
MIKROOIKONOMIKH JEWRIA

A' EXAMHNO

1) PROTIMHSEIS

2) SUNARTHSEIS WFELIMOTHTAS

Did�skwn: Q. Kountz�khc

1. Sto plaÐsio twn oikonomik¸n thc orjologik c epilog c, jewroÔme ìti k�je katanalwt c sugkrÐnei ìlouc
touc dunatoÔc sunduasmoÔc katan�lwshc twn agaj¸n A kai B (x1, x2) ∈ R2

+ b�sei twn proswpik¸n tou
protim sewn. 'Etsi, an èqei na epilèxei metaxÔ dÔo sunduasm¸n katan�lwshc (x1, x2), (y1, y2) mporeÐ p�ntote
na apofanjeÐ poioc eÐnai protimìteroc gia ekeÐnon.

2. O trìpoc me ton opoÐon sugkrÐnei o katanalwt c touc sunduasmoÔc metaxÔ touc, onom�zetai sqèsh pro-
tÐmhshc,   apl� protÐmhsh kai sumbolÐzetai sun jwc me �. 'Etsi, sthn parap�nw perÐptwsh sumbolÐ-
zoume (x1, x2) � (y1, y2) an o katanalwt c protim� ton sunduasmì katan�lwshc (x1, x2) apì ton (y1, y2).

3. An isqÔei (x1, x2) � (y1, y2) kai (y1, y2) � (x1, x2), tìte lème ìti o katanalwt c eÐnai adi�foroc metaxÔ
twn sunduasm¸n (x1, x2), (y1, y2) kai sumbolÐzoume (x1, x2) ∼ (y1, y2).

4. An isqÔei (x1, x2) � (y1, y2) all� ìqi (x1, x2) ∼ (y1, y2), tìte sumbolÐzoume me (x1, x2) � (y1, y2) kai lème
ìti o katanalwt c protim� gn sia ton (x1, x2) apì ton (y1, y2).

5. Ta axi¸mata pou ikanopoieÐ k�je sqèsh protÐmhshc eÐnai a) to axÐwma thc plhrìthtac, dhlad  ìti gia
k�je dÔo sunduasmoÔc katan�lwshc (x1, x2), (y1, y2) mporoÔme na apofanjoÔme an (x1, x2) � (y1, y2)  
(y1, y2) � (x1, x2), b) to axÐwma thc anaklastikìthtac, dhlad  ìti gia k�je sunduasmì (x1, x2) isqÔei
(x1, x2) � (x1, x2), dhlad  k�je sunduasmìc eÐnai protimìteroc apì ton eautì tou kai g) to axÐwma thc
metabatikìthtac, dhlad  an (x1, x2) � (y1, y2) kai (y1, y2) � (z1, z2), tìte (x1, x2) � (z1, z2), dhlad 
an o (x1, x2) eÐnai protimìteroc apì ton (y1, y2) kai autìc me th seir� tou eÐnai protimìteroc apì ton (z1, z2),
tìte kai o (x1, x2) eÐnai protimìteroc apì to (z1, z2).

6. Ta sÔnola I(y1, y2) = {(x1, x2) ∈ R2
+|(x1, x2) ∼ (y1, y2)}, (y1, y2) ∈ R2

+ onom�zontai sÔnola adi-
aforÐac. An (z1, z2) 6= (y1, y2), tìte I(z1, z2) ∩ I(y1, y2) = ∅.

7. To pio sunhjismèno par�deigma sqèsewn protÐmhshc eÐnai autèc pou anaparÐstantai apì k�poia sun�rthsh
wfelimìthtac. Dhlad , up�rqei mÐa sun�rthsh

u : R2
+ → R,

tètoia ¸ste na isqÔei ìti
(x1, x2) � (y1, y2) ⇔ u(x1, x2) ≥ u(y1, y2).

8. An h � anaparÐstatai apì th u, tìte dÔo sunduasmoÐ (x1, x2), (y1, y2) eÐnai adi�foroi o ènac wc proc ton
�llon, an kai mìno an isqÔei u(x1, x2) = u(y1, y2). Dhlad  oi sunduasmoÐ pou an koun sto I(x1, x2) an koun
se mÐa isostajmik  thc u, dhlad  se èna sÔnolo thc morf c {(x1, x2) ∈ R2

+|u(x1, x2) = ρ}, ρ ∈ R. Mìno
k�tw apì orismènec proôpojèseic mporoÔme na ekfr�soume ta shmeÐa tou sunìlou wc mÐa kampÔlh, dhlad 
wc mÐa sun�rthsh èstw tou x1.

9. Par�deigma sqèshc protÐmhshc pou anaparÐstatai apì sun�rthsh wfelimìthtac eÐnai h sqèsh protÐmhshc
dÔo tèleia upokat�statwn agaj¸n. P.q. an mac arèsei o kafèc kai sthn agor� up�rqoun dÔo
m�rkec Ðdiac poiìthtac A kai B, em�c mac endiafèrei pìsh posìthta sunìlik� ja katanal¸soume apì ton
kafè. 'Ara h sun�rthsh wfelimìthtac eÐnai

u(x1, x2) = x1 + x2,

an x1 eÐnai h posìthta kafè m�rkac A kai x2 h posìthta kafè m�rkac B.
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10. H morf  twn kampul¸n adiaforÐac eÐnai sthn perÐptwsh aut  x1 + x2 = c, c ∈ R+.

11. Par�deigma sqèshc protÐmhshc pou anaparÐstatai apì sun�rthsh wfelimìthtac eÐnai epÐshc h sqèsh pro-
tÐmhshc dÔo tèleia sumplhrwmatik¸n agaj¸n. An A eÐnai h posìthta dexi¸n papoutsi¸n kai B
h posìthta arister¸n papoutsi¸n pou ja katanal¸soume (p.q. ja agor�soume gia na èqoume), em�c mac
endiafèrei to min{x1, x2} se k�je sunduasmì (x1, x2), giatÐ antistoiqeÐ sta zeug�ria pou sqhmatÐzontai.
'Ara h sun�rthsh wfelimìthtac eÐnai

u(x1, x2) = min{x1, x2}.

12. H morf  twn kampul¸n adiaforÐac eÐnai sthn perÐptwsh aut  min{x1, x2} = c, c ∈ R+. To gewmetrikì
sq ma eÐnai to ex c: Gia ta shmeÐa (x1, x2) me x2 ≥ x1, h hmieujeÐa pou xekin� apì to shmeÐo (c, c) me x1 = c.
Gia ta shmeÐa me x1 > x2 h hmieujeÐa pou xekin� apì to (c, c) me x2 = c.

13. An upojèsoume ìti ènac katanalwt c pÐnei ton kafè tou me dÔo kÔbouc z�qarhc an� flutz�ni kafè. An x1

eÐnai to pl joc twn flutzani¸n kafè pou eÐnai diajèsima kai x2 eÐnai oi diajèsimoi kÔboi z�qarhc, tìte ta
swst� flutz�nia kafè dÐnontai �pì th sun�rthsh wfelimìthtac min{x1,

1
2x2}. Dhlad  gia ton katanalwt 

autìn, o kafèc kai oi kÔboi z�qarhc eÐnai tèleia sumplhrwmatik� agaj�.

14. H genik  morf  sun�rthshc wfelimìthtac twn tèleia sumplhrwmatik¸n agaj¸n eÐnai

V (x1, x2) = min{ax1, bx2},

ìpou a, b > 0 pou kajorÐzoun tic analogÐec katan�lwshc twn agaj¸n.

15. H morf  thc sun�rthshc wfelimìthtac twn genikeumèna upokat�statwn agaj¸n eÐnai

V (x1, x2) = ax1 + bx2,

ìpou a, b eÐnai pragmatikoÐ arijmoÐ pou upodhl¸noun thn axÐa twn agaj¸n gia ton katanalwt . Ed¸ ent�s-
setai h perÐptwsh ìpou to agajì A gia par�deigma eÐnai adi�foro gia ton katanalwt . 'Ara ton endiafèrei
mìno h posìthta tou agajoÔ B pou ja katanal¸sei kai se aut n thn perÐptwsh h sun�rthsh wfelimìtht�c
tou eÐnai V (x1, x2) = x2. Gia par�deigma an b�loume se ènan mh kapnist  (all� ìqi antikapnist !) wc
agajì A ta tsig�ra. To an�logo mporeÐ na gÐnei me to agajì B.

16. MÐa �llh perÐptwsh eÐnai aut  tou anepijÔmhtou agajoÔ B, en¸ antÐstoiqa to agajì A eÐnai epi-
jumhtì. Tìte h sun�rthsh wfelimìthtac èqei th morf 

V (x1, x2) = ax1 + bx2,

me a > 0 kai b < 0.

17. An to agajì A eÐnai anpijÔmhto, tìte h sun�rthsh wfelimìthtac tou katanalwt  upojètoume ìtièqei th
morf  u(x1, x2) = x2 − ax1, a > 0. H shmasÐa tou arijmoÔ a eÐnai h ex c. An o katanalwt c sqedÐaze na
katanal¸sei to sunduasmì (x1, x2) kai �ra na brejeÐ se èna epÐpedo wfelimìthtac u(x1, x2) = c, tìte an
tou d¸soume mÐa epiplèon mon�da apì to agajì pou den epijumeÐ na katanal¸sei, dhlad  to A, tìte gia
na exakolouj sei na brÐsketai sto Ðdio epÐpedo wfelimìthtac prèpei na tou d¸soume akìmh a mon�dec tou
agajou B pou epijumeÐ. Epibebai¸nontac, u(x1 + 1, x2 + a) = x2 + a− a(x1 + 1) = x2 + a− ax1 − a = c.

18. MÐa �llh shmantik  kathgorÐa sunart sewn wfelimìthtac eÐnai oi sunart seic Cobb-Douglas:

u(x1, x2) = xa
1xb

2, a, b ∈ (0, 1), a + b = 1.

19. Oi oioneÐ grammikèc protim seic eÐnai ekeÐnec gia tic opoÐec h morf  thc sun�rthshc wfelimìthtac
pou tic anaparist� eÐnai u(x1, x2) = f(x1) + x2   u(x1, x2) = x2 + g(x2).

20. Sto epÐpedo, h sun jhc merik  di�taxh orÐzetai wc ex c: (x1, x2) ≥ (y1, y2) an kai mìno an x1 ≥
y1, x2 ≥ y2. Tìte lème ìti to (x1, x2) eÐnai megalÔtero   Ðso apì to (y1, y2). An mÐa apì tic dÔo
anisìthtec isqÔei gn sia, tìte lème ìti to (x1, x2) eÐnai megalÔtero apì to (y1, y2) kai sumbolÐzoume
(x1, x2) > (y1, y2). An isqÔoun kai oi dÔo anisìthtec gn sia tìte lème ìti to (x1, x2) eÐnai gn sia
megalÔtero apì to (y1, y2) kai sumbolÐzoume (x1, x2) >> (y1, y2).
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21. MÐa sun�rthsh wfelimìthtac eÐnai monìtonh an (x1, x2) ≥ (y1, y2) èpetai u(x1, x2) ≥ u(y1, y2).

22. MÐa sun�rthsh wfelimìthtac eÐnai gnhsÐwc monìtonh an (x1, x2) > (y1, y2) èpetai u(x1, x2) > u(y1, y2).

23. Mia sun�rthsh wfelimìthtac èqei �krwc epijumhtì sunduasmì katan�lwshc ton (1, 1), an gia
k�je ε > 0 kai k�je sunduasmì katan�lwshc (x1, x2) isqÔei u(x1 + ε, x2 + ε) > u(x1, x2).

24. Mia gnhsÐwc monìtonh sun�rthsh wfelimìthtac èqei �krwc epijumhtì sunduasmì ton (1, 1). To antÐstrofo
den isqÔei. Par�deigma gia autì apoteleÐ h sun�rthsh wfelimìthtac twn tèleia sumplhrwmatik¸n agaj¸n
u(x1, x2) = min{x1, x2}. Tìte (3, 1) > (1, 1), all� u(3, 1) = 1 = u(1, 1).

25. Gia th sun�rthsh wfelimìthtac twn tèleia upokat�statwn agaj¸n u(x1, x2) = x1+x2 èqoume ìti aut  eÐnai
gnhsÐwc monìtonh. Pr�gmati an (x1, x2) > (y1, y2) kai autì shmaÐnei gia par�deigma ìti x1 ≥ y1, x2 > y2
tìte x1 + x2 > y1 + y2, en¸ an x1 > y1, x2 ≥ y2 tìte x1 + x2 > y1 + y2.

26. Gia tic sunart seic wfelimìthtac Cobb-Douglas u(x1, x2) = xa
1xb

2, èqoume ìti h sun�rthsh f(x) = xa, x >
0, a > 0 eÐnai gnhsÐwc aÔxousa, �ra an (x1, x2) > (y1, y2) kai autì shmaÐnei gia par�deigma ìti x1 ≥
y1, x2 > y2, tìte xa

1 ≥ ya
1 , xb

2 > yb
2, en¸ an x1 > y1, x2 ≥ y2, tìte xa

1 > ya
1 , xb

2 ≥ yb
2. Se k�je perÐptwsh

pollaplasi�zoume kat� mèlh anisìthtec me jetikoÔc arijmoÔc kai prokÔptei to zhtoÔmeno, dhlad  ìti
u(x1, x2) > u(y1, y2).

27. EpÐshc gia tic sunart seic wfelimìthtac isqÔei ìti h sÔnjesh mÐac sun�rthshc wfelimìthtac me mÐa gn sia
monìtonh h : R → R af nei analloÐwth thn oikogèneia twn sunìlwn adiaforÐac. Autì isqÔei diìti k�je
gn sia monìtonh eÐnai 1− 1, �ra up�rqei h antÐstrofh sun�rthsh thc h kai �ra isqÔei

{(x1, x2) ∈ R2
+|(h ◦ u)(x1, x2) = c} =

= {(x1, x2) ∈ R2
+|u(x1, x2) = h−1(c) = c1}.

28. Oriakìc lìgoc upokat�stashc (OLU) eÐnai h klÐsh miac kampÔlhc adiaforÐac se èna shmeÐo thc.
An h kampÔlh adiaforÐac eÐnai omal , dhlad  dÐnetai apì mia diaforÐsimh sun�rthsh thc metablht c x1, èstw
{(x1, x2) ∈ R2

+|x2) = f(x1)}, tìte h efaptomènh eujeÐa sto shmeÐo -sunduasmì katan�lwshc (x1, x2) =
(x10, f(x10)) eÐnai x2 − f(x10) = f ′(x10)(x1 − x10). 'Ara gÔrw apì ton sunduasmì katan�lwshc (x1, x2) =
(x10, f(x10)),kaj¸c sumbaÐnei mÐa mikr  metabol  sthn katan�lwsh ∆x1 sthn katan�lwsh tou agajoÔ A,
h metabol  thc katan�lwshc ∆x2 tou agajoÔ B ja 'kineÐtai' p�nw sthn efaptìmenh eujeÐa, en¸ par�llhla
mporoÔme na upojèsoume ìti kinoÔmaste p�nw sthn kampÔlh adiaforÐac. O OLU ekfr�zei to gegonìc ìti
an metablhjeÐ h katan�lwsh tou agajoÔ A kat� ∆x1 (aÔxhsh antistoiqeÐ se meÐwsh kai to antÐstrofo),
tìte gia na suneqÐsoume na kinoÔmaste p�nw sthn Ðdia kampÔlh adiaforÐac h katan�lwsh tou agajoÔ B
prèpei na metablhjeÐ kat� f ′(x10)∆x1. AntÐstoiqa, an metablhjeÐ h katan�lwsh tou agajoÔ B kat� ∆x2

(aÔxhsh antistoiqeÐ se meÐwsh kai to antÐstrofo), tìte gia na suneqÐsoume na kinoÔmaste p�nw sthn Ðdia
kampÔlh adiaforÐac h katan�lwsh tou agajoÔ A prèpei na metablhjeÐ kat� ∆x2

f ′(x10)
.

29. An èqoume dÔo agaj� p.q. sokol�tec kai gkofrèttec, endeqomènwc na mac arèsei na pragmatopoioÔme
sunduasmoÔc apì aut� ta gluk� perissìtero apì to an eÐqame katanalwtikoÔc sunduasmoÔc apoteloÔmenouc
mìno apì gkofrèttec   mìno apì sokol�tec. Aut  h parat rhsh mac odhgeÐ sthn ènnoia twn (austhr�)
kurt¸n protim sewn kai twn (austhr�) sqedìn koÐlwn sunart sewn wfelimìthtac.
ProtoÔ ìmwc orÐsoume autèc tic ènnoiec, eÐnai dìkimo na orÐsoume thn ènnoia tou kurtoÔ sunìlou.

30. Kurtì sÔnolo eÐnai èna uposÔnolo tou epipèdou, to opoÐo èqei thn idiìthta gia k�je dÔo shmeÐa tou to
eujÔgrammo tm ma pou ta en¸nei na brÐsketai entìc tou sunìlou. 'H alli¸c to A ⊆ R2 eÐnai kurtì an kai
mìno an gia k�je x, y ∈ A, λ ∈ (0, 1) isqÔei λx + (1− λ)y ∈ A.

31. Mia protÐmhsh onom�zetai kurt  an gia k�je (y1, y2), (z1, z2) � (x1, x2) kai k�je λ ∈ (0, 1) isqÔei
λ(y1, y2)+ (1−λ)(z1, z2) � (x1, x2), dhlad  to sÔnolo twn sunduasm¸n {(y1, y2) ∈ R2

+|(y1, y2) � (x1, x2)}
gia k�je sunduasmì (x1, x2) eÐnai kurtì.

32. ApodeiknÔetai ìti ìlec oi proanaferìmenec sunart seic wfelimìthtac pou anafèrjhkan orÐzoun kurtèc
sqèseic protÐmhshc.

33. Mia protÐmhsh onom�zetai austhr� kurt  an gia k�je (y1, y2), (z1, z2) � (x1, x2), (y1, y2) 6= (z1, z2) kai
k�je λ ∈ (0, 1) isqÔei λ(y1, y2) + (1− λ)(z1, z2) � (x1, x2).
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34. MÐa sun�rthsh wfelimìthtac u onom�zetai sqedìn koÐlh an gia k�je (y1, y2), (z1, z2) kai k�je λ ∈ (0, 1)
isqÔei u(λ(y1, y2) + (1− λ)(z1, z2)) ≥ min{u(y1, y2), u(z1, z2)}.

35. MÐa sun�rthsh wfelimìthtac u onom�zetai austhr� sqedìn koÐlh an gia k�je (y1, y2), (z1, z2) kai
k�je λ ∈ (0, 1) isqÔei u(λ(y1, y2) + (1− λ)(z1, z2)) ≥ min{u(y1, y2), u(z1, z2)}.

36. ApodeiknÔetai ìti mÐa protÐmhsh pou anaparÐstatai apì sun�rthsh wfelimìthtac u eÐnai(austhr�) kurt  an
kai mìno an h u eÐnai (austhr�) sqedìn koÐlh.

37. Autì apodeiknÔetai wc ex c. An � kurt , tìte λx + (1 − λ)y � x, y, ìpou x, y eÐnai sunduasmoÐ agaj¸n,
dhlad  x = (x1, x2), y = (y1, y2). Tìte afoÔ h u anaparist� thn �, u(λx + (1 − λ)y) ≥ u(x), u(y) ≥
min{u(x), u(y)} gia k�je x, y kai λ ∈ (0, 1). AntÐstrofa, an u(λx + (1 − λ)y) ≥ min{u(x), u(y)} gia
k�je x, y kai λ ∈ (0, 1), tìte gia k�je dÔo sunduasmoÔc katan�lwshc x, y èqoume ìti eÐte u(x) > u(y),
eÐte u(x) ≤ u(y). Tìte p.q. gia thn pr¸th perÐptwsh èqoume ìti min{u(x), u(y)} = u(y), �ra lìgw
thc u(λx + (1 − λ)y) ≥ min{u(x), u(y)} gia k�je λ ∈ (0, 1) isqÔei u(λx + (1 − λ)y) ≥ u(y) dhlad 
λx + (1−λ)y � y. Parìmoia ergazìmaste kai sthn �llh perÐptwsh ìpwc kai sthn perÐptwsh pou h u eÐnai
austhr� sqedìn koÐlh.

38. MÐa kurt  sun�rthsh mporeÐ na eÐnai sqedìn koÐlh sth mÐa di�stash. P.q. h f(x) = x2, x ≥ 0 eÐnai austhr�
sqedìn koÐlh. 'Estw 0 ≤ x < y. Tìte an 0 < a < 1, (ax + (1− a)y)2 = a2x2 + 2a(1− a)xy + (1− a)2y2 >
x2(a2 + 2a(1− a) + (1− a)2) = x2 = min{x2, y2}.

39. O genikìc orismìc mÐac koÐlhc sun�rthshc u : R2
+ → R eÐnai u(λ(y1, y2)+(1−λ)(z1, z2)) ≥ λu(y1, y2)+

(1− λ)u(z1, z2) gia k�je (y1, y2), (z1, z2) kai λ ∈ (0, 1).

40. Gia ton orismì thc austhr� koÐlhc sun�rthshc arkeÐ antÐ ≥ na b�loume >.

41. MÐa (austhr�) koÐlh sun�rthsh eÐnai (austhr�) sqedìn koÐlh. An tic sunart seic tic orÐsoume se èna
uposÔnolo tou R2

+ autì prèpei na eÐnai kurtì.

42. Tèloc, up�rqei to z thma tou koresmoÔ. GurÐzontac sto par�deigma me tic gkofrèttec kai tic sokol�tec,
den mporeÐte na katanal¸nete aperiìristec posìthtec apì aut� ta agaj�. K�pote epèrqetai ènac koresmìc.
KajorÐzete eseÐc ènan sunduasmì dhlad  pou kajist� to mègisto pou sac endiafèrei na katanal¸sete kai
apì ta dÔo aut� agaj�. MÐa protÐmhsh onom�zetai mh koresmènh an gia k�je sunduasmì (x1, x2) up�rqei
(y1, y2) me (y1, y2) � (x1, x2).
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