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Jèma 1 Na deÐxete ìti h sqèsh protÐmhshc pou orÐzei sto R2
+ h sun�rthsh wfelimìthtac u1(x, y) = x+y eÐnai

suneq c kai austhr� monìtonh. (1 mon�da)

Ap�nthsh: H sqèsh protÐmhshc � pou orÐzei h u1 sto R2
+ eÐnai h akìloujh :

(x1, x2) � (y1, y2) ⇐⇒ u1(x1, x2) ≥ u1(y1, y2),

ìpou (x1, x2), (y1, y2) eÐnai dèsmec agaj¸n tou R2
+. Gia na deÐxoume ìti h � eÐnai suneq c, arkeÐ na deiqjeÐ ìti

ta uposÔnola {(x1, x2) ∈ R2
+|(x1, x2) � (z1, z2)}, {(x1, x2) ∈ R2

+|(z1, z2) � (x1, x2)} eÐnai kleist� uposÔnola
tou R2

+. Autì isqÔei ìmwc diìti

{(x1, x2) ∈ R2
+|(x1, x2) � (z1, z2)} = {(x1, x2) ∈ R2

+|u1(x1, x2) ≥ u1(z1, z2)},

{(x1, x2) ∈ R2
+|(z1, z2) � (x1, x2)} = {(x1, x2) ∈ R2

+|u1(z1, z2) ≥ u1(x1, x2)},

gia k�je (z1, z2) ∈ R2
+. To pr¸to sÔnolo eÐnai to

(u1)−1([u1(z1, z2),+∞))

kai to deÔtero eÐnai to
(u1)−1((−∞, u1(z1, z2)])

sto R2
+, ta opoÐa lìgw sunèqeiac thc u1 eÐnai kleist� uposÔnol� tou, gia k�je (z1, z2) ∈ R2

+.
Sqetik� me thn austhr  monotonÐa, an (x1, x2) > (y1, y2) tìte isqÔoun eÐte oi anisìthtec x1 ≥ y1, x2 > y2,

eÐte oi anisìthtec x1 > y1, x2 ≥ y2. EÐte sthn pr¸th, eÐte sth deÔterh perÐptwsh prosjètontac kat� mèlh
prokÔptei ìti x1 + x2 > y1 + y2. 'Omwc ta ajroÐsmata aut� eÐnai oi wfelimìthtec twn desm¸n (x1, x2), (y1, y2)
antÐstoiqa kai �ra prokÔptei telik� ìti u1(x1, x2) > u1(y1, y2).

Jèma 2 GiatÐ h parap�nw sqèsh protÐmhshc eÐnai kurt  en¸ den eÐnai austhr� kurt  ? (1.5 mon�dec)

Ap�nthsh: Gia thn kurtìthta, èstw dÔo dèsmec agaj¸n (x1, x2), (y1, y2) ∈ R2
+ kai pragmatikìc arijmìc

a ∈ (0, 1). Tìte o kurtìc sunduasmìc twn (x1, x2), (y1, y2) wc proc ton a eÐnai h dèsmh agaj¸n (ax1 + (1 −
a)y1, ax2+(1−a)y2). IsqÔei ìti u1(ax1+(1−a)y1, ax2+(1−a)y2) = a(x1+x2)+(1−a)(y1+y2) = au1(x1, x2)+
(1− a)u1(y1, y2), dhlad  isqÔei ìti u1(a(x1, x2) + (1− a)(y1, y2)) ≥ au1(x1, x2) + (1− a)u1(y1, y2), dhlad  h u1

eÐnai koÐlh kai epomènwc sqedìn koÐlh kai gia thn akrÐbeia isqÔei h isìthta. All� gia thn austhr  kurtìthta,
èstw oi dèsmec agaj¸n x = ( 1

3 , 2
3 ), y = ( 1

4 , 3
4 ). Wc proc th sqèsh protÐmhshc pou orÐzei h u1 isqÔei x � z, y � z

ìpou z = ( 1
2 , 1

2 ). Jewr¸ ton kurtì sunduasmì 1
2x + 1

2y. Parathr¸ ìti isqÔei u1( 1
2x + 1

2y) = 1 = u1(z) sunep¸c
den isqÔei

1
2
x +

1
2
y � z,

kai �ra h sqèsh protÐmhshc pou orÐzetai apì thn u1 den eÐnai austhr� kurt .

Jèma 3 Na brejeÐ to sÔnolo x(p, w) enìc katanalwt  se mia oikonomÐa me dÔo agaj� tou opoÐou h sqèsh
protÐmhshc orÐzetai apì thn u1(x, y) = x + y an w = 1 kai p1 = ( 1

2 , 1
2 ), p2 = (1

2 , 1). (1 mon�da)
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Ap�nthsh: To sÔnolo proôopologismoÔ B(p1, w) eÐnai {(x, y) ∈ R2
+| 12x + 1

2y ≤ 1} = {(x, y) ∈ R2
+|x + y ≤

2}. Lìgw thc sunèqeic kai thc austhr c monotonÐac thc sqèshc protÐmhshc � pou orÐzetai apì thn u1, oi
dèsmec katan�lwshc pou apoteloÔn mègista thc sqèshc protÐmhshc an koun ston eisodhmatikì periorismì
{(x, y) ∈ R2

+|x + y = 2}. ParathroÔme ìti gia k�je stoiqeÐo tou eisodhmatikoÔ periorismoÔ, h sun�rthsh
wfelimìthtac u1 lamb�nei thn tim  2, h opoÐa eÐnai kai h mègisth tim . 'Ara to x(p1, w) eÐnai sthn perÐptwsh
aut  o eisodhmatikìc periorismìc.

Sthn perÐptwsh ìpou p2 = ( 1
2 , 1), to sÔnolo proôopologismoÔ B(p2, w) eÐnai {(x, y) ∈ R2

+| 12x + y ≤ 1} =
{(x, y) ∈ R2

+| 12x+y ≤ 1}. Lìgw thc sunèqeic kai thc austhr c monotonÐac thc sqèshc protÐmhshc � pou orÐzetai
apì thn u1, oi dèsmec katan�lwshc pou apoteloÔn mègista thc sqèshc protÐmhshc an koun ston eisodhmatikì
periorismì {(x, y) ∈ R2

+| 12x+y = 1}. 'Ara gia na broÔme ta stoiqeÐa tou x(p2, w), arkeÐ na prosdiorÐsoume poia
stoiqeÐa tou eisodhmatikoÔ periorismoÔ megistopoioÔn th sun�rthsh u1. H exÐswsh pou ikanopoioÔn ta stoiqeÐa
tou eisodhmatikoÔ periorismoÔ eÐnai x + 2y = 2 kai lÔnont�c thn wc proc y, prokÔptei ìti y = 2−x

2 , me y ≥ 0
dhlad  0 ≤ x ≤ 2. Antikajist¸ntac to y sth sun�rthsh wfelimìthtac gia na prosdiorÐsoume thn tetagmènh
tou shmeÐou megistopoÐhshc, èqoume ìti: f(x) = u1(x, 2−x

2 ) = x + 2−x
2 = 2 + x

2 . 'Ara epeid  f ′(x) = 1
2 , to

mègisto lamb�netai sto x0 = 2 kai �ra sto y0 = 0. 'Ara to x(p2, w) = {(2, 0)}.

Jèma 4 'Estw oikonomÐa antallag c me dÔo agaj� kai dÔo katanalwtèc. Oi sqèseic protÐmhshc twn katanalw-
t¸n orÐzontai apì tic sunart seic wfelimìthtac u1(x, y) = u2(x, y) = x + y, x ≥ 0, y ≥ 0 kai oi arqikèc dèsmec
agaj¸n touc eÐnai e1 = (2, 3), e2 = (3, 4). H arqik  katanom  eÐnai �risth kat� Pareto ? (1 mon�da)

Ap�nthsh: Dec 3o full�dio ask sewn.

Jèma 5 'Estw oikonomÐa antallag c me dÔo agaj� kai dÔo katanalwtèc. Oi sqèseic protÐmhshc twn katanalw-
t¸n orÐzontai apì tic sunart seic wfelimìthtac u1(x, y) = u2(x, y) = x + y, x ≥ 0, y ≥ 0 kai oi arqikèc dèsmec
agaj¸n touc eÐnai e1 = (2, 0), e2 = (4, 5). Na brejoÔn oi oi timèc isorropÐac kai oi dèsmec katan�lwshc sthn
isorropÐa gia aut n thn oikonomÐa antallag c. (2.5 mon�dec)

Ap�nthsh: An to di�nusma tim¸n twn agaj¸n eÐnai (p1, p2, p1 > 0, p2 > 0 tìte epeid  h sun�rthsh w-
felimìthtac u1 eÐnai suneq c kai austhr� monìtonh, to mègisto lamb�netai ston eisodhmatikì periorismì. O
eisodhmatikìc periorismìc tou pr¸tou katanalwt  eÐnai {(x, y) ∈ R2

+|p1x + p2y = 2p1}. O eisodhmatikìc pe-
riorismìc tou deÔterou katanalwt  eÐnai {(x, y) ∈ R2

+|p1x + p2y = 4p1 + 5p2}. H sun�rthsh wfelimìthtac
tou pr¸tou katanalwt  ston eisodhmatikì periorismì gÐnetai f(x) = x + p1

p2
(2 − x) = (1 − p1

p2
)x + 2p1

p2
, en¸

y = p1
p2

(2− x) ≥ 0. H sun�rthsh wfelimìthtac tou deÔterou katanalwt  ston eisodhmatikì periorismì gÐnetai

g(x) = x + 4p1+5p2−p1x
p2

= (1 − p1
p2

)x + 4p1+5p2
p2

, en¸ y = 4p1+5p2−p1x
p2

≥ 0. 'Ara gia na broÔme thn katan�lw-
sh tou pr¸tou agajoÔ sta shmeÐa megistopoÐhshc, arkeÐ na megistopoi soume tic f, g upì touc antÐstoiqouc
periorismoÔc. DiakrÐnoume wstìso tic ex c peript¸seic:

1. p1 = p2

2. p1 > p2

3. p1 < p2

Sthn pr¸th perÐptwsh, o eisodhmatikìc periorismìc tou pr¸tou katanalwt  eÐnai {(x, y) ∈ R2
+|x + y = 2}. O

eisodhmatikìc periorismìc tou deÔterou katanalwt  eÐnai {(x, y) ∈ R2
+|x + y = 9}, h f lamb�nei thn tim  2 se

autìn, en¸ h g lamb�nei thn tim  9 se autìn. Autì shmaÐnei ìti h u1 megistopoieÐtai p�nw ston eisodhmatikì
periorismì tou pr¸tou katanalwt  se k�je shmeÐo tou kai to Ðdio sumbaÐnei kai me ton eisodhmatikì periorismì
tou deÔterou. 'Ara upì thn tim  (1, 1) k�je katanom  aut c thc oikonomÐac antallag c gia thn opoÐa isqÔei
ìti ta dianÔsmata katan�lwshc twn dÔo katanalwt¸n an koun stouc antÐstoiqouc eisodhmatikoÔc periorismoÔc
eÐnai katanom  isorropÐac upì thn tim  (1, 1). Gia par�deigma h arqik  katanom  eÐnai mÐa tètoia katanom .
To sÔnolo twn katanom¸n aut¸n perigr�fetai wc ex c: {x = (x1, x2) ∈ (R2

+)2|x11 + x21 = 6, x21 + x22 =
5, x11 + x12 = 2, x21 + x22 = 9} ìpou oi dÔo pr¸tec exis¸seic aforoÔn sthn idiìthta thc katanom c kai oi
�llec dÔo sthn idiìthta twn katanom¸n aut¸n na an koun stouc eisodhmatikoÔc periorismoÔc. Den an koun
ìmwc ìlec oi katanomèc sto sÔnolo autì, miac kai an p�roume thn katanom  z = ((3, 3), (2, 3)) aut  den an kei
sto proanaferìmeno sÔnolo. Gia th deÔterh perÐptwsh, eÐnai f ′(x) = g′(x) = 1 − p1

p2
< 0, �ra kai oi dÔo

sunart seic megistopoioÔntai ìtan x = 0. Tìte ìmwc y1 = 2p1
p2

kai y2 = 4p1+5p2
p2

. Dhlad  sthn perÐptwsh

aut , oi katanalwtèc megistopoioÔn stic dèsmec (0, 2p1
p2

) kai (0, 4p1+5p2
p2

) antÐstoiqa. 'Omwc se mÐa tètoia tim 
apokleÐetai h isorropÐa, diìti h sunolik  katan�lwsh tou pr¸tou agajoÔ eÐnai mhdèn. ParomoÐwc gia thn
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trÐth kai teleutaÐa perÐptwsh, eÐnai f ′(x) = g′(x) = 1 − p1
p2

> 0 kai oi sunart seic f, g megistopoioÔntai ìtan

x = 2, x = 4p1+5p2
p1

antÐstoiqa. Tìte ìmwc y1 = y2 = 0 kai �ra se mÐa tètoia tim  apokleÐetai h isorropÐa, diìti
h sunolik  katan�lwsh tou deÔterou agajoÔ eÐnai mhdèn.

Jèma 6 Diatup¸ste to Nìmo tou Walras gia neoklassikèc oikonomÐec antallag c me peperasmèno pl joc
agaj¸n. (1 mon�da)

Ap�nthsh: JEWRIA.

Jèma 7 Na diatup¸sete ta dÔo jewr mata euhmerÐac gia neoklassikèc oikonomÐec antallag c. (1.5 mon�dec)

Ap�nthsh: JEWRIA.

Jèma 8 Na apodeÐxete èna apì ta dÔo jewr mata euhmerÐac. (2.5 mon�dec)

Ap�nthsh: JEWRIA.
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