1, 1, 0),

S2 = (8, 4, 4, 2, 2, 0, 2, 2, 0),

Dedomènou ìti èqoun prosdioristeÐ ta tim¸n twn stoiqeiwd¸n agaj¸n pou katanal¸nontai se k�je kìmbo tou
dèndrou plhrofìrhshc (bl. pr¸to full�dio), na prosdioristeÐ to sÔnolo twn isodÔnamwn mètrwn martingale gia
thn agor� aut .

LÔsh: EÐnai profanèc ìti to di�nusma tim¸n π = (1, 1, 1, 1, 1, 1, 1, 1, 1) eÐnai orjog¸nio stic sthlec tou
pÐnaka W (S) kai epomènwc eÐnai èna tètoio di�nusma tim¸n. Gia na prosdiorÐsoume èna deÔtero tètoio di�nusma
tim¸n, èstw π = (1, a, b, c, d, e, f, g, h), arkeÐ autì na èqei ìlec tou tic suntetagmènec jetikèc kai na eÐnai
orjog¸nio se ìlec tic st lec tou W (S). ArkeÐ dhlad  na isqÔoun oi akìloujec exis¸seic

a + b = 2, 8a + 2b = 10, 3a = c + d + e, 8a = 2c + 2d + 4e,

4a = 2c + 2d, 3b = f + g + h, 2b = f + g, 4b = 2f + 2g.

Met� apì pr�xeic sumperaÐnoume ìti h genik  morf  tou dianÔsmatoc π, eÐnai h akìloujh

π = (1, 1, 1, c, 2− c, 1, f, 2− f, 1),

ìpou ìlec oi suntetagmènec prèpei na eÐnai jetikèc, dhlad  c, f ∈ (0, 2).
Oi suntelestèc proexìflhshc pou prokÔptoun apì ton trapezikì logariasmì eÐnai oi akìloujoi:

∆1
0(ω) = 2, ω ∈ Ω,∆2

1(ω) = 3, ω = 1, 2, 3,∆2
1(ω) = 3, ω = 4, 5, 6.

'Ara o suntelest c anatokismoÔ metaxÔ twn periìdwn 0 kai 2 eÐnai Γ2
0(ω) = 1

6 , ω = 1, 2, 3,Γ2
0(ω) = 1

6 , ω =
4, 5, 6. 'Ara h genik  morf  twn isodÔnamwn mètrwn martingale thc agor�c dÐnetai apì to di�nusma µπ =
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6 ), c, f ∈ (0, 2). AjroÐzontac tic suntetagmènec tou dianÔsmatoc autoÔ, èqoume ìti to apo-
tèlesma eÐnai Ðso me 1. EpÐshc to di�nusma autì èqei jetikèc, mh mhdenikèc suntetagmènec, logw tou ìti to π
èqei jetikèc, mh mhdenikèc suntetagmènec.

'Askhsh 2 Na epalhjeutoÔn oi sqèseic thc morf c Eµ(S
1

T |Ft) = S
1

t , T = 2, t < 2 gia thn anèlixh twn

proexoflhmènwn tim¸n thc metoq c S
1
, wc proc k�je isodÔnamo mètro martingale µ pou èqete prosdiorÐsei sthn

prohgoÔmenh �skhsh.
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LÔsh:
Prèpei na epalhjeutoÔn oi sqèseic

Eµ(∆2
0S

1
2 |F0) = S1

0 , Eµ(∆2
0S

1
2 |F1) = ∆1

0S
1
1 ,

gia k�je isodÔnamo mètro martingale µ.
Gia thn pr¸th sqèsh arkeÐ na deÐxoume ìti

S1
0 =

6∑
i=1

∆2
0(i)S

1
2(i)µ(i).

K�nontac antikat�stash prokÔptei ìti,

10 =
1
6
· 6 · [c · 2 + (2− c) · 2 + 1 · 4 + 1 · f + 1 · (2− f)],

to opoÐo isqÔei.
Gia ton kìmbo ξ1 = (1, {1, 2, 3} arkeÐ na deÐxoume ìti
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,

ìpou σ1 = {1, 2, 3}. K�nontac antikat�stash prokÔptei ìti,
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1
2

· (2 · c

6
+ 2 · 2− c

6
+ 4 · 1

6
).

Gia ton kìmbo ξ2 = (1, {4, 5, 6} arkeÐ na deÐxoume ìti
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1(σ2) =
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,

ìpou σ2 = {4, 5, 6}. K�nontac antikat�stash prokÔptei ìti,

2 · 2 = 6 · 1
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· (1 · f
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'Askhsh 3 Gia to filtration pou par�getai apì tic diamerÐseic plhroforÐec pou dÐnontai sthn pr¸th �skhsh
kai to mètro pijanìthtac ( 1

6 , 1
6 , 1

6 , 1
6 , 1

6 , 1
6 ) gia tic katast�seic tou kìsmou prosdiorÐste èna martingale, èna

submartingale kai èna supermartingale prosarmosmèna sto filtration autì.

L’ush: An arijm soume touc kìmbouc tou dèndrou plhrofìrhshc wc ex c ξ0 = (0,Ω), ξ1 = (1, {1, 2, 3}),
ξ2 = (1, {4, 5, 6}), ξ3 = (2, {1}), ξ4 = (2, {2}), ξ5 = (2, {3}), ξ6 = (2, {4}), ξ7 = (2, {5}), ξ8 = (2, {6}), ef'
ìson oi zhtoÔmenec stoqastikèc diadikasÐec prèpei na eÐnai prosarmosmènec sth di jhsh pou par�getai apì tic
parap�nw diamerÐseic plhroforÐac, autèc mporoÔn na parastajoÔn apì èna di�nusma (a, b, c, d, e, f, g, h, k) tou
RD ìpou X0(ω) = a gia k�je ω, X1(ω) = b, ω = 1, 2, 3 X1(ω) = c, ω = 4, 5, 6, X2(1) = d, X2(2) = e,X2(3) =
f,X2(4) = g,X2(5) = h, X2(6) = k, en¸ X0, X1, X2 eÐnai oi tuqaÐec metablhtèc thc diadikasÐac X. An k�je
kat�stash èqei pijanìthta Ðsh me 1

6 , tìte gia na eÐnai h X supermartingale prèpei na isqÔoun oi akìloujec
sqèseic E(X1|F0) ≤ X0, E(X2|F1) ≤ X1, ìpou Fi, i = 0, 1, 2 eÐnai h �lgebra uposunìlwn tou Ω pou par�getai
apì th diamèrish Fi. Autèc oi sqèseic isodÔnama gr�fontai wc ex c a ≥ b+c

2 , b ≥ d+e+f
3 , c ≥ g+h+k

3 . Gia na eÐnai
h X submartingale prèpei na isqÔoun oi akìloujec sqèseic E(X1|F0) ≥ X0, E(X2|F1) ≥ X1, ìpou Fi, i = 0, 1, 2
eÐnai h �lgebra uposunìlwn tou Ω pou par�getai apì th diamèrish Fi. Autèc oi sqèseic isodÔnama gr�fontai wc
ex c a ≤ b+c

2 , b ≤ d+e+f
3 , c ≤ g+h+k

3 . 'Ena martingale eÐnai kai submartingale kai supermartingale. DianÔsmata
(a, b, c, d, e, f, g, h, k) pou na ikanopoioÔn autèc tic sqèseic, mporoÔn wc gwnstìn na prosdioristoÔn mèsw thc
proc ta pÐsw apagwg c.

2


