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Jèma 1 Se oikonomÐa epikrateÐ abebaiìthta pou perigr�fetai apì to sÔnolo twn katast�sewn Ω = {1, 2, 3, 4}
kai h apok�luyh thc plhroforÐac sqetik� me autèc gÐnetai se treic qronikèc periìdouc T = {0, 1, 2}. An oi
diamerÐseic plhroforÐac eÐnai F0 = {Ω}, F1 = {{1, 2}, {3, 4}}, F2 = {{ω}, ω ∈ Ω}, tìte:

1. Na gr�yete analutik� to sÔnolo twn kìmbwn tou dèndrou plhrofìrhshc kai na to parast sete grafik� (1
mon�da).

D = {(0,Ω), (1, {1, 2}), (1, {3, 4}, (2, {1}), (2, {2}, (2, {3}), (2, {4})}.

2. Na upodeÐxete poiec eÐnai oi �lgebrec uposunìlwn Fi, i = 0, 1, 2 pou par�gontai apì tic antÐstoiqec diamerÐseic
Fi (1 mon�da).

F0 = {∅,Ω},F1 = {∅, {1, 2}, {3, 4},Ω},

F2 = {∅, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}, {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4},Ω}.

3. Na anafèrete mÐa stoqastik  diadikasÐa x : T × Ω → R prsarmosmènh (adapted) sth di jhsh (filtration)
twn algebr¸n Fi, i = 0, 1, 2 pou par�gontai apì tic diamerÐseic (1 mon�da).

Mia stoqastik  diadikasÐa prosarmosmènh sth di jhsh aut  eÐnai aut  pou dÐnetai apì tic akìloujec
tuqaÐec metablhtèc xi : Ω → R, i = 0, 1, 2. x0(ω) = 1, ω = 1, 2, 3, 4, x1(ω) = 2, ω = 1, 2, x1(ω) = 3, ω =
3, 4, x2(1) = 4, x2(2) = 3, x2(3) = 8, x2(4) = 9.

4. Na anafèrete mÐa stoqastik  diadikasÐa y : T × Ω → R pou na eÐnai martingale wc proc th di jhsh aut ,
an oi pijanìthtec gia tic katast�seic tou kìsmou eÐnai P (1) = 1

6 , P (2) = 1
12 , P (3) = 1

2 , P (4) = 1
4 (1.5

mon�dec).

Gia na eÐnai martingale h adapted stoqastik  diadikasÐa y apoteloÔmenh apì tic tuqaÐec metablhtèc y0, y1, y2

prèpei na ikanopoioÔntai oi akìloujec sqèseic wc proc to mètro pijanìthtac P :

E(y1|F0) = y0, E(y2|F1) = y1.

An

y0(ω) = a, ω = 1, 2, 3, 4, y1(ω) = b, ω = 1, 2, y1(ω) = c, ω = 3, 4, y2(1) = d, y2(2) = e, y2(3) = t, y2(4) = k,

tìte oi parap�nw sqèseic gia tic desmeumènec mèsec timèc eÐnai isodÔnamec me tic akìloujec. Gia thn pr¸th sqèsh:
Ef�oson h tim  pou lamb�nei h desmeumènh mèsh tim  eÐnai h mèsh tim  thc y1, aut  eÐnai Ðsh me b+3c

4 h opoÐa lìgw

thc pr¸thc sqèshc ofeÐlei na eÐnai Ðsh me a, dhlad  a = b+3c
4 . Gia th deÔterh sqèsh èqoume ìti h pijanìthta

tou endeqomènou {1, 2} eÐnai 1
4 kai h pijanìthta tou endeqomènou {3, 4} eÐnai 3

4 . 'Ara èqoume met� apì pr�xeic

ìti b = 2d+e
3 kai epÐshc lìgw tou ìti h pijanìthta tou endeqomènou {3, 4} eÐnai 3

4 telik� paÐrnoume th sqèsh

c = 2t+k
3 . Antikajist¸ntac tic metablhtèc d, e, t, k me pragmatikoÔc arijmoÔc kai qrhsimopoi¸ntac tic sqèseic

pou br kame gia tic upìloipec metablhtèc a, b, c brÐskoume mÐa sugkekrimènh tètoia stoqastik  diadikasÐa.

Jèma 2 Se stoqastik  oikonomÐa mÐac periìdou me pènte katast�seic tou kìsmou, thc opoÐac h agor� qrhma-
tooikonomik¸n sumbolaÐwn apoteleÐtai apì ènan trapezikì logariasmì me epitìkio 10 toic ekatì kai mÐa metoq  thc
opoÐac h pijan  aurian  axÐa dÐnetai apì to di�nusma ST = (10, 20, 20, 10, 30) pou dÐnei ta endeqìmena apotelesmata
thc antÐstoiqhc tuqaÐac metablht c, en¸ h shmerin  axÐa thc metoq c eÐnai S0 = 900

55 .
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1. Na dojeÐ o pÐnakac apìdoshc twn sumbolaÐwn thc agor�c th qronik  perÐodo 1 kai kat� tic dÔo qronikèc
periìdouc. (1 mon�da)

O pÐnakac apìdoshc twn sumbolaÐwn tn perÐodo 1 eÐnai V =


1.1 10
1.1 20
1.1 20
1.1 10
1.1 30

 kai kat� tic dÔo qronikèc periìdouc

W =


−1 − 900

55
1.1 10
1.1 20
1.1 20
1.1 10
1.1 30


2. Up�rqei arbitrage sthn agor� aut  ? (1 mon�da)

'Oqi den up�rqei arbitrage sthn agor� aut , diìti sÔmfwna me to Je¸rhma QarakthrismoÔ mh 'Uparxhc
arbitrage up�rqei austhr� jetikì k�jeto di�nusma tim¸n π stic st lec tou pÐnaka apodìsewn W pou
anafèretai kai stic dÔo qronikèc periìdouc. 'Ena tètoio di�nusma eÐnai to (1, 10

55 , 10
55 , 10

55 , 10
55 , 10

55 ).

3. BreÐte èna isodÔnamo martingale mètro thc agor�c aut c. (1.5 mon�dec)

'Ena isodÔnamo mètro martignale prokÔptei apì to prohgoÔmeno di�nusma pollaplasi�zontac tic suntetag-
mènec tou pou antistoiqoÔn sthn perÐodo 1 me ton suntelest  anatokismoÔ tou trapezikoÔ logariasmoÔ thc
agor�c, dhlad  1 + r = 1.1. Tìte to di�nusma pijanot twn pou prokÔptei eÐnai 1

5 (1, 1, 1, 1, 1).

4. MporeÐ autì na eÐnai monadikì ? (1.5 mon�dec)

SÔmfwna me antÐstoiqo je¸rhma to isodÔnamo mètro martingale miac agor�c eÐnai monadikì an kai mìno an
h agor� eÐnai pl rhc. Sth sugkekrimènh perÐptwsh h agor� den eÐnai pl rhc, �ra to mètro autì den eÐnai
kat' an�gkhn monadikì. Sugkekrimèna, mporoÔn na prosdioristoÔn kai �lla tètoia mètra gia thn agor�
aut n.

5. Gr�yte thn apìdosh tou call-option epÐ thc metoq c me tim  ex�skhshc k = 15. (0.5 mon�dec)

(ST − k1)+ = ((10, 20, 20, 10, 30)− (15, 15, 15, 15, 15))+ = (0, 5, 5, 0, 15)

6. MporeÐ na gÐnei pl rhc h agor� aut  an prosjèsoume call kai put-options epÐ thc metoq c kai p�roume thn
agor� pou telik� par�getai ? (1 mon�da)

'Oqi diìti sÔmfwna me to Je¸rhma tou Ross, ta dianÔsmata apodìsewn twn axiogr�fwn de diaqwrÐzoun tic
katast�seic tou kìsmou.

Jèma 3 1. Diatup¸ste to Je¸rhma QarakthrismoÔ mh 'Uparxhc arbitrage kai to Je¸rhma tou Ross (1
mon�da).

JewrÐa.

2. Na d¸sete ton orismì tou sugkuriakoÔ sumbolaÐou, na upodeÐxete èna tètoio sumbìlaio gia to montèlo tou
prohgoÔmenou jèmatoc kai na k�nete thn antist�jmis  tou. Se ti qrhsimeÔei h antist�jmish ? (1.5 mon�dec)

To sugkuriakì sumbìlaio c = (11.1, 21.1, 21.1, 11.1, 31.1) parathroÔme ìti eÐnai epiteÔximo. Gia na pros-
diorÐzoume to sÔnolo twn qartofulakÐwn pou to antistajmÐzoun, ja lÔsoume to sÔsthma V · z = c ìpou
z = (a, b) me a, b ∈ R.
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