
Panepist mio Aiga�ou - Tm ma Statistik  kaiAnalogistik¸n - Qrhmatooikonomik¸n Majhmatik¸nAkadhmaðkì èto 2007-8LÔsei 2ou fÔllou ask sewn sto m�jhma<<Qrhmatooikonomik� Majhmatik� III>> (Z' Ex�mhno)Did�skwn: Q. Kountz�kh'Askhsh 1. Poia morf  pa�rnei to stoqastikì diaforikì th anèlixh ploÔtoutou ependut  th 'Askhsh 4 tou prohgoÔmenou fullad�ou w pro to Brown-

ian motion B̂ pou prosdior�zetai apì to Je¸rhma Girsanov?LÔshDe�xame ìti isqÔei
dZt = aZt

dS1
t

S1
t

.'Omw to stoqastikì diaforikì th S1 upì to mètro pijanìthta Q pou ka-jist� thn S1 martingale prosarmosmèno sto F
B e�nai dS1

t = σS1
t dB̂t ìpou

B̂t = Bt + µ−r

σ
t, t ∈ [0, T ]. 'Ara h ant�stoiqh èkfrash tou diaforikoÔ th Ze�nai dZt = aσZtdB̂t.'Askhsh 2. Exet�ste an sti akìlouje agorè

(i)
dS0(t) = 0,

dS1(t) = 3dt + 2dB1
t + 3dB2

t ,

dS2(t) = 2dt + 2dB1
t + 3dB2

t

(ii)
dS0(t) = 0,

dS1(t) = dt + dB1
t + 3dB2

t ,

dS2(t) = 2dt + 2dB1
t + 5dB2

t
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ìpou (B1
t , B

2
t ), t ∈ [0, T ] e�nai 2-di�stato Brownian motion se q¸ro pijanìth-ta (Ω,F , P ), up�rqei arbitrage. Se per�ptwsh katafatik  ap�nthsh, pros-dior�ste èna tètoio qartoful�kio, en¸ se per�ptwsh arnhtik  ap�nthsh,prosdior�ste sÔmfwna me to Je¸rhma Girsanov mètro pijanìthta Q isodÔ-namo me to P , sÔmfwna me to opo�o h S∗ na e�nai martingale prosarmosmènosto F

B.LÔsh
(i) Parathr¸ ìti to grammikì sÔsthma

σu = µìpou
σ =

[

2 3
2 3

]

, µ =

[

3
2

]den èqei lÔsh, �ra sthn agor� up�rqei arbitrage. An èna ependut epilèxei to qartoful�kio θt = (k, 1,−1), t ∈ [0, T ] tìte
V θ

T = V θ
0 +

∫ T

0

θtdSt = V θ
0 +

∫ T

0

3dt+2dB1
t +3dB2

t −(2dt+2dB1
t +3dB2

t ) =

= V θ
0 +

∫ T

0

dt = V θ
0 + T.An to k epilege� ¸ste na isqÔei kS0(0) + S1(0) + S2(0) = 0 tìte to θe�nai arbitrage.

(ii) Parathr¸ ìti to grammikì sÔsthma
σu = µìpou

σ =

[

1 3
2 5

]

, µ =

[

1
2

]èqei lÔsh, h opo�a e�nai
u =

[

1
0

]
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Epomènw to mètro pijanìthta Q pou kajist� thn S martingale wpro to F
B e�nai eke�no tou opo�ou h Radon-Nikodym par�gwgo wpro to mètro P e�nai MT = e−

R T

0
utdB1

t −
1

2

R T

0
u2

t dt dhlad  �sh me
e−B1

T + 1

2
T ,ìpou B1

T e�nai h tuqa�a metablht  pou prokÔptei gia t = T sthn pr¸thsuntetagmènh th didi�stath Brownian motion Bt = (B1
t , B

2
t ), t ∈

[0, T ].'Askhsh 3. Exet�ste an h agor� (ii) th prohgoÔmenh �skhsh kaj¸ kaih agor�
dS0(t) = 0,

dS1(t) = 2dt + dB1
t + dB2

t + dB3
t ,

dS2(t) = 6tdt + 3dB1
t + 4dB2

t + 5dB3
t ,ìpou (B1

t , B
2
t , B

3
t ), t ∈ [0, T ] e�nai 3-di�stato Brownian motion ston q¸ropijanìthta (Ω,F , P ), e�nai pl rei.LÔshGia thn agor� th (ii) th prohgoÔmenh �skhsh sthn opo�a den up�rqei

arbitrage parathroÔme ìti to pl jo twn metoq¸n sthn agor� e�nai m = 2kai h di�stash th Brownian motion ston q¸ro pijanìthta (Ω,F , P ) e�nai
n = 2, �ra apì to je¸rhma qarakthrismoÔ twn pl rwn agor¸n epeid  e�nai
rankσ(t, S(t, ω)) = 2 = n gia k�je (t, ω) ∈ [0, T ] × Ω, h agor� e�nai pl rh.Gia th deÔterh agor� parathroÔme ìti to sÔsthma σu = µ ìpou

σ =

[

1 1 1
3 4 5

]

, µ =

[

2
6t

]

,èqei lÔsh kai epomènw sthn agor� aut  den up�rqei arbitrage. 'Ara epeid to pl jo twn metoq¸n sthn agor� e�nai m = 2 kai h di�stash th Brownian
motion ston q¸ro pijanìthta (Ω,F , P ) e�nai n = 3 apì to je¸rhma qara-kthrismoÔ twn pl rwn agor¸n epeid  e�nai rankσ(t, S(t, ω)) = 2 = m < 3 = ngia k�je (t, ω) ∈ [0, T ] × Ω, h agor� den e�nai pl rh.'Askhsh 4. 'Estw q¸ro pijanìthta (Ω,F , P ) kai (Bt)t∈[0,T ] monodi�stato
Brownian motion se autìn. AfoÔ exhg sete giat� h agor�

dS0(t) = 0,3



dS1(t) = kdt + adBtìpou k, a > 0 den èqei arbitrage, prosdior�ste sÔmfwna me to Je¸rhma Gir-

sanov mètro pijanìthta Q isodÔnamo me to P , sÔmfwna me to opo�o h S nae�nai martingale prosarmosmèno sto F
B. E�nai h agor� pl rh kai giat� ?Poia h morf  tou stoqastikoÔ diaforikoÔ th S1 upì to mètro Q ?LÔshH genik  morf  th stoqastik  diaforik  ex�swsh pou perigr�fei thnexèlixh th tim  th metoq  e�nai

dS1(t) = µ(t, S1(t))dt + σ(t, S1(t))dBt.Sthn prokeimènh per�ptwsh isqÔei µ(t, S1(t)) = k, σ(t, S1(t)) = a. Epomènwup�rqei stoqastik  anèlixh u : [0, T ] × Ω → R tètoia ¸ste
σ(t, S1(t, ω))u(t, ω) = µ(t, S1(t, ω)),gia k�je (t, ω) ∈ [0, T ]×Ω ektì apì èna sÔnolo λ⊗P -mètrou mhdèn, h opo�ae�nai prosarmosmènh sto F

B kai metr simh w pro thn s-�lgebra B[0,T ] ⊗
F , ìpou B[0,T ] e�nai h s-�lgebra twn sunìlwn Borel sto [0, T ]. EpiplèonisqÔei ∫ T

0
E(u2

t )dt < +∞. 'Ole autè oi sunj ke ikanopoioÔntai diìti isqÔei
u(t, ω) = k

a
, gia k�je (t, ω) ∈ [0, T ] × Ω. H anèlixh u ikanopoie� ep�sh thsunj kh Novikov. 'Ara h agor� den èqei arbitrage. To mètro Q pou kajist�thn S1 martingale prosarmosmèno sto F

B (h S1 e�nai h proexoflhmènh anèlixhtwn tim¸n th metoq  diìti dS0(t) = 0) e�nai eke�no tou opo�ou h Radon-
Nikodym par�gwgo tou Q w pro to mètro P e�nai

dQ

dP
= e−

k
a
BT− 1

2
( k

a
)2T .To mètro autì e�nai monadikì giat� h anèlixh u pou prosdior�sthke parap�nwe�nai h monadik  pou ikanopoie� th

σ(t, S1(t, ω))u(t, ω) = µ(t, S1(t, ω)),gia k�je (t, ω) ∈ [0, T ] × Ω ektì apì èna sÔnolo λ ⊗ P -mètrou mhdèn. 'ArasÔmfwna me to Je¸rhma Harrison-Pliska h agor� e�nai pl rh. H anèlixh
B̂t = Bt + k

a
t, t ∈ [0, T ] e�nai mia k�nhsh Brown upì to mètro pijanìthta

Q, prosarmosmènh sto F
B. Efarmìzonta to J. Girsanov prokÔptei ìti tostoqastikì diaforikì th S1 upì to mètro Q kai thn B̂ e�nai dS1(t) = adB̂t.4



'Askhsh 5. Sto montèlo Black-Scholes upolog�ste upì to mètro Q pou ka-jist� thn S∗ martingale thn pijanìthta h tim  th metoq  th qronik  stigm 
t na xepern� ènan jetikì pragmatikì arijmì A (Upìdeixh: AfoÔ jumhje�te poiaanèlixh Ito perigr�fei thn exèlixh th tim  th metoq  upì to mètro Q kaithn k�nhsh Brown pou prosdior�zetai apì to Je¸rhma Girsanov, lÔste thsqetik  stoqastik  diaforik  ex�swsh kai jumhje�te ìti oi prosaux sei miak�nhsh Brown akoloujoÔn kanonik  katanom ).LÔsh 'Estw

dS1(t) = µS1(t)dt + σS1(t)dBth stoqastik  diaforik  ex�swsh pou perigr�fei thn exèlixh th tim  thmetoq  sto montèlo Black-Scholes (µ, σ > 0) upì to mètro P . H stoqastik diaforik  ex�swsh pou perigr�fei thn exèlixh th tim  th metoq  upì tomètro Q e�nai
dS1(t) = (µ − r)S1(t)dt + σS1(t)dB̂t,ìpou r > 0 to stajerì epitìkio me to opo�o anatok�zetai h qrhmatik  mon�dakai B̂t = Bt + µ−r

σ
t, t ∈ [0, T ]. Upenjum�zoume ìti h Radon-Nikodym par� -gwgo tou Q w pro to mètro P e�nai

dQ

dP
= e−

µ−r

σ
BT− 1

2
(µ−r

σ
)2Tkai ìti h B̂ e�nai k�nhsh Brown w pro to mètro Q (kai to filtr�risma poupar�gei h arqik  k�nhsh Brown B). H teleuta�a stoqastik  diaforik  ex�sw-sh e�nai grammik  kai epomènw sÔmfwna me to Je¸rhma Ito èqei monadik isqur  lÔsh. H lÔsh th e�nai

S1(t) = S1(0)e(r− 1

2
σ2)t+σB̂t , t ∈ [0, T ].H zhtoÔmenh pijanìthta e�nai h

Q(St > A) = Q(S1(0)e(r− 1

2
σ2)t+σB̂t > A).H pijanìthta aut  ìmw e�nai �sh me

Q((r − 1

2
σ2)t + σB̂t > ln

A

S1(0)
) = Q(

B̂t√
t

>
ln A

S1(0)
− (r − 1

2
σ2)t

σ
√

t
).5



'Omw h tuqa�a metablht  B̂t√
t
akolouje� thn tupopoihmènh kanonik  katanom upì to mètro pijanìthta Q kai �ra h zhtoÔmenh pijanìthta e�nai �sh me

1 − Φ(
ln A

S1(0)
− (r − 1

2
σ2)t

σ
√

t
),ìpou Φ e�nai h ajroistik  sun�rthsh katanom  pijanìthta th tupopoih-mènh kanonik  katanom .
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