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'Askhsh 1 'Estw ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai to Ω = {1, 2, 3, 4, 5, 6} kai oi enèrgeièc
mac exelÐssontai se treic qronikèc periìdouc T = {0, 1, 2}. 'Estw ìti h plhroforÐa mac gia tic katast�seic
tou kìsmou perigr�fetai apì tic diamerÐseic tou Ω F0 = {Ω}, F1 = {{1, 2, 3}, {4, 5, 6}}, F2 = {{ω}, ω ∈ Ω}.
Upojètoume epÐshc ìti sthn agor� up�rqoun diajèsimec d = 2 metoqèc kai ènac trapezikìc logariasmìc pou
perigr�fei thn exèlixh thc axÐac thc nomismatik c mon�dac, twn opoÐwn oi anelÐxeic axÐac dÐnontai apì ta akìlouja
dianÔsmata tou EukleideÐou q¸rou RD (D eÐnai to dèndro plhrofìrhshc):

S0 = S0 = (1, 0.5, 0.5,
1
6
,
1
6
,
1
6
,
1
6
,
1
6
,
1
6
),

S1 = (10, 8, 2, 2, 2, 4, 1, 1, 0),

S2 = (8, 4, 4, 2, 2, 0, 2, 2, 0),

(i) Na sqedi�sete to gr�fhma tou dèndrou plhrofìrhshc D gia tic katast�seic tou kìsmou. Na prosdioristoÔn
ta sÔnola twn �mesa epìmenwn kìmbwn ξ+, gia k�je kìmbo ξ ∈ D−.

(ii) Na prosdiorÐsete ta dianÔsmata S(ξ) kai tou pÐnakec S(ξ+) gia k�je kìmbo ξ ∈ D−.

(iii) Na prosdiorÐsteÐ o pÐnakac apodìsewn W (S) thc agor�c twn d + 1 axiogr�fwn kai to di�nusma apìdoshc
t(z) tou qartofulakÐou z = ((0, 1, 1), (0, 1,−1), (0, 1, 1)), ìpou z(ξ0) = (0, 1, 1), z(ξ1) = (0, 1,−1), z(ξ2) =
(0, 1, 1).

(iv) Na prosdioristoÔn ta dianÔsmata t(z)(ξ+) = S(ξ+) · z(ξ) − S(ξ+) •ξ z(ξ+) gia to qartoful�kio tou
prohgoÔmenou erwt matoc.

LÔsh:

(i) To dèndro plhrofìrhshc eÐnai to akìloujo

D = {(0,Ω), (1, {1, 2, 3}), (1, {4, 5, 6}), (2, {1}), (2, {2}), (2, {3}), (2, {4}), (2, {5}), (2, {6})} =

= {ξ0, ξ1, ξ2, ξ3, ξ4, ξ5, ξ6, ξ7, ξ8}.

EÐnai ξ+
0 = {ξ1, ξ2}, ξ+

1 = {ξ3, ξ4, ξ5}, ξ+
2 = {ξ6, ξ7, ξ8}.

(ii) EÐnai S(ξ0) = (1, 10, 8), S(ξ1) = (0.5, 8, 4), S(ξ2) = (0.5, 2, 4), S(ξ3) = (1
6 , 2, 2), S(ξ4) = (1

6 , 2, 2), S(ξ5) =
( 1
6 , 4, 0). Akìmh eÐnai S(ξ6) = ( 1

6 , 1, 2), S(ξ7) = ( 1
6 , 1, 2), S(ξ8) = ( 1

6 , 0, 0). Epiplèon

S(ξ+
0 ) =

[
0.5 8 4
0.5 2 4

]
, S(ξ+

1 ) =

 1
6 2 2
1
6 2 2
1
6 4 0

 , S(ξ+
2 ) =

 1
6 1 2
1
6 1 2
1
6 0 0

 .
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(iii) O pÐnakac W (S) eÐnai diast�sewn 9× 9 kai eÐnai o akìloujoc pÐnakac

W (S) =



−1 −10 −8 0 0 0 0 0 0
0.5 8 4 −0.5 −8 −4 0 0 0
0.5 2 4 0 0 0 −0.5 −2 −4

0 0 0 1
6 2 2 0 0 0

0 0 0 1
6 2 2 0 0 0

0 0 0 1
6 4 0 0 0 0

0 0 0 0 0 0 1
6 1 2

0 0 0 0 0 0 1
6 1 2

0 0 0 0 0 0 1
6 0 0


.

To di�nusma apìdoshc tou qartofulakÐou z eÐnai to t(z) = W (S) · z kai eÐnai to akìloujo di�nusma

t(z) =



−1 −10 −8 0 0 0 0 0 0
0.5 8 4 −0.5 −8 −4 0 0 0
0.5 2 4 0 0 0 −0.5 −2 −4

0 0 0 1
6 2 2 0 0 0

0 0 0 1
6 2 2 0 0 0

0 0 0 1
6 4 0 0 0 0

0 0 0 0 0 0 1
6 1 2

0 0 0 0 0 0 1
6 1 2

0 0 0 0 0 0 1
6 0 0


·



0
1
1
0
1

−1
0
1
1


=



−18
8
0
0
0
4
3
3
0


(iv) Ta dianÔsmata t(z)(ξ+

0 ), t(z)(ξ+
1 ), t(z)(ξ+

2 ) eÐnai ta ex c:

t(z)(ξ+
1 ) = S(ξ+

1 ) · z(ξ1) =

 1
6 2 2
1
6 2 2
1
6 4 0

 ·

 0
1

−1

 =

 0
0
4

 ,

t(z)(ξ+
2 ) = S(ξ+

2 ) · z(ξ2) =

 1
6 1 2
1
6 1 2
1
6 0 0

 ·

 0
1
1

 =

 3
3
0

 ,

t(z)(ξ+
0 ) = S(ξ+

0 ) ·z(ξ0)−S(ξ+
0 )•ξ0 z(ξ+

0 ) =
[

0.5 8 4
0.5 2 4

]
·

 0
1
1

−[
(0.5, 8, 4) · (0, 1− 1)

(0.5, 2, 4) · (0, 1, 1)

]
=

[
−18

8

]
.

'Askhsh 2 'Estw ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai to Ω = {1, 2, 3, 4, 5, 6} kai oi enèrgeièc
mac exelÐssontai se treic qronikèc periìdouc T = {0, 1, 2}. 'Estw ìti h plhroforÐa mac gia tic katast�seic
tou kìsmou perigr�fetai apì tic diamerÐseic tou Ω F0 = {Ω}, F1 = {{1, 2, 3}, {4, 5, 6}}, F2 = {{ω}, ω ∈ Ω}.
Upojètoume epÐshc ìti sthn agor� up�rqoun diajèsimec d = 2 metoqèc kai ènac trapezikìc logariasmìc pou
perigr�fei thn exèlixh thc axÐac thc nomismatik c mon�dac, twn opoÐwn oi anelÐxeic axÐac dÐnontai apì ta akìlouja
dianÔsmata tou EukleideÐou q¸rou RD (D eÐnai to dèndro plhrofìrhshc):

S0 = (1, 1.1, 1.1, 1.2, 1.2, 1.2, 1.3, 1.3, 1.3),

S1 = (10, 7, 7, 6, 6, 6, 10, 4, 4),

S2 = (8, 7, 7, 6, 5, 7, 5, 10, 10).

(i) Na deÐxete ìti sthn agor� aut  up�rqei arbitrage kai na prosdiorÐsete dÔo tètoia qartoful�kia.

(ii) Na deÐxete ìti sthn agor�

S0 = S0 = (1, 0.5, 0.5,
1
6
,
1
6
,
1
6
,
1
6
,
1
6
,
1
6
),

S1 = (10, 8, 2, 2, 2, 4, 1, 1, 0),

S2 = (8, 4, 4, 2, 2, 0, 2, 2, 0),

den up�rqei arbitrage.
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(iii) Na prosdioristoÔn dÔo dianÔsmata tim¸n twn stoiqeiwd¸n agaj¸n pou katanal¸nontai se k�je kìmbo tou
dèndrou plhrofìrhshc.

(iv) Na deÐxete me perissìterouc apì ènan trìpouc ìti h agor� tou erwt matoc (ii) den eÐnai pl rhc.

LÔsh:

(i) O pÐnakac apodìsewn W (S) eÐnai diast�sewn 9× 9 kai eÐnai o akìloujoc pÐnakac

W (S) =



−1 −10 −8 0 0 0 0 0 0
1.1 7 7 −1.1 −7 −7 0 0 0
1.1 7 7 0 0 0 −1.1 −7 −7

0 0 0 1.2 6 6 0 0 0
0 0 0 1.2 6 5 0 0 0
0 0 0 1.2 6 7 0 0 0
0 0 0 0 0 0 1.3 10 5
0 0 0 0 0 0 1.3 4 10
0 0 0 0 0 0 1.3 4 10


.

DÔo qartoful�kia pou parèqoun arbitrage eÐnai ta akìlouja :

z1 = (7, 0,−1, 0, 0, 0, 0, 0, 0), z2 = (0,−1, 1, 0, 0, 0, 0, 0, 0).

(ii) To di�nusma tim¸n π = (1, 1, 1, 1, 1, 1, 1, 1, 1) eÐnai orjog¸nio stic sthlec tou pÐnaka W (S) �ra den up�rqei
arbitrage.

(iii) EÐnai profanèc ìti to di�nusma tim¸n π = (1, 1, 1, 1, 1, 1, 1, 1, 1) eÐnai orjog¸nio stic sthlec tou pÐnaka
W (S) kai epomènwc eÐnai èna tètoio di�nusma tim¸n. Gia na prosdiorÐsoume èna deÔtero tètoio di�nusma
tim¸n, èstw π = (1, a, b, c, d, e, f, g, h), arkeÐ autì na èqei ìlec tou tic suntetagmènec jetikèc kai na eÐnai
orjog¸nio se ìlec tic st lec tou W (S). ArkeÐ dhlad  na isqÔoun oi akìloujec exis¸seic

a + b = 2, 8a + 2b = 10, 3a = c + d + e, 8a = 2c + 2d + 4e,

4a = 2c + 2d, 3b = f + g + h, 2b = f + g, 4b = 2f + 2g.

Met� apì pr�xeic sumperaÐnoume ìti h genik  morf  tou dianÔsmatoc π, eÐnai h akìloujh

π = (1, 1, 1, c, 2− c, 1, f, 2− f, 1),

ìpou ìlec oi suntetagmènec prèpei na eÐnai jetikèc, dhlad  c, f ∈ (0, 2). Gia f = 1
4 , èqoume ìti

π1 = (1, 1, 1, 1, 1, 1,
1
4
,
7
4
, 1).

(iv) Ta dÔo prohgoÔmena dianÔsmata tim¸n eÐnai grammik� anex�rthta, �ra sÔmfwna me to Je¸rhma Qarakth-
rismoÔ Pl rwn Agor¸n autì shmaÐnei ìti h agor� den eÐnai pl rhc. EpÐshc, b�sei tou Ðdiou jewr matoc
isqÔei rankS(ξ+

2 ) = 2 < b(ξ2) = 3, �ra h agor� den eÐnai pl rhc.

'Askhsh 3 Sthn agor� tou erwt matoc (ii) thc prohgoÔmenhc �skhshc, na brejeÐ an to sugkuriakì sumbìlaio

c = (6, 3, 3, 3, 0, 2, 2, 0) ∈ RD+
eÐnai epiteÔximo kai an nai, breÐte qartoful�kio antist�jmishc gia autì. Pìso

kostÐzei autì to qartoful�kio ? EÐnai aut  h monadik  dÐkaih tim  gia to c pou endèqetai na plhr¸sei o
endiaferìmenoc gia thn antist�jmish tou c, b�sei twn ìswn deÐxate sthn prohgoÔmenh �skhsh ?

LÔsh: Me th mèjodo thc proc ta pÐsw apagwg c, prosdiorÐzoume qartoful�kia z(ξ2), z(ξ1) gia ta opoÐa na
isqÔei ìti  1

6 2 2
1
6 2 2
1
6 4 0

 · z(ξ1) =

 3
3
0

 ,

 1
6 1 2
1
6 1 2
1
6 0 0

 · z(ξ2) =

 2
2
0

 .

Gia par�deigma eÐnai z(ξ1) = (18, 0, 0), z(ξ2) = (12, 0, 0). Gia aut n thn epilog  qartofulakÐwn isqÔei ìti

(0.5, 8, 4) · z(ξ0)− (0.5, 8, 4) · (18, 0, 0) = 6, (0.5, 2, 4) · z(ξ0)− (0.5, 2, 4) · (12, 0, 0) = 3.

'Ena qartoful�kio pou ikanopoieÐ tic parap�nw exis¸seic eÐnai to z(ξ0) = (6, 1, 1). Den eÐnai h monadik  dÐkaih
tim  gia to c pou endèqetai na plhr¸sei o endiaferìmenoc gia thn antist�jmis  tou, giatÐ lìgw thc mh plhrìthtac
thc agor�c to qartoful�kio antist�jmishc z tou c den eÐnai monadikì kai ètsi h arqik  tim  S(ξ0) · z(ξ0) den
eÐnai monadik .
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