
Panepist mio AigaÐou- Tm ma Statistik c kai Analogistik¸n-
Qrhmatooikonomik¸n Majhmatik¸n

AKADHMAÛKO ETOS 2009-10

Majhmatik� Oikonomik� - LÔseic 1ou FÔllou Ask sewn
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'Askhsh 1. Se mia oikonomÐa me dÔo agaj�, na deÐxete ìti h sun�rthsh
z thshc enìc katanalwt  me arqik  dèsmh agaj¸n e1 = (1, 2) kai sqèsh
protÐmhshc � pou orÐzetai apì th sun�rthsh wfelimìthtac u(x, y) = x ·
exp(y), x ≥ 0, y ≥ 0 eÐnai kal� orismènh gia k�je di�nusma tim¸n p = (p1, p2)
me p >> 0 kai na thn prosdiorÐsete.

Ap�nthsh: Gia to sÔnolo z thshc isqÔei x(p, p·e1) 6= � gia k�je p >> 0
diìti gia k�je austhr� jetikì di�nusma tim¸n, to antÐstoiqo sÔnolo proôpo-
logismoÔ B(p, p · e1) eÐnai mh kenì, kleistì kai fragmèno, �ra sumpagèc, en¸
h sqèsh protÐmhshc pou orÐzetai apì thn parap�nw sun�rthsh wfelimìthtac
eÐnai suneq c. 'Ara apì to Je¸rhma Mègisthc kai El�qisthc Tim c, h u lam-
b�nei mègisth tim  sto B(p, p·e1), gia k�je p >> 0. Epiplèon, ta stoiqeÐa tou
x(p, p ·e1) an koun ston eisodhmatikì periorismì tou B(p, p ·e1). Autì isqÔei
diìti parathroÔme ìti (x1, y1) � (0, y2) gia k�je x1, y1, y2 > 0. Epomènwc
periorizìmaste sto na anaferìmaste se jetikoÔc arijmoÔc se ì,ti afor� thn
katan�lwsh tou pr¸tou agajoÔ kai an x1 ≥ x2, y1 > y2 tìte ey1 > ey2 kai �ra
x1e

y1 > x2e
y2 , to opoÐo shmaÐnei ìti u(x1, y1) > u(x2, y2) gia dèsmec katan�-

lwshc (x1, y1), (x2, y2) gia tic opoÐec isqÔoun oi parap�nw anisìthtec kai epo-
mènwc (x1, y1) > (x2, y2). H �llh perÐptwsh gia na isqÔei (x1, y1) > (x2, y2)
eÐnai h x1 > x2 kai y1 ≥ y2, apì thn opoÐa èpetai ey1 ≥ ey2 . 'Ara h
sqèsh protÐmhshc eÐnai gnhsÐwc monìtonh sto sÔnolo desm¸n katan�lwshc
{(x, y) ∈ R2

+|x > 0, y ≥ 0}, pou eÐnai ìmwc kai ekeÐno pou endiafèrei apì �po-
yhc megistopoÐhshc. 'Ara ef' oson eÐnai gnhsÐwc monìtonh se autì to sÔnolo
kai to mègisto lamb�netai se autì to sÔnolo desm¸n, to mègisto lamb�netai
ston eisodhmatikì periorismì kaj¸c epÐshc kai se autèc tic dèsmec agaj¸n.
Dhlad  isqÔei p1x+p2y = p1 +2p2 kai x > 0. LÔnontac wc proc y prokÔptei
ìti y = 1

p2
(p1 + 2p2 − p1x) kai gia na broÔme to mègisto thc sqèshc protÐmh-

shc, prèpei na broÔme to mègisto thc u ston eisodhmatikì periorismì upì thn
epiplèon proôpojesh ìti x > 0. 'Omwc h u ston isodhmatikì periorismì eÐnai

sun�rthsh mÐac mìno metablht c -tou x - kai gÐnetai g(x) = xe
1

p2
(p1+2p2−p1x).
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To prìblhma ìmwc thc megistopoÐhshc thc u metatrèpetai se prìblhma me-
gistopoÐhshc thc g upì touc periorismoÔc x > 0, 1

p2
(p1 + 2p2 − p1x) ≥ 0.

EÐnai g′(x) = e
1

p2
(p1+2p2−p1x)

+ xe
1

p2
(p1+2p2−p1x) d

dx
( 1

p2
(p1 + 2p2 − p1x)) = =

e
1

p2
(p1+2p2−p1x)

(1 + x(−p1

p2
)). To x = p2

p1
eÐnai jèsh olikoÔ megÐstou gia thn g

upì touc periorismoÔc pou jèsame. Antikajist¸ntac sthn exÐswsh tou eiso-
dhmatikoÔ periorismoÔ èqoume ìti y = p1+p2

p2
. 'Ara h sun�rthsh z thshc eÐnai

x(p, p · e) = (p2

p1
, p1+p2

p2
), p1 > 0, p2 > 0.

'Askhsh 2. Se mia oikonomÐa me dÔo agaj�, na deÐxete ìti oi sunart seic
z thshc dÔo katanalwt¸n katanalwt  me arqikèc dèsmec agaj¸n e1 = e2 =
(1, 1) kai sqèseic protÐmhshc �1,�2 pou orÐzontai apì tic sunart seic wfe-
limìthtac u1(x, y) = xy, u2(x, y) = x4y2, x ≥ 0, y ≥ 0 eÐnai kal� orismènec
gia k�je di�nusma tim¸n p = (p1, p2) me p >> 0 kai na tic prosdiorÐsete.

Ap�nthsh: Gia to sÔnolo z thshc tou pr¸tou katanalwt  eÐnai x1(p, p ·
e1) 6= � gia k�je p >> 0 diìti gia k�je austhr� jetikì di�nusma tim¸n,
to antÐstoiqo sÔnolo proôpologismoÔ B(p, p · e1) eÐnai mh kenì, kleistì kai
fragmèno, �ra sumpagèc, en¸ h sqèsh protÐmhshc pou orÐzetai apì thn pa-
rap�nw sun�rthsh wfelimìthtac eÐnai suneq c. 'Ara apì to Je¸rhma Mè-
gisthc kai El�qisthc Tim c, h u lamb�nei mègisth tim  sto B(p, p · e1), gia
k�je p >> 0. Epiplèon, ta stoiqeÐa tou x1(p, p · e1) an koun ston eisodh-
matikì periorismì tou B(p, p · e1). Autì isqÔei diìti (x, y) �1 (x1, 0), (0, y1),
ìpou x, y > 0 kai x1, y1 > 0. Epiplèon sto R2

++ h sqèsh protÐmhshc �1

eÐnai gnhsÐwc monìtonh diìti an pq (x1, y1) > (x2, y2) diìti x1 ≥ x2, y1 > y2

tìte sumperaÐnoume ìti x1y1 > x2y2. Epomènwc an (x, y) oi suntetagmènec
tou dianÔsmatoc x1(p, p · e1), tìte p1x + p2y = p1 + p2, �ra gia ton pr¸-
to katanalwt  èqoume ìti y = 1

p2
(p1 + p2 − p1x). Gia na broÔme se poia

posìthta katan�lwshc tou pr¸tou agajoÔ megistopoieÐtai h sun�rthsh w-
felimìthtac kai �ra kai h sqèsh protÐmhshc, prèpei na megistopoi soume
th sun�rthsh f(x) = 1

p2
x(p1 + p2 − p1x), upì touc periorismoÔc x ≥ 0 kai

1
p2

(p1 +p2−p1x) ≥ 0, dhlad  p1 +p2−p1x ≥ 0. Melet¸ntac thn f wc proc th

monotonÐa brÐskoume ìti jèsh olikoÔ megÐstou eÐnai to x = p1+p2

2p1
kai �ra h su-

n�rthsh z thshc eÐnai h x1(p, p·e1) = ( 1
2p1

(p1+p2),
1

2p2
(p1+p2)), p1 > 0, p2 > 0.

Me ton Ðdio trìpo prosdiorÐzetai kai h sun�rthsh z thshc tou deÔterou ka-

tanalwt  pou eÐnai h x2(p1, p2) = (2(p1+p2)
3p1

, p1+p2

3p2
). Dhlad  oi suntetagmè-

nec (x, y) tou x2(p, p · e2), tìte p1x + p2y = p1 + p2, �ra gia to deÔtero
katanalwt  èqoume ìti y = 1

p2
(p1 + p2 − p1x). Gia na broÔme se poia po-
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sìthta katan�lwshc tou pr¸tou agajoÔ megistopoieÐtai h sun�rthsh wfe-
limìthtac kai �ra kai h sqèsh protÐmhshc, prèpei na megistopoi soume th
sun�rthsh g(x) = 1

p2
2
x4(p1 + p2 − p1x)2, upì touc periorismoÔc x ≥ 0 kai

1
p2

(p1 + p2 − p1x) ≥ 0, dhlad  p1 + p2 − p1x ≥ 0, isodÔnama na megistopoi -

soume thn h(x) = x2(p1 + p2− p1x) gia thn opoÐa jèsh olikoÔ megÐstou eÐnai

h x = 2(p1+p2)
3p1

h opoÐa ikanopoieÐ touc periorismoÔc pou jèloume.

'Askhsh 3. ProsdiorÐste tic timèc isorropÐac sthn oikonomÐa antallag c thc
prohgoÔmenhc �skhshc.

Ap�nthsh: H sun�rthsh sunolik c z thshc thc oikonomÐac antallag c
thc prohgoÔmenhc �skhshc eÐnai

x(p1, p2) = x1(p1, p2)+x2(p1, p2) = (
p1 + p2

2p1

,
p1 + p2

2p2

)+(
2(p1 + p2)

3p1

,
p1 + p2

3p2

) =

= (
7(p1 + p2)

6p1

,
5(p1 + p2)

6p2

).

AntÐstoiqa h sun�rthsh uperb�llousac z thshc eÐnai

z(p1, p2) = x(p1, p2)− (e1 + e2) = (
7(p1 + p2)

6p1

,
5(p1 + p2)

6p2

)− (2, 2) =

= (
7p2 − 5p1

6p1

,
5p1 − 7p2

6p2

).

Sto simplex tou R2
+ h monadik  tim  isorropÐac, dhlad  h tim  p = (p1, p2)

gia thn opoÐa z(p1, p2) = 0 eÐnai h (p1, p2) = ( 7
12

, 5
12

).

'Askhsh 4. Sqedi�ste ta sÔnola adiaforÐac thc sqèshc protÐmhshc � pou
orÐzetai apì th sun�rthsh wfelimìthtac u(x, y) =

√
xy, x ≥ 0, y ≥ 0 sto

epÐpedo.

Ap�nthsh: 'Estw x0 = (x0,1, x0,2) ∈ R2
+ mÐa dèsmh katan�lwshc twn

dÔo agaj¸n thc oikonomÐac. Tìte to sÔnolo adiaforÐac wc proc aut  th
dèsmh katan�lwshc eÐnai to {x ∈ R2

+|x ∼ x0} kai epeid  h � anaparÐstatai
apì th sun�rthsh wfelimìthtac u(x, y) =

√
xy, to parap�nw sÔnolo eÐnai to

{(x, y) ∈ R2
+|u(x, y) = u(x0,1, x0,2) = c}. Gia c = 0, to sÔnolo adiaforÐac

eÐnai to shmeÐo (0, 0) diìti an
√

xy = 0 me x, y ≥ 0, tìte h monadik  perÐptwsh
pou autì isqÔei eÐnai gia x = y = 0. An c > 0, tìte to sÔnolo adiaforÐac
eÐnai h grafik  par�stash thc sun�rthshc y = c√

x
, x > 0.
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'Askhsh 5. Na d¸sete èna par�deigma sun�rthshc wfelimìthtac pou eÐnai
kurt , all� den eÐnai suneq c.

Ap�nthsh: 'Estw oikonomÐa me èna agajì pou katanal¸netai se prag-
matikèc posìthtec kai oi posìthtec autèc an koun sto di�sthma [0, 1]. Tìte
h sun�rthsh wfelimìthtac u(x) = 1, x ∈ (0, 1), u(x) = 2, x = 0, 1, eÐnai kurt 
all� ìqi suneq c. To gegonìc ìti den eÐnai suneq c eÐnai profanèc, miac kai
limx−→1−u(x) = 1 6= u(1) = 2, limx−→0+u(x) = 1 6= u(0) = 2. All� h sun�r-
thsh u eÐnai kurt , diìti isqÔoun ta ex c: 'Estw x, y ∈ [0, 1] kai λ ∈ [0, 1].
Tìte an λx+(1−λ)y = 0, mporoÔme na parathr soume ìti isqÔei x = y = 0.
Epomènwc isqÔei ìti u(0) = u(λx + (1 − λ)y) = λu(x) + (1 − λ)u(y) =
λu(0) + (1− λ)u(0) = u(0), epomènwc apì thn anisìthta u(λx + (1− λ)y) ≤
λu(x) + (1 − λ)u(y) pou qarakthrÐzei tic kurtèc sunart seic, se aut n thn
perÐptwsh isqÔei h isìthta. To Ðdio parathroÔme ìti isqÔei kai sthn perÐ-
ptwsh pou λx + (1 − λ)y = 1. Tìte isqÔei x = y = 1. Epomènwc isqÔei ìti
u(1) = u(λx+(1−λ)y) = λu(x)+ (1−λ)u(y) = λu(1)+ (1−λ)u(1) = u(1),
epomènwc apì thn anisìthta u(λx + (1 − λ)y) ≤ λu(x) + (1 − λ)u(y) pou
orÐzei tic kurtèc sunart seic, se aut n thn perÐptwsh isqÔei h isìthta. An
λx + (1 − λ)y 6= 0, 1, tìte u(λx + (1 − λ)y) = 1. An x, y ∈ (0, 1) tìte
u(x), u(y) = 1 kai tìte u(λx + (1 − λ)y) = 1 = λu(x) + (1 − λ)u(y), o-
pìte isqÔei h isìthta, an de isqÔei x = 0, 1 kai λx + (1 − λ)y 6= 0, 1, (pq
y = λ = 1

2
, x = 0), tìte u(λx + (1 − λ)y) < λu(x) + (1 − λ)u(y), opìte

isqÔei h anisìthta. Se k�je perÐptwsh, o orismìc thc kurtìthtac gia thn u
ikanopoieÐtai.
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