
Κεφάλαιο 7ο: 
Παραγώγιση και 
ολοκλήρωση.

7.1 Paragώgish kai oloklήrwsh
ΌpwV gnwrίzoume h parάgwgoV f'[x] dίnetai apό ton tύpo LimitA f Hx+hL- f HxLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅh , h Ø 0E parάdeigma:

Remove@fD
f@x_D := 3 x − 2êx

LimitA f@x + hD − f@xD
¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

h
, h → 0E

3 +
2

¡¡¡¡¡¡¡
x2

Fusikά  upάrcei  kai  h  sunάrthsh  D[f[x],{x,n}]  pou  epistrέjei  cwrίV  kόpo  thn  n-iostή  parάgwgo  wV
proV  x.  Eidikά  eάn  n=1(prώth  parάgwgoV)  tόte  mporoύme  na  grάyoume  aplά  D[f[x],x]  ή  pio  aplά  me
f'[x]. Me f''[x] ennooύme thn  2h parάgwgo wV proV x k.o.k. An qέloume na broύme thn n-iostή parάgwgo
cwrίV na  maV endiajέrei to όnoma thV metablhtήV pou paragwgίzoume mporoύme na crhsimopoiήsoume
thn 
Derivative[n][f]. Sthn  Derivative upoqέtoume όti h f έcei mόno mia metablhtή(thn #1) kai wV proV autή
kai mόno paragwgίzoume. To apotέlesma qa periέcei autήn thn anώnumh metablhtή. 
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D@f@xD, 8x, 1<D
D@f@xD, xD
f'@xD
Derivative@1D@fD

3 +
2

¡¡¡¡¡¡¡
x2

3 +
2

¡¡¡¡¡¡¡
x2

3 +
2

¡¡¡¡¡¡¡
x2

3 +
2

¡¡¡¡¡¡¡¡¡
#12 &

Gia thn paragώgish sunartήsewn me parapάnw apo mia metablhtέV h diadikasίa eίnai parόmoia.Gia
parάdeigma  me  D[f[x,y],{x,m},{y,n}]  epistrέjetai   h  merikή  parάgwgoV   ∑n+m f ê∑ xm ∑ yn  όpou  prώta
paragwgίzoume  wV  proV  y(n-iostή   parάgwgoV  )  kai  metά  wV  proV  x(  m-iostή  parάgwgoV  thV
prokύptousaV sunάrthshV). H D[f,x,y] eίnai suntomograjίa thV  D[f[x,y],{x,1},{y,1}] dhl. thV ∂x,y f .
Apo  ta  parakάtw  paradeίgmata  eίnai  janerό  όti  den  prέpei  na  prospaqoύme  na  paragwgίsoume  mia
sunάrthsh  pou  έcei  If(dhl,  o  orismόV  thV  cwrίzetai  se  periptώseiV)  .  Emjanίzetai  to  ίdio  prόblhma
pou eίcame kai me thn Limit!

Remove@gD
g@x_, y_D := If@y ≠ 0, x Sin@1êyD, 0D
D@g@x, yD, 8x, 2<, 8y, 1<D

If@y ≠ 0, 0, 0D
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Remove@gD
g@x_, y_D := x Sin@1êyD
D@g@x, yD, 8x, 2<, 8y, 1<D
D@g@x, yD, 8x, 2<D
D@g@x, yD, y, xD

0

0

−
Cos@ 1¡¡¡¡y D¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

y2

H   D[f[x],{x,4}]  parάgei  to  ίdio  apotέlesma  me  to  f''''[x],  me  to   D[f[x],x,x,x,x]  kai  teloV  me  to
∑8x,4< f @xD. Dialέxte  όti  saV  arέsei!  To  sύmbolo  ∑Ñ Ñ  to  brίskoume  sthn  palέtta  BasicInput.  Edώ
prέpei  na  prosέcoume  όtan  έcoume  ginόmeno  sunartήsewn  na  bάzoume  parenqέseiV  alliώV  upάrcei
perίptwsh  lάqouV  apo  dikή  maV  upαιtiόthta  p.c  an  xecάsoume  tiV  parenqέseiV  sthn  ∑x Hx Sin@xDLqa
pάroume kata lάqoV

∂x x Sin@xD

Sin@xD

dhl.paragώgise mόno thn x kai όci to ginόmeno!  

Άn qeloume na paragwgίsoume thn g[y] wV proV x tόte όpwV gnwrίzoume apo thn Qewrίa  h parάgwgoV
eίnai 0 ektόV kai an qewroύme όti h y den eίnai mia staqerά allά mia sunάrthsh tou x. Autό dhlώnetai
me thn sunάrthsh NonConstants p.c

Remove@gD
D@g@yD, x, NonConstants → yD
Remove@g, fD
D@f@g@tDD, x, NonConstants → tD

D@y, x, NonConstants → 8y<D gÃ@yD

D@t, x, NonConstants → 8t<D fÃ@g@tDD gÃ@tD

Sto deύtero parάdeigma qewrήsame όti h metablhtή t einai mia sunάrthsh thV x.
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7.2 Eύresh topikώn akrόtatwn me  crήsh twn 
merikώn paragώgwn
Έcoume  ήdh  anajέrei  thn  sunάrthsh  FindMinimum  gia  thn  eύresh  kάpoiwn  akrotάtwn  miaV
sunάrthshV  f.  ΌmwV  edώ  qa  prospaqήsoume  na  broύme  ta  topikά  akrόtata  ή  toulάciston  ta
"piqanά"  topikά  akrόtata  thV  f  lύnontaV  thn  exίswsh  f'[x]==0 an  h  f  έcei  mόno  mia  metablhtή  ή  έna
sύsthma exisώsewn an έcei parapάnw (p.c ∑x f = ∑y f = 0 an h f έcei dύo metablhtέV). Gia thn lύsh
twn  susthmάtwn  autώn  mporoύme  na  crhsimopoiήsoume  thn  Solve.  An  oi  parάgwgoi  den  eίnai
poluώnuma  tόte  protimάme  na  pάroume  ariqmhtikέV  lύseiV  me  thn  NSolve  ή  thn  FindRoot.  Edώ  na
qumήsoume  όti  h  FindRoot  έcei  thn  morjή  FindRoot[8eqn1,  eqn2,  … <,  8x,  x0<,  8y,  y0<,  … ]όpou

eqn1, eqn2,  …eίnai  to  sύsthma twn  exisώsewn kai x0, y0, ... eίnai  kάpoioi ariqmoί  "kontά" se kάpoia

pragmatikή  lύsh  tou  sustήmatoV.  Autό  eίnai  kai  to  megάlo  prόblhma  me  thn  FindRoot:  prέpei  na
yάxeiV  kontά  alliώV  mporeί  na  mhn  breiV  kammίa  lύsh! Paradeίgmata:  AV  prospaqήsoume  na  broύme
ta topikά akrόtata thV  x Sin[1/y] me thn NSolve kai thn FindRoot kai gia x=0.05

g@x_, y_D := x ∗ Sin@1êyD
g1@x_, y_D := D@x ∗ Sin@1êyD, xD
g2@x_, y_D := D@x ∗ Sin@1êyD, yD
g2@x, yD
z = NSolve@g2@0.05, yD « 0, yD
0.05 Sin@1êyD ê. z

−
x Cos@ 1¡¡¡¡y D¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

y2

— Solve::ifun :  
Inverse functions are being used by Solve, so some solutions may not be found.

88y → −0.63662<, 8y → 0.63662<<

8−0.05, 0.05<

FindRoot@g2@0.05, yD « 0, 8y, 0.1, −1, 1<D

— General::ivar :  0.1` is not a valid variable.

— General::ivar :  0.1` is not a valid variable.

— FindRoot::frnum :  
Function 8∂0.1H−0.0272011L< is not a length 1 list of numbers at 8y< = 80.1<.

FindRoot@g2@0.05, yD == 0, 8y, 0.1, −1, 1<D
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Na exhgήsoume όti h NSolve έbgale polύ eύkola έna topikό akrόtato sto shmeίo y=0.63662( kai άllo
έna  sto  yØ-0.63662)  .  Eίnai  mέgisto  diόti  sto  prohgoύmeno  kejάlaio  eίcame  kάnei  kai  thn  grajikή
parάstash  thV  g2[0.05,y].  DustucwV  den  ta  brήke  όla.  Me  thn  FindRoot  mporoύme  na  broύme  kai
άlla!  To  problhma  eίnai  pwV  dialέgoume  to  arcikό  maV  y0  gia  na  xekinήsei  to  yάximo.  Qa  prέpei  na
kάnoume  diάjoreV  dokimέV  sto  y0 kai   gia  diάjora  diastήmata.  Άllo  έna  mikrόtero  prόblhma:  prέpei
na  grάyoume  ton  tύpo  thV  g2  apeuqeίaV  (cwrίV  crήsh  tou  orismoύ  tou)  alliώV  bgaίnoun  perίerga
mhnύmata όpwV to FindRoot::frnum :  Function 8∂0.1H−0.0272011L<is not a length 1 list of
numbers at {y} = {0.1}.                                     

Remove@g2D

g2@x_, y_D := −
x CosA 1¡¡¡¡

y
E

¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡
y2

ymin = −1
ymax = 1
z = FindRoot@g2@0.05, yD == 0, 8y, 0.1, −1, 1<D
g@0.05, yD ê. z

−1

1

8y → 0.0909457<

−0.05

 Epanalambάnoume  xanά  thn  genikή  arcή:  όtan  orίzoume   sunartήseiV:  na  mhn  crhsimopoioύme  άlleV
ήdh  kataskeuasmέneV  allά  na  tiV  orίzoume  "kateuqeίan".  Έtsi  den  qa  ήtan  kalό  gia  parάdeigma,  na
orίzame  g[x,y]:=x*Sin[1/y]  kai  sthn  sunέceia   g2[x_,y_]:=D[g[x,y],y]  allά  qa  ήtan  protimόtero  na

orίzame kat'euqeίan g2[x,y]:=−
x Cos@ 1¡¡¡¡y D¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡y2  .  An qέloume perissόtereV lύseiV me megalύterh akrίbeia qa

prέpei  na  allάxoume  thn  arcikή  timή  tou  y0  na  qέsoume  mikrόtera  diastήmata  ymin,  ymax  kai  na
bάloume epiplέon orίsmata mέsa sthn FindRoot p.c

z = FindRoot@g2@0.05, yD == 0, 8y, 0.01, 0.001, 0.09<,
AccuracyGoal → 24, WorkingPrecision → 34,

MaxIterations → 50D
g@0.05, yD ê. z

8y → 0.01010507575186637052500849291254059<

−0.05
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Άskhsh: Dίnetai h sunάrthsh f[x,y]:=x^2+ x*y+y^2-2*x-6*y. Na breίte ta kritikά shmeίa thV dhl. ta
shmeίa  pou  mhdenίzontai  oi  merikέV  parάgwgoi.  Sthn  sunέceia  crhsimopoiώntaV  thn  FindMinimum
prospaqήsete  na  apantήsete  an  ta  akrόtata  pou  brήkate  eίnai  topikά  mέgista  ή  topikά
elάcista.TέloV  crhsimopoieίste  thn  ContourPlot  gia  thn  f  kai  gia  katάllhla  diastήmata
{xmin,xmax} kai  {ymin,ymax}stouV  άxoneV  Ox  kai  Oy  antίstoica  (pou  na  periέcoun  to  ή  ta  shmeίa
pou  brήkate)  έtsi  ώste  na  deίte  an  prάgmati  h  grajikή  parάstash  pou  paίrnetai  sumjwneί  me  ta
apotelέsmata  pou  bgάlate.(Prosocή  prin  kalέsetai  thn  ContourPlot[x^2+x*y+y^2-2*x--
6*y,{x,xmin,xmax},{y,ymin,ymax}]  na  grάyete  <<Graphics`Graphics3D`  diόti  kάqe  sunάrthsh  gia
grajikέV parastάseiV έcei to dikό thV pakέto ektόV  apό merikέV pou den creiάzetai na kalέsoume to
pakέto  touV  siόti  jortώnetai  mόliV  anoίxoume  to  Mathematica).  Me  to  Help  prospaqήste  na  mάqete
perissόtera  gia  thn  ContourPlot  ώste  na  kάnete  to  grάjhma  saV  elkustikό.(  p.c  dώste  crώma
bάzontaV  mέsa  sthn  ContourPlot  to  ColorFunctionØHue.  Sto  ίdio  pakέto  anήkei  kai  h  ShadowPlot3D
epίshV   me  polύ  wraίa  apotelέsmata).  H  Plot3D(autή  den  creiάzetai  kanέna  idiaίtero  pakέto)  sthn
perίptwsh  maV  den  bohqά  polύ,  ektόV  kai  an  allάxete  lίgo  ton  crwmatismό  thV  epijάneiaV  pou
prokύptei me to epiplέon carakthristikό ColorFunction → Hue mesa sthn Plot3D.

7.3 Aόrista oloklhrώmata
H basikή entolή gia na broύme to aόristo oloklήrwma wV proV x eίnai h Integrate[f[x],x]. p.c

Integrate@f'@xD, xD
D@Integrate@f@xD, xD, xD

f@xD

f@xD

Dhladή  to  oloklήrwma  thV  paragώgou  thV  f  wV  proV  x   eίnai  h  ίdia  h  f!  Kai  h  parάgwgoV  tou

oloklhrώmatoV thV f  wV proV x eίnai pάli h f. Me άlla lόgia h oloklήrwsh me thn paragώgish eίnai

antίstrojeV sunartήseiV.AV kάnoume kai άlla paradeίgmata:

ParagwgishOloklhrwsh.nb 6



Integrate@Log@xD, xD
Integrate@x^2 Cos@n xD, xD

‡ x^n ăx

Integrate@Log@x yD, x, yD
Integrate@Cos@Sin@xDD, xD

‡ E1−x2
 ăx

−x + x Log@xD

2 x Cos@n xD
¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

n2 +
H−2 + n2 x2L Sin@n xD
¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

n3

x1+n
¡¡¡¡¡¡¡¡¡¡¡¡
1 + n

−2 x y + x y Log@x yD

‡ Cos@Sin@xDD ăx

1
¡¡¡¡
2

Ą è!!!π Erf@xD

AV arcίsoume na kάnoume parathrήseiV: 
1)Sto aόristo oloklήrwma paraleίpetai  h staqerά sto tέloV!
2)Mporoύme na oloklhrώsoume akόma kai an h sunάrthsh maV έcei mia ή parapάnw paramέtrouV (pc
thn n).
3)  Ta  aόrista  oloklhrώmata  upologίzontai  me  thn  siwphrή  upόqesh  όti  oi  crhsimopoioύmeneV
parάmetroi eίnai tέtoieV ώste όso h oloklhrwtέa sunάrthsh όso kai to apotέlesma na έcoun έnnoia.
Έtsi,  gia  parάdeigma,  to  oloklήrwma  x1+n

¡¡¡¡¡¡¡¡1+n pou  epistrέjei  to  Mathematica  gia  thn  oloklήrwsh

Ÿx^n ăx  xέroume  όti  eίnai  alhqέV,  upό  thn  proupόqesh  όti  to  n  eίnai  diajoretikό  tou  -1,  ajoύ,  wV

gnwstό, Ÿ x-1 „ x=ln[x].
4)To sύmbolo thV oloklήrwshV Ÿ Ñ „ Ñmporoύme na to broύme apo tiV palέteV 3BasicInput. ΈnaV άlloV
trόpoV cwrίV palέteV  eίnai na patήsoume diάjorouV  sunduasmoύV plήktrwn p.c  gia na grάyoume to

orismέno Ÿ
0

7

f@xD ăx qa prέpei na patήsoume: ÂintÂ ‚Î+Ï 0 ‚Î%Ï 7Ï ‚Î Ï f[x]ÂddÂx ( ta [ kai ]

den ta ktupάme! to ‚Î+]gia parάdeigma shmaίnei όti patάme mazί to ‚ kai to + enώ to ‚Î Ï eίnai to

‚ mazί me to SPACE plήktro ) .
5)Mporoύme  na  έcoume  kai  diplά  (allά  kai   pollaplά  oloklhrώmata)  όpwV  gia  parάdeigma  to
Integrate[Log[x y],x,y] pou isodunamei me Ÿ dx Ÿ dy Log@x, yDdhl. prώta oloklhrώnoume wV proV y kai to

apotέlesma metά wV proV x.
6)  Upάrcei  έna  megάlo  plhqoV  oloklhrwmάtwn,  ta  opoίa  upologίzetai  me  thn  crήsh  eidikώn
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sunartήsewn  όpwV  oi  Erf,  EulerGamma,  Fresnel,  Hypergeometric,  Elliptic  kai  άlleV.  Mporeίtai  na
breίte plhrojorίeV sto help.
7)  Upάrcoun   oloklhrώmata  ta  opoίa  den  mporeί  na  upologίsei  to  Mathematica.  Se  mia  tέtoia
perίptwsh epistrέjetai  to  ίdio to oloklήrwma p.c  sto Ÿ Cos@Sin@xDD ăx.  Fusikά άn  antί aόristo

έcoume orismέno oloklήrwma tόte mporoύme na pάroume mia ariqmhtikή timή tou me thn crήsh thV  N
ή  thV NIntegrate όpwV qa doύme parakάtw. p.c

olokl = NIntegrate@Cos@Sin@xDD, 8x, 0, Piê3<D

0.89975

7.4 Orismέna oloklhrώmata
H  basikή  entolή  gia  ta  orismέna  oloklhrώmata  eίnai  όpwV  kai  sta  aόrista  me  thn  eisagwgή  twn

orίwn p.c to orismέno oloklήrwma Ÿ
0

Piê3
Sin@xD2 Cos@xD3 „ x aplά qa to grάyoume 

Integrate@Sin@xD2 Cos@xD3, 8x, 0, Piê3<D

11 è!!!3
¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

160

Mporoύme  jusikά  na  crhsimopoiήsoume  thn  3BasicInput  palέta  ή  patώntaV  plήktra.Mporoύme
jusikά na bάloume kai to άpeiro se έna ή kai sta dύo άkra

Integrate@Sin@xD2 Cos@xD3, 8x, 0, ∞<D

Integrate::idiv :  Integral of Cos@xD3 Sin@xD2 does not converge on 80, ∞<.

‡
0

∞

Cos@xD3 Sin@xD2 ăx

Se autήn thn perίptwsh to oloklήrwma den upάrcei! Se άllh perίptwsh όmwV upάrcei p.c

IntegrateAE−x2
, 8x, 0, ∞<E

è!!!π
¡¡¡¡¡¡¡¡¡

2

EpίshV se άlleV periptώseiV to Mathematica mporeί na maV apantήsei me to If p.c

Integrate@xn, 8x, 0, 1<D

IfARe@nD > −1, 1
¡¡¡¡¡¡¡¡¡¡¡¡
1 + n

, ‡
0

1

xn ăxE

Autό  shmaίnei  όti  eάn  to  pragmatikό  mέroV  thV  paramέtrou  n  (diόti  mporeί  kάpoioV  na  dώsei  kai
migadikή  timή  sto  n)  eίnai  > tou  -1  tόte  to  oloklήrwma  eίna  ίso  me  1¡¡¡¡¡¡¡¡1+n  alliώV  den  mporeί  na  dώsei
apάnthsh! P.c aV bάloume n=2 
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% ê. n → 2

1
¡¡¡¡
3

Genikά  an  epiqumόume  na  qέsoume  kάpoiouV  periorismoύV  ston  upologismό  tou  orismέnou
oloklhrώmatoV  qa  prέpei  na  tiV  eisάgoume  me  thn   entolή  qa  Assumptions->   oi  periorismoί  p.c  an
qeloume  na  dhlώsoume  όti  mia  parάmetroV  m  paίrnei   pragmatikέV  timέV   (kai  όci  migadikέV)  qa
mporoύsame na to dhlώsoume lέgontaV όti to jantastikό mέroV eίnai 0 : Im[m]==0 p.c

Integrate@Sin@m xDêx, 8x, 0, Infinity<, Assumptions → Im@mD « 0D

1
¡¡¡¡
2

π Sign@mD

An den bάzame ton periorismό autό qa paίrname:

Integrate@Sin@m xDêx, 8x, 0, Infinity<D

IfAIm@mD == 0, 1
¡¡¡¡
2

π Sign@mD, ‡
0

∞ Sin@m xD
¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

x
 ăxE

H entolή NIntegrate[f[x],{x,a,b}] epistrέjei mia ariqmhtikή prosέggish tou orismέnou oloklhrώmatoV

Ÿa
b f HxL „ xenώ  upάrcoun  kai  crήsima  epiplέon  carakthristikά  pou  mporoύme  na  prosqέsoume

όpwV gia parάdeigma AccuracyGoal-> 20 gia na beltiώsoume thn akrίbeia twn upologismwn. P.c

NIntegrate@Sin@xD^2 Cos@xD^3, 8x, 0, Piê3<,
AccuracyGoal → 20, WorkingPrecision → 30D

0.11907849302036031393

H  sunάrthsh  NIntegrate  eίnai  crήsimh  όtan  h  Integrate  den  mporeί  an  maV  bgάlei  έna  apotέlesma.  H
Integrate   kάnei   sumbolikoύV  upologismoύV  enώ  h  NIntegrate  crhsimopoieί   proseggistikέV
ariqmhtikέV meqόdouV.P.c

H∗Integrate@Abs@x−Log@xD+1.5D,8x,1,3<D∗L
NIntegrate@Abs@x − Log@xD + 1.5D, 8x, 1, 3<D

5.70416
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Bάlame  se  scόlia  to  prώto  oloklήrwma  diόti  se  maV  to  Mathematica  den  mpόrese  na  bgάlei  kάpoio
apotέlesma  parόlou  pou   perimέname  arketή  ώra!  ΌmwV  polύ  grήgora  h  NIntegrate  upolόgise  to
oloklήrwma!

7.5 Pollaplά oloklhrώmata
Me thn entolή Integrate mporoύme na upologίsoume kai diplά allά kai triplά k.o.k oloklhrώmata arkeί
na diamorjώsoume katάllhla ta όria D tou oloklhrώmatoV. AV doύme merikέV periptώseiV
1)H  periocή  D  apoteleίtai  apo  kάpoia  diastήmata  p.c  D = 8Hx, yL œ Ñ2 êa§x§b,  c  §  y§d}.  Tόte
upologίzoume ta oloklhrώmata qέtontaV ta katάllhla  όria {x,,a,b}, {y,c,d} p.c

Integrate@x y2 z3 , 8x, 0, 1<, 8y, 0, 1<, 8z, 0, 2<D

2
¡¡¡¡
3

Se autήn thn perίptwsh den pάizei rόlo h seirά oloklήrwshV:

Integrate@x y2 z3 , 8z, 0, 2<, 8x, 0, 1<, 8y, 0, 1<D

2
¡¡¡¡
3

2) H  periocή  D eίnai  mia  periocή  tou  didiάstatou  cώrou  pou  perikleίtai  apo  kάpoieV  kampύleV  ή  mia
periocή  tou  trsdiάstatou  cώrou  pou  perikleίetai  apo  kάpoieV  epijάneieV  k.o.k   tόte  qa  prέpei  na

prosέxoume  thn  seirά  pou  oloklhrώnoume(dhl.  wV  proV  poiά  metablhtή  qa  oloklhrώsoume  prώta,
metά  poia  akolouqeί  k.o.k).  Akolouqoύn  merikά   paradeίgmata  D kai  sunartήsewn   f  kai  h  seirά  pou
oloklhrώnoume.  Gia  na  gίnoun  kai  pio  parastatikά  qa  kάnoume  prώta  thn  grajikή  parάstash  twn
cwrίwn  D.  Sthn  didiάstath  perίptwsh  twn  D  qa  creiasteί  na  kalέsoume  to  pakέto  Graphics`Filled-
Plot` 
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<< Graphics`FilledPlot`
FilledPlot@8x^2, −x^2<, 8x, 0, 3<D
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¦ Graphics ¦

edώ  D = 8Hx, yL œ Ñ2 ê0§x§3, -x^2 § y§x^2} kai oloklhrώnoume mia f p.c thn 2 x -3 y^2 prώta wV proV
y kai metά wV proV x dhl. 

Integrate@2 x − 3 y^2, 8x, 0, 3<, 8y, −x^2, x^2<D

−
3807
¡¡¡¡¡¡¡¡¡¡¡¡¡

7

Prέpei na prosέxoume όti to oloklήrwma pou prέpei na upologisteί prώto, mpaίnei pάntote sto tέloV
tou Integrate!   Άllo parάdeigma: 
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<< Graphics`FilledPlot`
FilledPlot@8Sqrt@xD, 3<, 8x, 0, 9<,

AxesOrigin → 80, 0<, AspectRatio → 1ê2D
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¦ Graphics ¦

edώ D = 8Hx, yL œ Ñ2 ê0§y§3, 0 § x§y^2} kai oloklhrώnoume prώta wV proV x kai metά wV proV y dhl.

Integrate@2 x − 3 y^2, 8y, 0, 3<, 8x, 0, y^2<D

−
486
¡¡¡¡¡¡¡¡¡¡

5

Genikά  na  έcoume  sto  noύ  όti  oloklhrώnoume  teleutaίa  se   diάsthma   pou  έcei  staqerά  άkra  dhl.
eίnai thV morjήV tou kleistoύ diastήmatoV [a,b]. p.c an έcoume thn f[x,y,z]:=x y^2 z^3 kai qέloume na
broύme  to  triplό  oloklήrwma  sto  cwrίo  D = 8Hx, y, zL œ Ñ3 ê0§x§1,0§y§1-x,  0  §z§x*y}  pou
perikleίetai apo ta epίpeda x+y=1 kai z=0, kai thn epijάneia(uperbolikό paraboloeidέV) z=x*y . Lόgw
thV morjήV tou D oloklhrώnoume prώta wV proV z metά wV proV y  kai tέloV wV proV x. 

Integrate@x y^2 z^3, 8x, 0, 1<, 8y, 0, 1 − x<, 8z, 0, x y<D

1
¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡
288288

Bέbaia to ίdio oloklήrwma qa mporoύsame na to kάnoume diadocikά se trίa bήmata allά jusikά eίnai
kourastikό...
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int1 = Integrate@x y^2 z^3, 8z, 0, x y<D
int2 = Integrate@int1, 8y, 0, 1 − x<D
int3 = Integrate@int2, 8x, 0, 1<D

x5 y6
¡¡¡¡¡¡¡¡¡¡¡¡¡

4

1
¡¡¡¡¡¡¡
28

H1 − xL7 x5

1
¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡
288288

Parakάtw  qa  prospaqήsoume  na  scediάsoume  to  D.  Gia  boήqeia  pάnw  sth  grajikή  sunάrthsh
ContourPlot3D  pou  crhsimopoioύme  mporeίte  na  anatrέxete  sto  Help  kai  epίshV  na  "paίxete"   me  tiV
grajikέV  parastάseiV   ajairώntaV  ή  allάsontaV  kάpoia  carakthristikά  ώste  na  katalάbete  ti
akribώV  kάnoun.  Qa  poύme  monάca  όti  h  plot1  paristάnei  to  epίpedo  z==0  me  kόkkino  crώma(Scόlio:
allάxame  to  z==0  se  kάti  scedόn  όmoio  z-0.00001==0  diόti  den  mporέsame  na  crwmatisoume   to
epίpedo  z==0 me  thn  ContourPlot3D!!  )  h  plot2 paristάnei  to  epίpedo  x+y=1 se   prάsino  kai  h  plot3 to
paraboloeidέV  z=x y me  mplέ  crώma.  To D eίnai  to  kleistό  cwrίo  pou  perikleίetai  metaxύ  twn  triώn
epijaneiώn.
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<< Graphics`ContourPlot3D`
plot1 = ContourPlot3D@z − 0.00001, 8x, 0, 1<, 8y, 0, 1<, 8z, 0, 1<,

ContourStyle → RGBColor@1, 0, 0D, DisplayFunction → IdentityD
plot2 = ContourPlot3D@x + y − 1, 8x, 0, 1<, 8y, 0, 1<, 8z, 0, 1<,

ContourStyle → RGBColor@0, 1, 0D, DisplayFunction → IdentityD
plot3 = ContourPlot3D@z − Hx yL, 8x, 0, 1<,

8y, 0, 1<, 8z, 0, 1<, PlotPoints → 85, 5<,
ContourStyle → RGBColor@0, 0, 1D, DisplayFunction → IdentityD

Show@plot1, plot2, plot3, Axes → True, Ticks → 8None, None, None<,
AxesLabel → 8"x Axis", "y Axis", "z Axis"<,
Lighting → False, DisplayFunction −> $DisplayFunction,
ViewPoint −> 82.434, −1.853, 0.866<D

¦ Graphics3D ¦

¦ Graphics3D ¦

¦ Graphics3D ¦

x Axis

y Axis

z Axisz Axis

¦ Graphics3D ¦

Antί tou parapάnw plot1 mporeίte kai na bάlete  έna kόkkino polύgwno wV exήV 
plot1 = Graphics3D@

8RGBColor@1, 0, 0D, Polygon@880, 0, 0<, 81, 0, 0<, 81, 1, 0<, 80, 1, 0<<D<,
DisplayFunction → IdentityD
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dokimάste parapάnw na deίte thn diajorά!

Άskhsh:  Na  upologisteί  to  diplό  oloklήrwma  thV  f @x, yD = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅEx  Sqrt@yD  sthn  periocή
D = 8Hx, yL œ Ñ2 ê-2§y§0, |x-1|§4} kai na gίnei grajikή parάstash tou D.
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