
Panepist mio Aiga�ou - Tm ma Statistik  kaiAnalogistik¸n - Qrhmatooikonomik¸n Majhmatik¸nAkadhmaðkì èto 2007-8LÔsei 1ou fÔllou ask sewn sto m�jhma<<Qrhmatooikonomik� Majhmatik� III>> (Z' Ex�mhno)Did�skwn: Q. Kountz�kh'Askhsh 1. 'Estw h anèlixh Ito Ht = eYt ìpou
Yt =

∫ t

0

c(s)dBs −
1

2

∫ t

0

c2(s)ds, t ∈ [0, T ]ìpou c bajmwt  stoqastik  anèlixh se q¸ro pijanìthta (Ω,F , P ) efodia-smèno me filtr�risma F kai (Bt)t∈[0,T ] monodi�stato Brownian motion seautìn.
(i) Na efarmìsete to L mma tou Ito gia thn H.

(ii) D¸ste thn oloklhrwtik  morf  tou Ito gia thn H.
(iii) Poia e�nai h mèsh tim  E(Ht) ?
(iv) E�nai h H martingale kai giat� ? An nai, upì poie basikè sunj ke giathn c ?LÔsh
(i) E�nai dYt = ctdBt −

1
2
c2
t dt kai isqÔei Ht = g(t, Yt) = eYt , ìpou g(t, x) =

ex ∈ C1,2([0, T ] × R). 'Ara
dHt =

∂g(t, Yt)

∂x
dYt +

1

2

∂2g(t, Yt)

∂x2
(dYt)

2

= Ht(ctdBt −
1

2
c2
t dt) +

1

2
Htc

2
t dt = HtctdBt.

(ii) H oloklhrwtik  morf  tou Ito gia thn H e�nai
Ht = 1 +

∫ t

0

HscsdBs,diìti Y0 = 0 kai eY0 = H0 = 1. 1



(iii) H mèsh tim  E(Ht) = 1 (h mèsh tim  tou oloklhr¸mato Ito e�nai mhdèn),upì thn pro�pìjesh ìti to olokl rwma Ito
∫ t

0
HscsdBs or�zetai.

(iv) H H e�nai martingale diìti h anèlixh M = (Mt)t∈[0,T ] me Mt =
∫ t

0
csHsdBse�nai martingale, arke� ta ant�stoiqa oloklhr¸mata Ito na or�zontai. Gi'autì prèpei h H kai epomènw kai h c na e�nai prosarmosmène sto Fkai metr sime w pro thn s-�lgebra B[0,T ] ⊗ F , ìpou B[0,T ] e�nai hs-�lgebra twn sunìlwn Borel sto [0, T ] . Epiplèon prèpei na isqÔei∫ T

0
E(c2

t H
2
t )dt < +∞. An h c e�nai fragmènh gia k�je (t, ω) ∈ [0, T ]×Ωektì apì èna sÔnolo λ ⊗ P -mètrou mhdèn, dhlad  isqÔei |c(t, ω)| ≤ k(ìpou k > 0) λ ⊗ P -sqedìn beba�w, tìte parathroÔme ìti

E(c2
t H

2
t ) ≤ k2E(H2

t )kai gia th mèsh tim  E(H2
t ) èqoume ta ex . 'Estw q > 1 kai

St =

∫ t

0

qcsdBs −
1

2

∫ t

0

q2c2
sds, t ∈ [0, T ].ParathroÔme ìti qYt = St + q(q−1)

2

∫ t

0
c2
sds. 'Ara eqYt = eSt+

q(q−1)
2

R
t

0 c2sdskai epomènw
E(eqYt) ≤ E(eSt+

q(q−1)
2

k2t) = E(eSt)e
q(q−1)

2
k2t.Epeid  ìpw èqoume pei h anèlixh eS e�nai supermartingale an to Fe�nai to filtr�risma pou par�gei to �dio to Brownian motion pou è-qoume jewr sei, isqÔei E(eSt) ≤ E(eS0) = 1, telik� e�nai E(eqYt) ≤

e
q(q−1)

2
k2t, t ∈ [0, T ] kai gia q = 2 lamb�noume to peperasmèno tou zhtoÔ-menou oloklhr¸mato.'Askhsh 2. Na upolog�sete ta oloklhr¸mata Ito

∫ t

0
HsdBs, t ∈ [0, T ] giati parak�tw anel�xei, afoÔ prin de�xete ìti isqÔei ∫ t

0
E(H2

s )ds < ∞

(i) Ht = cosBt

(ii) Ht = t2B4
t

(iii) Ht = B5
t

(iv) Ht = e−tsinBt. 2



LÔsh
(i) E�nai ∫ t

0
E(cos2Bs)ds ≤

∫ t

0
E(1)ds = t < +∞. Efarmìzonta to L mma

Ito sthn anèlixh Y gia thn opo�a Yt = G(t, Bt) = sinBt èqoume ìti
dYt = cosBtdBt −

1

2
sinBtdtkai �ra ∫ t

0

cosBsdBs = sinBt +
1

2

∫ t

0

sinBsds.

(ii) E�nai ∫ t

0
E(s2B8

s )ds =
∫ t

0
s2E(B8

s )ds, ìmw apì to gegonì ìti Bs ∼

N(0, s) isqÔei ìti E(B8
s ) = 8!s4

244!
èpetai to peperasmèno tou sqetikoÔoloklhr¸mato. Efarmìzonta to L mma Ito sthn anèlixh Y gia thnopo�a Yt = G(t, Bt) = t2

B5
t

5
èqoume ìti

dYt = t2B4
t dBt + (

2t

5
B5

t + 2t2B3
t )dt.Epomènw

∫ t

0

s2B4
sdBs = t2

B5
t

5
−

∫ t

0

(
2s

5
B5

s + 2s2B3
s )ds.

(iii) Epeid  E(B10
s ) = 10!s5

255!
to olokl rwma ∫ t

0
E(B10

s )ds e�nai peperasmèno,ìpw kai sto er¸thma (ii). Efarmìzonta to L mma Ito sthn anèlixh Ygia thn opo�a Yt = G(t, Bt) =
B6

t

6
èqoume ìti

dYt = B5
t dBt +

5

2
B4

t dtepomènw ∫ t

0

B5
sdBs =

B6
t

6
−

5

2

∫ t

0

B4
sds.

(iv) IsqÔei ∫ t

0
E(e−2ssin2Bs)ds =

∫ t

0
e−2sE(sin2Bs)ds ≤

∫ t

0
e−2sds < +∞.Efarmìzonta to L mma Ito sthn anèlixh Y gia thn opo�a Yt = G(t, Bt) =

−e−tcosBt èqoume ìti
dYt = e−tsinBtdBt + (

1

2
e−tcosBt + e−tcosBt)dt3



kai �ra ∫ t

0

e−ssinBsdBs = 1 − e−tcosBt +

∫ t

0

3

2
e−tscosBsds.'Askhsh 3. Me th bo jeia th isometr�a tou Ito na de�xete ìti an

c +

∫ t

0

gsdBs = r +

∫ t

0

usdBs, t ∈ [0, T ]ìpou c, r ∈ R kai g, u bajmwtè stoqastikè anel�xei se q¸ro pijanìthta
(Ω,F , P ) efodiasmèno me filtr�risma F kai (Bt)t∈[0,T ] monodi�stato Brownian

motion se autìn, tìte c = r kai gt(ω) = ut(ω) gia k�je (t, ω) ∈ [0, t] × Ω,ektì apì èna sÔnolo λ ⊗ P - mètrou mhdèn, ìpou λ to mètro Lebesgue sto
[0, T ].LÔshJètonta t = 0 prokÔptei c = r kai jètonta t = T pa�rnoume∫ T

0

(gt − ut)dBt = 0.Dhlad  èqoume ìti E((
∫ T

0
(gt−ut)dBt)

2) = 0 kai parathroÔme ìti aut  h mèshtim  apì thn isometr�a tou Ito e�nai �sh me to olokl rwma ∫ T

0
E((gt − ut)

2)dtto opo�o e�nai �so me mhdèn. To teleuta�o olokl rwma e�nai ìmw h mèsh tim m�a jetik  sun�rthsh (tou tetrag¸nou th diafor� twn g, u) w pro tomètro λ⊗P ston [0, T ]×Ω ìpou λ e�nai to mètro Lebesgue sto [0, T ]. Dhlad to teleuta�o olokl rwma e�nai �so me∫ T

0

∫
Ω

(g(t, ω)− u(t, ω))2dP (ω)dt =

∫
[0,T ]×Ω

(g(t, ω)− u(t, ω))2d(λ⊗P )(t, ω).'Omw an to olokl rwma mia jetik  sun�rthsh se ènan q¸ro mètrou e�naimhdèn, autì shma�nei ìti h sun�rthsh e�nai mhdenik  sqedìn pantoÔ sto q¸roautìn upì to mètro tou. Sthn prokeimènh per�ptwsh o q¸ro mètrou e�nai o
([0, T ] × Ω,B[0,T ] ⊗F , λ ⊗ P ), ìpou B[0,T ] e�nai h s-�lgebra Borel sto [0, T ].'Askhsh 4. Ependut  eisèrqetai se agor� pou akolouje� to montèlo Black-

Scholes me arqikì ploÔto ξ eur¸. O ependut  prot�jetai na akolouj sei thnex  ependutik  strathgik : Ja ependÔei sto numeraire ètsi ¸ste to (1 −
a)100 toi ekatì tou sunolikoÔ ploÔtou tou k�je qronik  stigm  na proèrqetaiapì thn epèndush se autì, ìpou 0 < a < 1 kai epiplèon to qartoful�kiì touna e�nai autoqrhmatodotoÔmeno. 4



(i) Poia stoqastik  diaforik  ex�swsh perigr�fei thn anèlixh ploÔtou touependut  ? (jewr ste thn agor� kanonikopoihmènh)
(ii) Exet�ste an h ex�swsh aut  èqei isqur  lÔsh kai an èqei na thn pros-dior�sete.
(iii) Poia e�nai anèlixh qartofulak�ou tou ependut  ?LÔsh Ef' ìson to 100(1 − a) toi ekatì tou ploÔtou tou k�je qronik stigm  o ependut  epijume� na proèrqetai apì to numeraire, autì shma�neiìti to upìloipo 100a toi ekatì proèrqetai apì thn epèndush sth metoq .Jètw q0(t) = 1 − a, q1(t) = a gia k�je t. Parathr¸ ìti an Z e�nai h anèlixh
Ito pou or�zetai w ex 

dZt = Zt((1 − a)
dS0

t

S0
t

+ a
dS1

t

S1
t

)kai oi anel�xei θ0, θ1 e�nai tètoie ¸ste
θ0(t) =

(1 − a)Zt

S0
t

, θ1(t) =
aZt

S1
ttìte gia to qartoful�kio θ = (θ0, θ1) isqÔei ìti h anèlixh ploÔtou pouantistoiqe� se autì e�nai akrib¸ h Z, to qartoful�kio autì e�nai auto-qrhmatodotoÔmeno kai ikanopoie� akrib¸ thn epijum�a tou ependut . Epeid h agor� e�nai kanonikopoihmènh, isqÔei ìti

dZt = Zta
dS1

t

S1
t

= aZt((µ − r)dt + σdBt).H parap�nw stoqastik  diaforik  ex�swsh e�nai grammik  kai epomènw è-qei isqur  lÔsh sÔmfwna me to ant�stoiqo je¸rhma tou Ito, h opo�a e�naikai monadik . M�lista, h lÔsh th e�nai mia gewmetrik  k�nhsh Brown meparamètrou t�sh a(µ − r) kai pthtikìthta aσ. Epeid  o arqikì ploÔ-to tou ependut  e�nai ξ eur¸, lÔnonta aut  thn ex�swsh ja broÔme ìti
Zt = ξe(a(µ−r)− 1

2
a2σ2)t+aσBt kai epomènw gia ti tuqa�e metablhtè twn anel�x-ewn θ0, θ1 isqÔei

θ0(t) = (1 − a)Zt, θ1(t) = a
Zt

S1(t)
,ìpou S1(t) = S1(0)e((µ−r)− 1

2
σ2)t+σBt . 5



'Askhsh 5. 'Estw q¸ro pijanìthta (Ω,F , P ) efodiasmèno me filtr�ri-sma F kai (Bt)t∈[0,T ] monodi�stato Brownian motion se autìn. Na exet�setean h stoqastik  diaforik  ex�swsh Ornstein-Uhlenbeck

dXt = (mXt − k)dt + σdBt,m, k, σ > 0èqei isqur  lÔsh kai an èqei na thn prosdior�sete. Me ti rujmì metab�lletaih mèsh tim  mia metoq  th opo�a h anèlixh tim¸n akolouje� thn parap�nwstoqastik  diaforik  ex�swsh ?LÔshH stoqastik  diaforik  ex�swsh e�nai grammik  kai epomènw sÔmfwna meto Je¸rhma Ito èqei monadik  isqur  lÔsh. Apì th genik  morf  mia monodi�stath stoqastik  diaforik  ex�swsh
dSt = b(t, St)dt + σ(t, St)dBtprokÔptei ìti sthn prokeimènh per�ptwsh isqÔei b(t, x) = mx−k kai σ(t, x) =

σ, ìpou x ∈ R. Exet�zoume an ikanopoioÔntai oi sunj ke tou Jewr mato
Ito gia thn Ôparxh kai th monadikìthta isqur  lÔsh: ParathroÔme ìti isqÔei

|b(t, x) − b(t, y)| + |σ(t, x) − σ(t, y)| = m|x − y|,gia k�je x, y ∈ R. 'Ara h stajer� tÔpou Lipschitz pou apaite� to Je¸rhma
Ito e�nai �sh me m. Ep�sh isqÔei ìti

|b(t, x)|2 + |σ(t, x)|2 = (mx − k)2 + σ2 = m2x2 + k2 − 2kmx + σ2

≤ 2m2x2 + 2k2 + σ2 ≤ max{2m2, 2k2 + σ2}(1 + x2).'Ara h deÔterh stajer� pou apaite� to je¸rhma Ito sthn prokeimènh per�ptwshe�nai �sh me L = max{2m2, 2k2 + σ2}. LÔnonta me th mèjodo twn ekjetik¸npollaplasiast¸n thn parap�nw ex�swsh (dhlad  sthn prokeimènh per�ptwshefarmìzonta to L mma tou Ito sthn anèlixh FtXt, t ∈ [0, T ] ìpou Ft =
e−mt, t ∈ [0, T ]), èqoume ìti

Xt = X0e
mt − kemt

∫ t

0

e−msds + σemt

∫ t

0

e−msdBs

= X0e
mt −

k

m
emt +

k

m
+ σemt

∫ t

0

e−msdBskai epeid  o teleuta�o stoqastikì olokl rwma e�nai kal� orismèno diìti ∫ T

0
e−2mtdt <

+∞ h mèsh tim  E(Xt) e�nai h nteterministik  sun�rthsh X0e
mt − k

m
emt + k

mt opo�a o rujmì metabol  e�nai h pr¸th par�gwgo d
dt

E(Xt).6


