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'Uparxh lÔshc sta probl mata grammikoÔ programmatismoÔ pou
sqetÐzontai me thn timolìghsh sugkuriak¸n sumbolaÐwn sto

montèlo agor�c dÔo periìdwn.

Upojètoume ìti zoÔme se ènan kìsmo ìpou oi sunallagèc lamb�noun q¸ra
se dÔo qronikèc periìdouc t = 0, 1 kai to sÔnolo twn katast�sewn tou kì -
smou eÐnai to peperasmèno sÔnolo {1, 2, ..., S}. Kat� th qronik  perÐodo 0 oi
ependutèc den gnwrÐzoun poia kat�stash epikrateÐ ston kìsmo, en¸ kat� th
qronik  perÐodo 1 aut  h kat�stash apokalÔptetai. EpÐshc upojètoume ìti
to sÔnolo twn (basik¸n) qrhmatooikonomik¸n sumbolaÐwn thc agor�c eÐnai
to peperasmèno sÔnolo J = {1, 2, ..., J}, oi apodìseic twn sumbolaÐwn aut¸n
kat� thn perÐodo 1 dÐnontai apì ton S × J pÐnaka V kai oi timèc stic opoÐec
pragmatopoioÔntai oi agorèc kai oi pwl seic twn sumbolaÐwn aut¸n kat�
thn perÐodo 0 dÐnontai apì to di�nusma tim¸n q ∈ RJ . Upojètoume epÐshc ìti
to sÔnolo twn qartofulakÐwn eÐnai Z = RJ . O upìqwroc apodìsewn twn
axiogr�fwn thc agor�c kat� th qronik  perÐodo 1 eÐnai

M = {y ∈ RS|y = V · z gia k�poio z ∈ RJ}.

Sto montèlo agor�c dÔo periìdwn kai sthn perÐptwsh pou èna sugkuriakì
sumbìlaio c ∈ RS den an kei ston upìqwro apodìsewn twn axiogr�fwn -sthn
perÐptwsh pou h agor� den eÐnai pl rhc - tìte to sÔnolo twn upoy fiwn tim¸n
pou den parèqoun arbitrage eÐte gia th short position wc proc to c eÐte gia
thn long position wc proc to c, eÐnai to anoiktì di�sthma (πb

0(q, c), π
s
0(q, c))

ìpou
πs

0(q, c) = inf{q · z|z ∈ RJ : V · z ≥ c},
πb

0(q, c) = −inf{q · z|z ∈ RJ : V · z ≥ −c}
to opoÐo sthn perÐptwsh pou isqÔei 1 ∈ M , c ∈ RS

+ kai h tim  q den parèqei
arbitrage, eÐnai uposÔnolo tou R+ pou den perièqei to 0. O pragmatikìc
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arijmìc πs
0(q, c) onom�zetai tim  tou pwlht  gia to c kai eÐnai to el�qisto

kìstoc epèndushc se èna qartoful�kio pou antistajmÐzei tèleia thn short
position wc proc to c. AntÐstoiqa, o pragmatikìc arijmìc πb

0(q, c) onom�zetai
tim  tou agorast  gia to c kai eÐnai to mègisto kìstoc epèndushc se èna
qartoful�kio pou antistajmÐzei tèleia thn long position wc proc to c. An
h tim  gia to c eÐnai megalÔterh apì πs

0(q, c) tìte up�rqei arbitrage apì th
meri� tou pwlht , en¸ an h tim  gia to c eÐnai mikrìterh apì πb

0(q, c), tìte
up�rqei arbitrage apì th meri� tou agorast . Epomènwc mia tim  gia to
c sthn opoÐa ja sumfwn soun o agorast c kai o pwlht c kai eÐnai dÐkaih
kai gia touc dÔo, den mporeÐ par� na an kei sto di�sthma (πb

0(q, c), π
s
0(q, c)).

EpÐshc parathroÔme ìti πb
0(q, c) = sup{q · z|z ∈ RJ : V · z ≤ c}.

Parak�tw ja deÐxoume ìti ta probl mata grammikoÔ programmatismoÔ
pou sqetÐzontai me ton prosdiorismì eÐte tou πb

0(q, c), eÐte tou πs
0(q, c) èqoun

lÔsh upì tic proôpojèseic pou anafèrame, dhlad  ìtan isqÔei 1 ∈ M , c ∈ RS
+

kai h tim  q den parèqei arbitrage. Prin proqwr soume sthn apìdeixh, pa-
rathroÔme ìti ta sÔnola qartofulakÐwn Wc = {z ∈ RJ |V · z ≥ c}, Bc =
{z ∈ RJ |V · z ≤ c} pou apoteloÔn ta sÔnola twn periorism¸n gia ta probl -
mata grammikoÔ programmatismoÔ pou sqetÐzontai me ton prosdiorismì thc
tim c tou agorast  kai thc tim c tou pwlht  eÐnai poluedrik� sÔnola. Gia
par�deigma, to Wc eÐnai poluedrikì sÔnolo diìti eÐnai h tom  twn hmiq¸rwn
{z ∈ RJ |Vs · z ≥ cs} tou RJ , ìpou s = 1, 2, ..., S. Gia ta poluedrik� sÔnola
se EukleÐdeiouc q¸rouc, isqÔei to akìloujo je¸rhma.

Je¸rhma 1. (Peperasmènhc B�shc) 'Estw K poluedrikì sÔnolo enìc Eu-
kleideÐou q¸rou Rn. Tìte to K gr�fetai sth morf  K = G + C ìpou G
polÔtopo kai C peperasmèna paragìmeno kwnoeidèc.

'Ena polÔtopo G tou Rn eÐnai èna uposÔnolo tou Rn thc morf c

G = {x ∈ Rn|x =
k∑

i=1

λiai, ìpou
k∑

i=1

λi = 1, λi ∈ [0, 1], i = 1, 2, ..., k}.

Ta a1, a2, ..., ak onom�zontai korufèc tou G. To polÔtopo eÐnai h genÐkeush
thc ènnoiac tou polug¸nou sto epÐpedo, se EukleideÐouc q¸rouc megalÔterhc
di�stashc. K�je polÔtopo eÐnai èna kleistì kai fragmèno uposÔnolo tou Rn.

'Ena peperasmèna paragìmeno kwnoeidèc eÐnai èna uposÔnolo tou Rn thc
morf c

C = {x ∈ Rn|x =
m∑

i=1

λidi, ìpou λi ≥ 0, i = 1, 2, ...,m}.
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Par�deigma peperasmèna paragìmenou kwnoeidoÔc sto epÐpedo eÐnai to
sÔnolo R2

+ to opoÐo mporeÐ na grafeÐ sthn parap�nw morf  wc ex c R2
+ =

{x = (x1, x2) ∈ R2|x = x1e1 + x2e2, x1, x2 ≥ 0}.
EpÐshc me to �jroisma G + C sth diatÔpwsh tou Jewr matoc Pepera-

smènhc B�shc, ennooÔme to sÔnolo {x ∈ Rn|x = g + c, g ∈ G, c ∈ C}. To
je¸rhma autì to qrhsimopoioÔme gia na deÐxoume ìti to prìblhma grammikoÔ
programmatismoÔ pou sqetÐzetai me ton prosdiorismì thc tim c tou pwlht 
èqei lÔsh.

Prìtash 2. An isqÔei 1 ∈ M , c ∈ RS
+ kai h tim  q den parèqei arbitrage,

tìte to prìblhma: ElaqistopoÐhse q · z an z ∈ RJ : V · z ≥ c, èqei lÔsh.

Apìdeixh. Apì to Je¸rhma Peperasmènhc B�shc to sÔnolo Wc wc polue-
drikì sÔnolo ston RJ gr�fetai sth morf  G + C, ìpou G polÔtopo kai C
peperasmèna paragìmeno kwnoeidèc. To q paÐrnei jetikèc timèc sto Wc diìti
q · z = π1 · (V · z) ≥ π1 · c > 0 gia k�je π1 ∈ RS

+ tètoio ¸ste to (1, π1) ∈ RS+1
++

eÐnai orjog¸nio ston upìqwro 〈W 〉. EpÐshc to q paÐrnei jetikèc timèc sto
C diìti an upojèsoume ìti lamb�nei arnhtik  tim  se k�poio k0 ∈ C, dhlad 
q·k0 < 0, tìte epeid  λk0 ∈ C gia k�je λ ≥ 0 (èpetai apì ton orismì tou C) ja
èqoume q ·(λk0) → −∞ gia λ →∞ kai �ra an g ∈ G tìte q ·(g+λk0) → −∞
an λ → ∞. Tìte ìmwc epeid  g + λk0 ∈ G + C = Wc, ja eÐqame ìti to q
lamb�nei arnhtikèc timèc sto Wc, �topo. Sunep¸c isqÔei ìti q ·k ≥ 0 gia k�je
k ∈ C kai �ra q · (g + k) ≥ q · g, gia k�je g ∈ G kai gia k�je k ∈ C. Parath-
roÔme ìmwc ìti epeid  0 ∈ C isqÔei G = {0}+G ⊆ Wc = C +G. Sunep¸c, an
to prìblhma thc tim c tou pwlht  èqei lÔsh, aut  ja eÐnai k�poio di�nusma
tou G. 'Omwc to G eÐnai kleistì kai fragmèno kai h sun�rthsh z 7→ q ·z eÐnai
suneq c sun�rthsh tou z ∈ RJ , �ra apì to Je¸rhma Endi�meshc Tim c, to
prìblhma autì èqei lÔsh.

H Ôparxh lÔshc sto prìblhma grammikoÔ programmatismoÔ gia ton pros-
diorismì thc tim c tou agorast , mporeÐ na apodeiqjeÐ b�sei thc duðk c jew-
rÐac tou grammikoÔ programmatismoÔ.

Prìtash 3. An isqÔei 1 ∈ M , c ∈ RS
+ kai h tim  q den parèqei arbitrage,

en¸ epiplèon k�je gramm  Vs, s = 1, 2, ..., S tou pÐnaka V eÐnai di�nusma me
jetikèc, mh mhdenikèc suntetagmènec, tìte to prìblhma: ElaqistopoÐhse q · z
an z ∈ RJ : V · z ≥ −c èqei lÔsh.

Apìdeixh. To parap�nw prìblhma grammikoÔ programmatismoÔ se hmikano-
nik  morf  gr�fetai
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ElaqistopoÐhse
[

qT −qT
]
·
[

z1

z2

]
upì ton periorismì

[
V −V

]
·
[

z1

z2

]
≥ −c,

ìpou z1, z2 ∈ RJ
+.

(O pÐnakac
[

V −V
]
eÐnai o S × 2J pÐnakac tou opoÐou oi J pr¸tec

st lec eÐnai oi st lec tou pÐnaka V kai oi J epìmenec eÐnai oi antÐjetec twn
sthl¸n tou V me thn Ðdia seir�).

H hmikanonik  morf  tou duðkoÔ tou parap�nw probl matoc eÐnai

MegistopoÐhse −cT · ξ

upì ton periorismì[
V T

−V T

]
· ξ ≤

[
q

−q

]
,

ìpou ξ ∈ RS
+. O pÐnakac

[
V T

−V T

]
eÐnai o 2J × S pÐnakac o opoÐoc eÐnai o

an�strofoc tou pÐnaka
[

V −V
]
. EpÐshc o pÐnakac

[
q

−q

]
eÐnai o 2J × 1

pÐnakac st lh tou opoÐou ta J pr¸ta stoiqeÐa eÐnai oi suntetagmènec tou q
kai ta upìloipa J stoiqeÐa eÐnai oi suntetagmènec tou q me antÐjeto prìshmo.

To parap�nw duðkì prìblhma se hmikanonik  morf  diatup¸netai isodÔ-
nama:

MegistopoÐhse −cT · ξ

upì ton periorismì

V T · ξ = q,

ìpou ξ ∈ RS
+.

To sÔnolo twn periorism¸n gia to prìblhma autì eÐnai dhlad  to sÔnolo
{ξ ∈ RS

+|qT = ξT V }, ìpou to qT eÐnai to di�nusma tim¸n q wc ènac pÐnakac -
gramm  kai to ξ ∈ RS

+ epÐshc jewroÔmeno wc pÐnakac - gramm . To sÔnolo au-
tì eÐnai mh kenì diìti k�je di�nusma π1 ∈ RS

++ tètoio ¸ste to (1, π1) ∈ RS+1
++
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na eÐnai orjog¸nio ston upìqwro 〈W 〉 an kei sto sÔnolo autì. To sÔnolo
twn periorism¸n tou probl matoc autoÔ eÐnai fragmèno diìti an to ξ eÐnai
èna stoiqeÐo tou, tìte isqÔei qj =

∑S
s=1 ξsV

j
s ≥ ξsmin{V j

s , s = 1, 2, ..., S} gia
k�je j = 1, 2, ..., J . Epomènwc epeid  min{V j

s , s = 1, 2, ..., S} > 0 gia k�je
j, eÐnai

0 ≤ ξs ≤
qj

min{V j
s , s = 1, 2, ..., S}

≤ max{ qj

min{V j
s , s = 1, 2, ..., S}

, j = 1, 2...., J}.

EpÐshc to sÔnolo twn periorism¸n eÐnai kleistì, diìti gia k�je akoloujÐa
(ξn)n∈N stoiqeÐwn tou gia thn opoÐa isqÔei ξn → ξ, èpetai ìti ξ ∈ RS

+ kai
epeid  isqÔei q = ξn · V gia k�je n ∈ N, isqÔei kai q = ξ · V . 'Ara to
sÔnolo twn periorism¸n tou duðkoÔ probl matoc eÐnai kleistì kai fragmèno
uposÔnolo tou RS kai epomènwc epeid  h sun�rthsh ξ 7→ −c · ξ eÐnai suneq c
sun�rthsh tou ξ apì to Je¸rhma Endi�meshc Tim c, lamb�nei mègisto se
autì.

'Ara epeid  to duðkì tou arqikoÔ probl matoc èqei lÔsh, èpetai ìti kai to
arqikì prìblhma grammikoÔ programmatismoÔ pou sqetÐzetai me ton prosdio-
rismì thc tim c tou agorast , èqei epÐshc lÔsh kai m�lista h bèltisth tim 
thc antikeimenik c sun�rthshc eÐnai h Ðdia kai gia ta dÔo probl mata.
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