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Abstract In this paper we consider a storage model with
two types of inputs and outputs that are subject to seasonal
switching. Inputs are assumed to occur in a fluid fashion
whereas outputs occur at a unit rate so long as the cor-
responding storage is non-empty. The distribution proper-
ties of the storage levels {Z1(t),Z2(t)} are derived at finite
time as well as in stationary regime. We first investigate
this process embedded at the successive switching points.
This process is Markovian with independent components.
In continuous time the components {Z1(t),Z2(t)} are also
independent for each finite t , but are dependent in stationary
regime.
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1 Introduction

We consider a storage with input of two types of items and
output that occur alternatingly for these types over constant
intervals of time. Specifically, we assume the following:
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(i) Let Xi(t) be the input of type i that occurs during
the time-interval (0, t] for i = 1,2. We assume that
X1 = {X1(t), t ≥ 0} and X2 = {X2(t), t ≥ 0} are two
independent Lévy processes on the state space [0,∞)

with zero drift and X1(0) = X2(0) = 0 (subordinators).
(ii) Outputs occur during the interval (nc,nc+r] for type 1

items and during the interval (nc + r, nc + r + g] for
type 2 items (n ≥ 0). Here r > 0, g > 0 and c = g +
r . For convenience we refer to (nc,nc + r] as the red
period and to (nc + r, nc + c] as the green period.

(iii) The output in each case occurs continuously at unit rate
except when the item of that type is not available in
storage.

We denote by Zi(t) the storage level of items of type i

at time t ≥ 0. Of main interest is the study of the process
{Z1(t),Z2(t), t ≥ 0}.

The assumption regarding the accumulated inputs im-
plies that small as well as large inputs appear in time in a
steady fashion. As a particular case we have the compound
Poisson process in which inputs appear in a simple Pois-
son process and the amounts of successive inputs are inde-
pendent and identically distributed random variables. This
classical case is still important, but in recent research in this
general area more general Lévy processes have been consid-
ered, leading to the fluid model.

A few historical remarks may be in order. In Moran’s
model for a dam (see [4]), inputs of water occur during the
wet season and are stored for use until the dry season, when
it is released. Dam models with ordered inputs were con-
sidered by Gani and Pyke in [2]. See also [5] for additional
references.

The red and green periods of our model may be gener-
alized to intervals of random lengths, that are either inde-
pendent of the state of the input process or dependent. The
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motivation for this paper is the traffic flow at an intersection
controlled by traffic lights. This explains the choice of the
terminology: red and green periods.

In Sect. 2 we derive the equations that describe the dy-
namics of the storage process {Z1(t),Z2(t)}. We prove a
result concerning the effect of the interchange of red and
green periods and the two types of inputs. This result pro-
vides a certain amount of simplicity and elegance in the
proofs of the main results. In Sect. 3 we present a prelim-
inary result leading to the independence of the component
processes Z1(t),Z2(t) for finite t . In Sect. 4 we study the
process embedded at the sequence of switching points. In
Sect. 5 we extend this study to the continuous time process
{Z1(t),Z2(t)} to derive the stationary behavior of the stor-
age process. In the first case the independence of the com-
ponents remains intact, but in the general case we find that
the stationary random variables Z1 and Z2 are negatively
dependent.

2 The storage process

For the subordinator Xi(t) we denote the Laplace transform

E[e−θiXi(t)] = e−tφi (θi ) (θi > 0), (2.1)

where

φi(θi) =
∫ ∞

0
(1 − e−θix)νi(dx), (2.2)

νi being a Lévy measure (i = 1,2). We assume that Xi(t)

has a finite mean ρit , where ρi = φ′
i (0+) (i = 1,2). Our as-

sumptions imply that the process of {Z1(t),Z2(t)} satisfies
the integral equations

Zi(t) = Zi(0) + Xi(t) −
∫ t

0
δi(s)1{Zi(s)>0}ds, (2.3)

for i = 1,2, where for any n ≥ 0

δ1(t) =
{

0 if nc < t ≤ nc + r,

1 if nc + r < t ≤ nc + c,

and δ2(t) = 1 − δ1(t). We can rewrite (2.3) as

Zi(t) = Zi(0) + Yi(t) +
∫ t

0
δi(s)ζi(s)ds, (2.4)

where ζi(s) = 1{Zi(s)=0} and

Yi(t) = Xi(t) − Di(t), Di(t) =
∫ t

0
δi(s)ds,

for i = 1,2. We may refer to Yi(t) as the net input of type i

(i = 1,2).

The integral equation (2.4) has the unique non-negative
measurable solution given by

Zi(t) = max{Zi(0) + Yi(t), sup
0≤s≤t

[Yi(t) − Yi(s)]}, (2.5)

for i = 1,2 (see [3, Theorem 1]), which hold almost surely
(a.s.). It is more convenient to write (2.5) as

Zi(t) = Zi(0) + Yi(t) + Ii(t),

where

Ii(t) = [Zi(0) + inf
0≤s≤t

Yi(s)]−,

for i = 1,2.
Considerable simplification is achieved in the analysis of

the storage process by noting the following.

Lemma 2.1 Choose Z1(0)
d= Z2(r). Then the permutation

(r, g,X1,X2) → (g, r,X2,X1), (2.6)

results in the permutation

[Z1(t), I1(t),Z2(t + r), I2(t + r) − I2(r)]
d→ [Z2(t + r), I2(t + r) − I2(r),Z1(t), I1(t)]. (2.7)

Proof It can be easily verified that the permutation (2.6) re-
sults in the permutation

[δ1(s), δ2(s + r)] → [δ2(s + r), δ1(s)].

Consequently

Y1(t) = X1(t) −
∫ t

0
δ1(s)ds → X2(t) −

∫ t

0
δ2(s + r)ds

d= X2(t + r) − X2(r) −
∫ t+r

r

δ2(s)ds

= Y2(t + r) − Y2(r),

and similarly Y2(t + r) − Y2(r) → Y1(t). Thus

[Y1(t), Y2(t + r) − Y2(r)] → [Y2(t + r) − Y2(r), Y1(t)].
(2.8)

Now

I1(t) = [Z1(0) + inf
0≤s≤t

Y1(s)]−

→ [Z1(0) + inf
0≤s≤t

{Y2(s + r) − Y2(r)}]−

d= I2(t + r) − I2(r),
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and similarly I2(t + r) − I2(r) → I1(t). Finally, using (2.8)

Z1(t) = Z1(0) + Y1(t) + I1(t)

→ Z2(r) + [Y2(t + r) − Y2(r)] + [I2(t + r) − I2(r)]
= Z2(t + r),

and similarly Z2(t + r) → Z1(t). Thus (2.7) is completely
proved. �

3 Main results

Lemma 3.1 For nc < t ≤ nc + c, (n = 0,1, . . .), θ1 > 0,
θ2 > 0 the identity

e−θ1[I1(t)−I1(nc)]−θ2[I2(t)−I2(nc)]

=
{

1 − θ1

∫ t∨nc+r

nc+r

e−θ1[I1(s)−I1(nc)]dI1(s)

}

×
{

1 − θ2

∫ t∧nc+r

nc

e−θ2[I2(s)−I2(nc)]dI2(s)

}
, (3.1)

holds a.s.

Proof By integration by parts we obtain

∫ t2

t1

e−θ1[I1(s)−I1(t1)]−θ2[I2(s)−I2(t1)][θ1dI1(s) + θ2dI2(s)]

= 1 − e−θ1[I1(t2)−I1(t1)]−θ2[I2(t2)−I2(t1)], (3.2)

for 0 ≤ t1 < t2. For t1 = nc and t2 = t the left side of (3.1)
equals

1 −
∫ t

nc

e−θ1[I1(s)−I1(nc)]−θ2[I2(s)−I2(nc)]

× [θ1dI1(s) + θ2dI2(s)]. (3.3)

For nc < t ≤ nc + r this last expression is

1 − θ2

∫ t

nc

e−θ2[I2(s)−I2(nc)]dI2(s),

since I1(s) = I1(nc) and dI1(s) = 0 for nc < s ≤ t . We thus
obtain the desired factorization (3.1) in this case since the
second factor on the right side reduces to unity.

For nc + r < t ≤ nc + c the expression (3.3) is

1 − θ2

∫ nc+r

nc

e−θ2[I2(s)−I2(nc)]dI2(s)

− θ1e
−θ2[I2(nc+r)−I2(nc)]

∫ t

nc+r

e−θ1[I1(s)−I1(nc)]dI1(s),

which leads to the desired factorization in this case, since

e−θ2[I2(nc+r)−I2(nc)] = 1 − θ2

∫ nc+r

nc

e−θ2[I2(s)−I2(nc)]dI2(s),

on account of (3.2). The proof is thus completed. �

Theorem 3.2 For each t > 0 the random variables Z1(t)

and Z2(t) are independent. Furthermore,

E[e−θ1Z1(t)−θ2Z2(t)] = E[e−θ1Z1(t)]E[e−θ2Z2(t)],

where

E[e−θ1Z1(t)]

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

E[e−θ1Z1(nc)]e−(t−nc)φ1(θ1)

(nc < t ≤ nc + r),

E[e−θ1Z1(nc+r)]e−(t−nc−r)[φ1(θ1)−θ1]
−θ1

∫ t−nc−r

0 e−s[φ1(θ1)−θ1]F1(0, t − s)ds

(nc + r < t ≤ nc + c),

(3.4)

and

E[e−θ2Z2(t)]

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

E[e−θ2Z2(nc)]e−(t−nc)[φ2(θ2)−θ2]
−θ2

∫ t−nc

0 e−s[φ2(θ2)−θ2]F2(0, t − s)ds

(nc < t ≤ nc + r),

E[e−θ2Z2(nc+r)]e−(t−nc−r)φ2(θ2)

(nc + r < t ≤ nc + c),

(3.5)

and Fi(0, s) = P [Zi(s) = 0], i = 1,2.

Proof For nc < t ≤ nc + c, (n ≥ 0) we have a.s.

e−θ1Z1(t)−θ2Z2(t)

= e−θ1Z1(nc)−θ2Z2(nc)−θ1[Z1(t)−Z1(nc)]−θ2[Z2(t)−Z2(nc)]

= e−θ1Z1(nc)−θ2Z2(nc)

× e−θ1[Y1(t)−Y1(nc)+I1(t)−I1(nc)]

× e−θ2[Y2(t)−Y2(nc)+I2(t)−I2(nc)]

= e−θ1Z1(nc)−θ2Z2(nc)e−θ1[Y1(t)−Y1(nc)]−θ2[Y2(t)−Y2(nc)]

×
{

1 − θ2

∫ t∧nc+r

nc

e−θ2[I2(s)−I2(nc)]dI2(s)

}

×
{

1 − θ1

∫ t∨nc+r

nc+r

e−θ1[I1(s)−I1(nc)]dI1(s)

}
, (3.6)

where we have used the Lemma 3.1. For t = nc+c it follows
from (3.6) that

e−θ1[Z1(nc+c)−Z1(nc)]−θ2[Z2(nc+c)−Z2(nc)]

= e−θ1[Y1(nc+c)−Y1(nc)]
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×
{

1 − θ1

∫ nc+c

nc+r

e−θ1[I1(s)−I1(nc+r)]dI1(s)

}

× e−θ2[Y2(nc+c)−Y2(nc)]

×
{

1 − θ2

∫ nc+r

nc

e−θ2[I2(s)−I2(nc)]dI2(s)

}
. (3.7)

Taking expectations in (3.7) we find that the increments

Z1(nc + c) − Z1(nc), Z2(nc + c) − Z2(nc),

are independent. Therefore Z1(nc) and Z2(nc) are indepen-
dent and so are Z1(t) and Z2(t) on account of (3.6).

From (3.6) we obtain

e−θ1Z1(t) = e−θ1Z1(nc)e−θ1[Y1(t)−Y1(nc)],

for nc < t ≤ nc + r and

e−θ1Z1(t)

= e−θ1[Z1(nc)+Y1(t)−Y1(nc)]

− θ1

∫ t

nc+r
e−θ1[Z1(nc)+Y1(t)−Y1(nc)+Z1(s)−Z1(nc)−Y1(s)−Y1(nc)]

× ζ1(s)ds

= e−θ1[Z1(nc)+Y1(t)−Y1(nc)]

− θ1

∫ t

nc+r
e−θ1[Y1(t)−Y1(s)]ζ1(s)ds,

for nc + r < t ≤ nc + c, since Z1(s) > 0 if and only if
ζ1(s) = 1. Taking expectations in these we arrive at the re-
sults of (3.4).

Again from (3.6) we obtain similarly for nc < t ≤ nc + r

e−θ2Z2(t) = e−θ2[Z2(nc)+Y2(t)−Y2(nc)]

− θ2

∫ t

nc

e−θ2[Y2(t)−Y2(s)]ζ2(s)ds.

Taking expectations we obtain the first result in (3.5). For
nc + r < t ≤ nc + c, we have

e−θ2Z2(t) = e−θ2[Z2(nc)+Y2(t)−Y2(nc)]

− θ2

∫ nc+r

nc

e−θ2[Y2(t)−Y2(s)]ζ2(s)ds.

Taking expectations in this we obtain

E[e−θ2Z2(t)] = E[e−θ2Z2(nc)]e−(t−nc−r)φ2(θ2)−r[φ2(θ2)−θ2]

− θ2e
−(t−nc−r)φ2(θ2)

×
∫ r

0
e−s[φ2(θ2)−θ2]F2(0, nc + r − s)ds,

since Y2(t) − Y2(s)
d= X2(t − nc − r) + X2(nc + r − s) −

(nc+r −s) when nc < s ≤ nc+r . This agrees with (3.5). �

4 Limit distributions

We are now in a position to derive the stationary distribution
of {Z1(t),Z2(t)}. Our plan is to first consider the embed-
ded sequence {Z1(nc),Z2(nc)} and then extend the results
to {Z1(t),Z2(t)} using Theorem 3.2. We first note that ac-
cording to the model description

Z1(nc + r) = Z1(nc) + X1(nc + r) − X1(nc)

d= Z1(nc) + X1(r),

Z2(nc + c) = Z2(nc + r) + X2(nc + c) − X2(nc + r)

d= Z2(nc + r) + X2(g).

Thus it is more convenient to express the results for
{Z1(nc),Z2(nc)} equivalently in terms of {Z1(nc),

Z2(nc + r)}.
We have the following results.

Theorem 4.1 As n → ∞, {Z1(nc),Z2(nc+r)} d→ {Z1(∞),
Z2r (∞)}, where Z1(∞),Z2r (∞) are finite if and only if

ρ1 <
g

c
< 1 − ρ2, in which case

E[e−θ1Z1(∞)−θ2Z2r (∞)] = E[e−θ1Z1(∞)]E[e−θ2Z2r (∞)],
where

E[e−θ1Z1(∞)] = F1(0)θ1

θ1 − φ1(θ1)

1 − e−g[φ1(θ1)−θ1]

1 − e−cφ1(θ1)+gθ1
, (4.1)

E[e−θ2Z2r (∞)] = F2(0)θ2

θ2 − φ2(θ2)

1 − e−r[φ2(θ2)−θ2]

1 − e−cφ2(θ2)+rθ2
, (4.2)

and

F1(0) = 1 − c

g
ρ1, F2(0) = 1 − c

r
ρ2.

Proof The independence of Z1(∞) and Z2r (∞) follows
from Theorem 3.2 and the remarks at the beginning of this
section.

From Theorem 3.2 we obtain

E[e−θ1Z1(nc+c)]
= E[e−θ1Z1(nc)]e−cφ1(θ1)+gθ1

− θ1

∫ g

0
e−s[φ1(θ1)−θ1]F1(0, nc + c − s)ds,

and for 0 < α < 1
∞∑

n=0

αnE[e−θ1Z1(nc)]

= e−θ1Z1(0) − θ1
∫ g

0 e−s[φ1(θ1)−θ1]J1(s,α)ds

1 − αe−cφ1(θ1)+gθ1
, (4.3)

where J1(s,α) = ∑∞
n=0 αn+1F1(0, nc + c − s).
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Denote α−1 = ecβ , β > 0. Then the denominator in (4.3)
vanishes at η1 where η1 ≡ η1(β) is the unique positive root
of the equation

g

c
η1 = β + φ1(η1),

with η1(∞) = ∞. Since the left side of (4.3) is a bounded
analytic function of θ1 we must have

∫ g

0
e−s[φ1(η1)−η1]J1(s,α)ds = e−η1Z1(0)

η1
. (4.4)

Here (4.4) is an integral equation of J1. We shall not solve
for J1 explicitly since we are interested only in the limit be-
havior of Z1(nc). Proceeding as in the proof of Lemma 2 of
[6, p. 114], we find that

(i) as β → 0+, η1(β) → η1(0), where η1(0) is the least
positive root of the equation

g

c
η1(0) = φ1(η1(0)),

and η1(0) > 0 if and only if ρ1 > g/c,
(ii)

η′
1(0+) =

⎧⎨
⎩

(
g

c
− ρ1

)−1

if ρ1 < g/c,

∞ if ρ1 = g/c.

Using these results in (4.4) we obtain

lim
α→1−(1 − α)

∫ g

0
e−s[φ1(η1)−η1]J1(s,α)ds

= lim
β→0+(1 − e−cβ)

e−η1Z1(0)

η1
,

which reduces to
∫ g

0
e−s[φ1(η1(0))−η1(0)]F1(0)ds

=
⎧⎨
⎩

c

(
g

c
− ρ1

)
if ρ1 < g/c,

0 if ρ1 ≥ g/c .

We conclude that

F1(0) =
{

1 − c

g
ρ1 if ρ1 < g/c,

0 if ρ1 ≥ g/c.

Collecting all these results and using them in (4.3) we arrive
at the desired result (4.1).

To prove (4.2) we note from Lemma 2.1 that the permu-
tation

(r, g,X1,X2) → (g, r,X2,X1),

results in the permutation

{Z1(nc),Z2(nc + r)} → {Z2(nc + r),Z1(nc)},
and in the limit as n → ∞
{Z1(∞),Z2r (∞)} → {Z2r (∞),Z1(∞)}.
Thus (4.1) leads to (4.2). �

Remark 4.2 From (2.5) we see that {Z1(nc),Z2(nc + r),

n = 0,1, . . .} is a Markov process. Therefore the limit distri-
bution given by Theorem 4.1 provides a stationary distribu-
tion for this process. That is, if we choose

{Z1(0),Z2(r)} d= {Z1(∞),Z2r (∞)},
then for every n ≥ 0

{Z1(nc),Z2(nc + r)} d= {Z1(∞),Z2r (∞)}.

5 Dependence under stationarity

Having in mind the limit behaviour of the process {Z1(t),
Z2(t)}, we recall some facts from the theory of the alternat-
ing renewal process.

Let {Xk, k ≥ 1} and {Yk, k ≥ 1} be independent se-
quences of i.i.d. non-negative random variables with

P [Xk ≤ x] = F(x), P [Yk ≤ x] = G(x),

and

E[Xk] = μ1, E[Yk] = μ2,

for 0 < μ1 ≤ ∞, 0 < μ2 ≤ ∞. Denote S0 = 0,

Sn =
n∑

k=1

(Xk + Yk),

for n ≥ 1. Then {Sn,n ≥ 0} is a renewal process with life-
span distribution H , where

H(z) = P [Xk + Yk ≤ z],
for k ≥ 1. Let N(t) = max{n : Sn ≤ t} and EN(t) =∑∞

n=0 P [Sn ≤ t] < ∞. We are concerned with the two prob-
abilities

Zx(t) = P [SN(t) < t ≤ SN(t) + XN(t)+1, t − SN(t) ≤ x],
Zy(t) = P [SN(t) + XN(t)+1 < t ≤ SN(t)+1,

t − SN(t) − XN(t)+1 ≤ y].
The following results describe the behavior of these at

t → ∞.
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Theorem 5.1 (Feller [1]) If F or G is non-arithmetic:

(a) Then we have

lim
t→∞Zx(t) = 1

μ1 + μ2

∫ x

0
[1 − F(s)]ds,

lim
t→∞Zy(t) = 1

μ1 + μ2

∫ y

0
[1 − G(s)]ds,

the limit in each case being zero if μ1 or μ2 is infinite.
(b) And if at least one of μ1 or μ2 is finite, then

lim
t→∞P [SN(t) < t ≤ SN(t) + XN(t)+1] = μ1

μ1 + μ2
,

lim
t→∞P [SN(t) + XN(t)+1 < t ≤ SN(t)+1] = μ2

μ1 + μ2
,

the limits being interpreted as 1 and 0 if μ1 = ∞ and 0
and 1 if μ2 = ∞.

The sequence of red and green periods represents an al-
ternating renewal process with lifespans Xk = r and Yk = g

with probability one. For this we have Sn = nc, n ≥ 0 and
let N ≡ N(t) = [t/c] be the integer part of the fraction t/c.
We see that

Zx(t) = P [Nc < t ≤ Nc + r, t − Nc ≤ x],
Zy(t) = P [Nc + r < t ≤ Nc + c, t − Nc − r ≤ y].
Since

F(x) =
{

0 for 0 < x < r,

1 for x ≥ r,

we have r−1[1 − F(x)] = r−1 for 0 < x < r , which is the
uniform density in (0, r). Therefore

lim
t→∞Zx(t) =

⎧⎪⎨
⎪⎩

x

c
for 0 < x < r,

r

c
for x ≥ r.

Similar results hold for Zy(t).

Remark 5.2 When r and g are constant, the two processes
{Z1(t), t ≥ 0} and {Z2(t), t ≥ 0} are periodic and conse-
quently their limit distributions do not exist. Therefore we
consider their stationary distributions. Let T be a random
variable representing the first switching point, with

T
d=

⎧⎪⎨
⎪⎩

Ur with probability
r

c
,

Ug with probability
g

c
,

(5.1)

where for any a > 0, Ua is a random variable having uni-
form density in (0, a). We note that t → ∞ through red

and green periods. To be specific, let T + (Nc,Nc + r]
be the red period and T + (Nc + r,Nc + c] be the green
period that correspond to the given t . Clearly, N ∼ t/c,
as t → ∞. It turns out that t − Nc (under ‘t red’) and
t − Nc − r (under ‘t green’) both have stationary distrib-
utions. In fact

t − T − Nc
d= Ur, t − T − Nc − r

d= Ug. (5.2)

In particular, in stationary regime the probability of ‘t red’
is r/c and the probability of ‘t green’ is g/c.

Further, for the net inputs over T + (Nc,Nc + r] and

T + (Nc + r,Nc + c] we see {Y1(t), Y2(t)} d= (W1,W2),
where

(W1,W2) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{X1(Ur),X2(Ur) − Ur + X2(g)}
with probability

r

c
,

{X1(Ug) − Ug + X1(r),X2(Ug)}
with probability

g

c
.

(5.3)

Remark 5.3 If we choose {Z1(0),Z2(0)} d= {Z1(∞),

Z2r (∞)} it is easily seen from Remarks 4.2 and 5.2 that
for t ∈ (0, T ) the distribution of {Z1(t),Z2(t), t ≥ 0} is in-
dependent of t , with net inputs given by (W1,W2).

We now consider a new setup in which the initial state of
the process {Z1(t),Z2(t), t ≥ 0} has the stationary distrib-
ution described above. It follows that for every finite t , the
process has the same distribution.

Theorem 5.4 If {Z1(0),Z2(0)} d= {Z1(∞),Z2r (∞)}, then

the stationary distribution of the process {Z1(t),Z2(t)} d=
{Z1,Z2}, satisfies

E(e−θ1Z1−θ2Z2)

= E[e−θ1Z1(∞)−θ2Z2r (∞)]E[e−θ1W1−θ2W2 ]
− g

c
θ1F1(0)E[e−θ2Z2r (∞)]

× E
[
e−Ugφ2(θ2)

∫ Ug

0
e−s(φ1(θ1)−θ1)ds

]

− r

c
θ2F2(0)E[e−θ1Z1(∞)]

× E
[
e−Urφ1(θ1)

∫ Ur

0
e−s(φ2(θ2)−θ2)ds

]
, (5.4)

where the random vector (W1,W2) is defined by rela-
tion (5.3).

Proof To be specific, let T + (Nc,Nc+ r] be the red period
and T + (Nc+r,Nc+c] is the green period that correspond
to the given t . The other case comes analogously. From The-
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orem 3.2 we find that

E(e−θ1Z1(t)−θ2Z2(t))

= E(e−θ1Z1(T +Nc)−θ2Z2(T +Nc))

× e−(t−T −Nc)[φ1(θ1)+φ2(θ2)−θ2]

− θ2E(e−θ1Z1(T +Nc))e−(t−T −Nc)φ1(θ1)

×
∫ t−T −Nc

0
e−s[φ2(θ2)−θ2]F2(0, t − s)ds,

for T + Nc < t ≤ T + Nc + r and

E(e−θ1Z1(t)−θ2Z2(t))

= E(e−θ1Z1(T +Nc+r)−θ2Z2(T +Nc+r))

× e−(t−T −Nc−r)[φ1(θ1)+φ2(θ2)−θ1]

− θ1E(e−θ2Z2(T +Nc+r))e−(t−T −Nc−r)φ2(θ2)

×
∫ t−T −Nc−r

0
e−s[φ1(θ1)−θ1]F1(0, t − s)ds,

for T +Nc+ r < t ≤ T +Nc+ c. Letting t → ∞ and using
(5.2)

E(e−θ1Z1−θ2Z2)

= E(e−θ1Z1(∞)−θ2Z2(∞))Ee−Ur [φ1(θ1)+φ2(θ2)−θ2]

− θ2F2(0)E(e−θ1Z1(∞))Ee−Urφ1(θ1)

×
∫ Ur

0
e−s[φ2(θ2)−θ2]ds, (5.5)

with probability r/c and

E(e−θ1Z1−θ2Z2)

= E(e−θ1Z1r (∞)−θ2Z2r (∞))Ee−Ug[φ1(θ1)+φ2(θ2)−θ1]

− θ1F1(0)E(e−θ2Z2r (∞))Ee−Ugφ2(θ2)

×
∫ Ug

0
e−s[φ1(θ1)−θ1]ds, (5.6)

with probability g/c. Adding the limit results (5.5) and (5.6)
with appropriate weights we arrive at the result (5.4) since

E(e−θ1W1−θ2W2)

= r

c
E[e−θ1X1(Ur )−θ2X2(Ur )+θ2Ur−θ2X2(g)]

+ g

c
E[e−θ1X1(r)−θ1X1(Ug)+θ1Ug−θ2X2(Ug)]

= r

c
E[e−Ur [φ1(θ1)+φ2(θ2)−θ2]]e−gφ2(θ2)

+ g

c
E[e−Ug[φ1(θ1)+φ2(θ2)−θ1]]e−rφ1(θ1). �

Letting θ2 → 0+ and θ1 → 0+ respectively in (5.4) we
obtain the following for the marginal distributions of Z1

and Z2.

Corollary 5.5 (i) We have

E(e−θ1Z1)

= E(e−θ1Z1(∞))E[e−θ1W1]

− g

c
θ1F1(0)E

∫ Ug

0
e−s[φ1(θ1)−θ1]ds, (5.7)

and

E(e−θ2Z2)

= E(e−θ1Z2r (∞))E[e−θ2W2]

− r

c
θ2F2(0)E

∫ Ur

0
e−s[φ2(θ2)−θ2]ds. (5.8)

(ii) Assume that var[Xi(1)] = σ 2
i < ∞, i = 1,2. Then

E[Z1] =
c

g
σ 2

1

2
(
1 − c

g
ρ1

) , E[Z2] =
c

r
σ 2

2

2
(
1 − c

r
ρ2

) , (5.9)

and

cov[Z1,Z2] = − 1

12
(rρ1)(gρ2) < 0. (5.10)

Proof The results (5.7) and (5.8) follow easily from (5.4).
The result (5.9) follow from (4.1), (4.2), (5.7) and (5.8) by
differentiation. Also, from (5.4) we obtain by differentiation

E[Z1Z2] = E[Z1]E[Z2] − 1

12
(rρ1)(gρ2). �

Remark 5.6 From Lemma 2.1 we find that the permutation
(2.7) results in the permutation

{W1,W2} → {W2,W1},
as can be seen from (5.3). Theorem 5.4 shows that

{Z1,Z2} → {Z2,Z1}.

Remark 5.7 The result (5.10) indicates the dependence of
the random variables Z1 and Z2. This dependence is not
surprising. In the equations (2.3) formulating the processes
Zi(t), (i = 1,2) the inputs X1(t) and X2(t) are indepen-
dent, so the components Z1(t) and Z2(t) are independent, as
was claimed in Theorem 3.2. However, in stationary regime
X1(t) and X2(t) have to be considered over the intervals of
random lengths Ur and Ug . This is evident from the proof
of Theorem 5.4, where the random vector (W1,W2) is de-
fined in terms of {X1(Ur),X2(Ur)} and {X1(Ug),X2(Ug)}
(see (5.3)).

However, if we consider the lengths r and g as non-
degenerate random variables, then this contradiction of in-
dependence at finite times t but dependence in the stationary
regime does not occur any more.
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