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1. ApodeiknÔetai ìti an èna �tomo èqei mia protÐmhsh � sta agaj� A kai B pou anaparÐstatai apì mia suneq 
sun�rthsh wfelimìthtac u me �krwc epijumhtì sunduasmì to (1, 1), tìte to mègisto thc u sto sÔnolo
proôpologismoÔ B(p1, p2,m), p1 > 0, p2 > 0,m > 0 lamb�netai p�nw ston eisodhmatikì periorismì, an
epiplèon h u eÐnai suneq c sun�rthsh sto R2

+.

2. 'Estw (x1, x2) to mègisto pou up�rqei lìgw sunèqeiac kai p1x1+p2x2 < m. Jètw δ = m−p1x1+p2x2 > 0.
Jewr¸ ton sunduasmì δ

2 ( 1
p1+p2

, 1
p1+p2

) kai upojètw ìti o katanalwt c prosjètei autì to sunduasmì sthn

arqik  tou katan�lwsh. Tìte isqÔei, p1x1 + p2x2 + δ
2 ( p1

p1+p2
+ p2

p1+p2
) = p1x1 + p2x2 + δ

2 < m. 'Omwc

u((x1, x2) + δ
2 ( 1

p1+p2
, 1

p1+p2
)) > u(x1, x2), dhlad  to (x1, x2) den eÐnai mègisto.

3. To sÔnolo x(p1, p2,m) twn sunduasm¸n katan�lwshc pou megistopoioÔn thn wfelimìthta u sto sÔnolo
proôpologismoÔ B(p1, p2,m), p1 > 0, p2 > 0,m > 0 onom�zetai sÔnolo z thshc.

4. ApodeiknÔetai ìti an èna �tomo èqei mia protÐmhsh � sta agaj� A kai B pou anaparÐstatai apì mia austhr�
sqedìn koÐlh sun�rthsh wfelimìthtac u, tìte to sÔnolo x(p1, p2,m) twn sunduasm¸n katan�lwshc pou
megistopoioÔn thn wfelimìthta u apoteleÐtai apì èna kai monadikì stoiqeÐo.

5. An upojèsoume ìti (x1, x2) 6= (y1, y2) dÔo stoiqeÐa tou x(p1, p2,m), tìte gia k�je λ ∈ (0, 1) isqÔei u(λ ·
(x1, x2)+(1−λ)·(y1, y2)) > min{u(x1, x2), u(y1, y2)} = u(x1, x2), �topo diìti to λ·(x1, x2)+(1−λ)·(y1, y2)
eÐnai stoiqeÐo tou B(p1, p2,m).

6. H sun�rthsh x : R2
++ ×R++ me (p1, p2,m) 7→ x(p1, p2,m) sthn perÐptwsh pou h sun�rthsh wfelimìthtac

eÐnai gnhsÐwc monìtonh (  genikìtera èqei �krwc epijumhtì sunduasmì ton (1, 1)), suneq c kai austhr�
sqedìn koilh,   genik� ìtan to sÔnolo z thshc eÐnai monosÔnolo, onom�zetai sun�rthsh z thshc.

7. Par�deigma eÔreshc thc sun�rthshc z thshc 1: Tèleia upokat�stata agaj�. 'Eqoume na megistopoi soume
th sun�rthsh u(x1, x2) = x1+x2 sto B(p1, p2,m). H sun�rthsh wfelimìthtac eÐnai gnhsÐwc monìtonh, �ra
to mègisto lamb�netai p�nw ston eisodhmatikì periorismì. Dhlad  oi �ristoi sunduasmoÐ ikanopoioÔn tic
sqèseic, p1x1 + p2x2 = m,x1 ≥ 0, x2 ≥ 0. An p1 = p2 = p, tìte oi �ristoi sunduasmoÐ eÐnai to eujÔgrammo
tm ma x1 + x2 = m

p , x1 ≥ 0, x2 ≥ 0. An p1 6= p2, tìte x2 = m
p2
− p1

p2
x1, dhlad  èqoume na megistopoi soume

th sun�rthsh g(x1) = m
p2
− p1

p2
x1 + x1, ìtan x1 ∈ [0, m

p1
]. EÐnai g′(x1) = p2−p1

p2
. 'Ara an p2 > p1, tìte to

mègisto lamb�netai ìtan x1 = m
p1

(kai x2 = 0), en¸ an p1 > p2 ja eÐnai x1 = 0 kai x2 = m
p2
.

8. Par�deigma eÔreshc thc sun�rthshc z thshc 2: Tèleia sumplhrwmatik� agaj�. SÔmfwna me ì,ti eÐpame
prin èqoume na megistopoi soume thn u(x1, x2) = min{x1, x2} sto B(p1, p2,m). H sun�rthsh wfelimìthtac
eÐnai gnhsÐwc monìtonh, �ra to mègisto lamb�netai p�nw ston eisodhmatikì periorismì. Dhlad  oi �ristoi
sunduasmoÐ ikanopoioÔn tic sqèseic, p1x1 + p2x2 = m,x1 ≥ 0, x2 ≥ 0. Lìgw thc gewmetrÐac twn kampul¸n
adiaforÐac, to shmeÐo tom c me to sÔnolo proôpologismoÔ èqei th morf  (c, c), c > 0, �ra to shmeÐo
megistopoÐhshc eÐnai ( m

p1+p2
, m

p1+p2
).

9. Wc ask seic mporoÔn na dokimastoÔn oi sunart seic z thshc twn genikeumènwn upokat�statwn me u(x1, x2) =
ax1 + bx2, a > 0, b > 0, kaj¸c kai twn genikeumènwn sumplhrwmatik¸n me u(x1, x2) = min{ax1, bx2}, a >
0, b > 0.
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10. Par�deigma eÔreshc thc sun�rthshc z thshc 3. Adi�fora agaj�. SÔmfwna me ì,ti eÐpame prin èqoume
na megistopoi soume thn u(x1, x2) = x2 sto B(p1, p2,m) an to A eÐnai adi�foro gia ton katanalwt .
H sun�rthsh wfelimìthtac eÐnai gnhsÐwc monìtonh, �ra to mègisto lamb�netai p�nw ston eisodhmatikì
periorismì. Dhlad  oi �ristoi sunduasmoÐ ikanopoioÔn tic sqèseic, p1x1 + p2x2 = m,x1 ≥ 0, x2 ≥ 0. O
�ristoc sunduasmìc eÐnai o (0, m

p2
).

11. An to agajì B eÐnai adi�foro, dhlad  u(x1, x2) = x1 tìte o antÐstoiqoc �ristoc sunduasmìc katan�lwshc
eÐnai o ( m

p1
, 0).

12. An h protÐmhsh tou katanalwt  anaparÐstatai apì mia sun�rthsh Cobb-Douglas u(x1, x2) = xa
1xb

2, x1 >
0, x2 > 0, a + b = 1, a, b > 0, tìte p�li h sqèsh protÐmhshc eÐnai gnhsÐwc monìtonh kai megistopoeÐtai ston
eisodhmatikì periorismì. 'Ara h upì megistopoÐhsh sun�rthsh eÐnai p.q. f(x1) = xa

1( m
p2
− p1

p2
x1)b, 0 < x1 <

m
p1
. O �ristoc sunduasmìc eÐnai (am

p1
, bm

p2
). Autì prokÔptei apì th melèth thc parap�nw sun�rthshc. EÐnai

f ′(x1) = xa−1
1 (

m

p2
− p1

p2
x1)b−1[

am

p2
− p1x1

p2
],

�ra to x1 = am
p1

eÐnai jèsh olikoÔ megÐstou gia thn f . 'Ara apì antikat�stash ston eisodhmatikì periorismì,

èqoume x2 = bm
p2
.

13. An h z thsh tou agajoÔ A, dhlad  h suntetagmènh x1(p1, p2,m) ston �risto sunduasmì

(x1(p1, p2,m), x2(p1, p2,m))

èqei jetik  par�gwgo wc proc to eisìdhma, dhlad  d
dmx1(p1, p2,m) > 0 tìte to agajì autì onom�zetai

kanonikì.

14. Autì shmaÐnei ìti h (epijumht ) katan�lwsh tou agajoÔ autoÔ ìso aux�netai to eisìdhma, aux�netai epÐshc.

15. An h z thsh tou agajoÔ A èqei arnhtik  par�gwgo wc proc to eisìdhma, dhlad  isqÔei d
dmx1(p1, p2,m) < 0

tìte to agajì autì onom�zetai kat¸tero.

16. Autì shmaÐnei ìti h (epijumht ) katan�lwsh tou agajoÔ autoÔ ja auxhjeÐ an meiwjeÐ to eisìdhma.

17. Oi kampÔlec eisod matoc -katan�lwshc eÐnai ekeÐnec oi kampÔlec pou en¸noun touc �ristouc sund-
uasmoÔc katan�lwshc gia di�fora epÐpeda eisod matoc, an oi timèc (p1, p2) parameÐnoun stajerèc.

18. AntÐstoiqa onom�zoume kampÔlec Engel tic antÐstrofec sunart seic tou tÔpou m = m(xi), i = 1, 2
(i = 1 an anaferìmaste sto agajì A kai i = 2 an anaferìmaste sto agajì B) ìpou xi = xi(p1, p2,m).
Dhlad  h kampÔlh Engel deÐqnei p¸c metab�lletai h z thsh enìc mìno agajoÔ se sqèsh me to eisìdhma
ìtan oi timèc (p1, p2) parameÐnoun stajerèc.

19. Sta tèleia upokat�stata, anafèrame ìti an p1 > p2, tìte h �risth katan�lwsh tou deÔterou agajoÔ
eÐnai m

p2
. Tìte h kampÔlh Engel tou deÔterou agajoÔ eÐnai m = m(x2) = p2x2, x1 > 0. An p2 > p1,

tìte h �risth katan�lwsh tou pr¸tou agajoÔ eÐnai m
p1
. Tìte h kampÔlh Engel tou pr¸tou agajoÔ eÐnai

m = m(x1) = p1x1, x2 > 0.

20. Sthn perÐptwsh pou èqoume p1 = p2 den upologÐzoume kampÔlec Engel, giatÐ to sÔnolo z thshc den
apoteleÐtai mìno apì ènan sunduasmì katan�lwshc.

21. Sta tèleia sumplhrwmatik� o zhtoÔmenoc sunduasmìc eÐnai ( m
p1+p2

, m
p1+p2

). 'Ara h kampÔlh Engel tou
pr¸tou agajoÔ eÐnai

m = (p1 + p2) ·
m

p1 + p2
= (p1 + p2)x1(p1, p2,m) = (p1 + p2)x1, x1 > 0.

AntÐstoiqa h kampÔlh Engel tou deÔterou agajoÔ eÐnai

m = (p1 + p2) ·
m

p1 + p2
= (p1 + p2)x2(p1, p2,m) = (p1 + p2)x2, x2 > 0.
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22. Sthn perÐptwsh twn protim sewn pou orÐzontai apì sunart seic wfelimìthtac Cobb-Douglas o zhtoÔmenoc
�ristoc sunduasmìc eÐnai (am

p1
, bm

p2
). 'Ara x1 = x1(p1, p2,m) = am

p1
, x2 = x2(p1, p2,m) = bm

p2
kai epomènwc

oi antÐstoiqec kampÔlec Engel eÐnai m = m(x1) = p1x1
a , x1 > 0, m = m(x2) = p2x2

b , x2 > 0.

23. An èna agajì eÐnai tètoio ¸ste h z ths  tou aux�netai polÔ grhgorìtera se sqèsh me to eisìdhma tou
katanalwt , autì onom�zetai agajì poluteleÐac. An ìqi, lème ìti eÐnai basikì agajì.

24. Oi protim seic ekeÐnec pou epitrèpoun mia sumperifor� tètoia ¸ste h z thsh twn agaj¸n aux�nei me ton
Ðdio rujmì me ton opoÐo aux�netai to eisìdhma tou katanalwt , eÐnai oi omojetikèc protim seic. Mia
protÐmhsh � onom�zetai omojetik  an kai mìno an isqÔei ìti an (x1, x2) � (y1, y2), tìte gia k�je t > 0
isqÔei t(x1, x2) � t(y1, y2).

25. Oi sunart seic wfelimìthtac pou anaparistoÔn tic sqèseic protÐmhshc twn tèleia upokat�statwn kai tèleia
sumplhrwmatik¸n agaj¸n orÐzoun omojetikèc protim seic.

26. Sthn perÐptwsh twn tèleia upokat�statwn agaj¸n, autì isqÔei diìti

u(tx1, tx2) = tx1 + tx2 = t(x1 + x2) = t(x1 + x2) = tu(x1, x2) ≥ u(ty1, ty2) =

= ty1 + ty2 = t(y1 + y2) = t(y1 + y2) = tu(y1, y2),

an u(x1, x2) ≥ u(y1, y2).

27. EpÐshc sthn perÐptwsh twn tèleia sumplhrwmatik¸n agaj¸n, an u(x1, x2) ≥ u(y1, y2) dhlad  min{x1, x2} ≥
min{y1, y2}, tìte an t > 0 èqoume ìti

tu(x1, x2) = t min{x1, x2} = min{tx1, tx2} = u(tx1, tx2)

≥ tu(y1, y2) = t min{y1, y2} = min{ty1, ty2} = u(ty1, ty2).

28. MporeÐ eÔkola na deiqjeÐ to Ðdio kai gia tic protim seic pou orÐzoun oi sunart seic wfelimìthtac Cobb-
Douglas (ASKHSH).
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