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Abstract.

Macroscopic models for the corrosion of concrete due to sulphation, describing
the formation of a mushy region, are derived and studied by expanding further
previous related studies. These models are derived from averaging with the use
of the multiple scales method applied on microscopic Stefan - type problems, to
capture the effects of the microscopic transformation of calcite into gypsum. The
resulting macroscopic model for the diffusion and production of the sulphate inside
the concrete is coupled with a time dependent Eikonal equation describing the
evolution of the reaction at each point of the concrete wall. In certain cases and
for specific geometries of the microstructure, the Eikonal equation admits analytical
solutions and the model takes the form of a macroscopic non-local problem. The
models derived are solved numerically with the use of a finite element method and
the results for various microstructure geometries in the microscale are presented.

Keywords: Sulphide Corrosion, Concrete Corrosion, Moving Boundary Problems,
Perturbation Methods, Eikonal Equation.

1. Introduction

Corrosion of calcite from hydrogen sulfate and its transformation to
gypsum is a very interesting phenomenon and its study is essential for
the understanding of a lot of processes such as sewer pipes corrosion,
monument’s corrosion, building decay (failures in building fabric caused
by corrosion) etc. ([1], [2]).

The basic reaction describing the fact that H2SO4 reacts with calcite
CaCO3 forming gypsum CaSO4 · 2H2O and causing the corrosion of the
concrete, is the following:

2H2O+H+ + SO2−
4 +CaCO3

Kc−→ CaSO4 · 2H2O+HCO−3 .

A model for this reaction in the form of a macroscopic moving
boundary problem, was presented initially in [1] and it was further
studied in a series of papers as in [3], [4] etc. In addition an extensive
study of the problem of corrosion by sulphate has been also presented
in [5] -[8]. In these papers, with the use of formal and rigorous homog-
enization techniques, multiscale reaction-diffusion systems modelling
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sulphate corrosion were studied, for the case where microscopic fixed
boundaries separate corroded and uncorroded parts of the material.

In [9] the formation and evolution of a mushy region was initially
addressed. A mushy region in this case means that we have both uncor-
roded and corroded parts of the material coexisting during the process
in an element volume of it and not having a distinct macroscopic in-
terface separating the corroded and uncorroded parts of the material.
This led to various macroscopic models for the process which where
solved numerically.

The basic idea of [9] was to model the following, somehow idealized
process. We assume that the bulk of the material under study, consists
of uniform cells of square or cubical shape that are filled with calcite.
The rest of the cell is a pore, void, filled with water and air. Inside the
air and the water H2S is contained and under a chemical reaction in
the water film, this is transformed to H2SO4 which next reacts with
the calcite forming gypsum. The latter reaction is the one that causes
the shrinkage of the calcite inside the cell and its outer surface can be
modelled as a shrinking free boundary separating the remaining calcite
with the gypsum formed and the pre-existing pore. Note that in some
cases (see [9]) the reaction for the formation of H2SO4 is faster than the
one forming gypsum and this fact can be used to simplify the analysis.

Although in [9] the problem for the microstructure was treated by as-
suming, in a specific way of how the moving boundary evolves. Namely
it is taken that the moving boundary of the calcite has the form of a
shrinking cycle at all times, intersecting the cell boundary of a cement
volume element in a specific form (tangent or forming an angle).

In this paper the same essentially model is significantly improved
by considering also the relevant equation describing the velocity of
the moving boundary at each time which is coupled with the reaction
- diffusion equation for the sulphate. This equation, which is a time
dependent form of the Eikonal equation admits in some cases analyti-
cal solutions, the so called sandpile solutions and consequently we can
result with a simplified version of the model, in the form of a non-local
problem. In the cases that we don’t have a useful analytical solution
the problem can be solved numerically. With the use of an appropriate
change in the time variable the numerical treatment of the full problem
is further simplified and improved.

In the following of the paper in section 2 we proceed initially with a
brief presentation of the model introduced in [1], which is the motiva-
tion of the present work. Also an appropriate nondimensionalization,
as initially given in [9] is presented in order to get a convenient form
of the reaction - diffusion equations.
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In section 3 with the use of this scaled form of reaction diffusion
equations, modelling concrete corrosion, and by applying the multiple
scales method we derive from microstructure considerations a general
averaged - type model for the macroscale. In these equations the order
parameter is given by the solution of the Eikonal equation describing
the boundary motion in a volume element of the material. Furthermore
the analytical solutions of the Eikonal equation, for the cases that we
have a specific form of the initial curve or surface surrounding the
calcite, namely that of a square, cycle, cube or sphere, are presented.
In these cases the model takes a simpler form of a non-local problem.

In section 4 the model in its various forms is treated numerically
via a finite element method. When this is needed the Eikonal equation
for the moving boundary is solved with the use of an upwind scheme
either in the two or in the three dimensional case. Various numerical
simulations are also presented.

Finally a discussion of the results of this paper and possible future
work extensions are given in section 5.

2. Presentation of the Original Model

Initially we present briefly the original model that is the motivation
and the basis of the more general models regarding concrete corrosion
studied here.

In detail the governing chemical reactions describing the sewer pipes
corrosion (see [1], [9]) are the following

10H+ + SO2−
4 +org. matter −→ H2S + 4H2O+oxidized org. matter

H2S + 2O2
KB−→ 2H+ + SO2−

4

2H2O+H+ + SO2−
4 +CaCO3

Kc−→ CaSO4 · 2H2O+HCO−3 .

We denote by u, v and w the concentrations of H2S in the gaseous
phase (in ppmv), of H2S in the liquid phase (in moles/volume) and of
SO2−

4 (in moles/volume) respectively, i.e. u := [H2S]g, v := [H2S]aq and
w := [SO2−

4 ], where [ · ] denotes the concentration, the subscript g the
gaseous phase, while the subscript aq stands for water. Therefore the
resulting set of equations that hold in the interior of the pores inside
the concrete (see [1]), has the form

ut = Dauxx − KTAS

Va
(KHSu− v), (2.1a)

vt = Dwvxx +
KTAS

Vw
(KHSu− v)−KBv, (2.1b)
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Figure 1. Schematic representation of the wall of a sewer pipe under corrosion.

wt = DHwxx +KBv. (2.1c)

Indeed we have that H2S is exchanged between gaseous and liquid
phase and this is expressed by the term −(KTAS/Va)(KHSu−v), where
KT is the mass transfer coefficient, AS is the surface area, Va is the air-
filled effective porosity, i.e. the fraction of air filled pores in the material
and KHS is the Henry’s law constant.

In addition in the equation for v we have a similar term (KTAS/Vw)
(KHSu − v) with Vw being the water-filled effective porosity, i.e. the
fraction of water filled pores in the material. Also the term −KBv
expresses the bio-conversion of H2S with KB being the bio-conversion
rate constant.

Moreover Da,Dw and DH are the relevant diffusion coefficients for
H2S in the gaseous phase, for H2S in the liquid phase and for SO2−

4
respectively.

A straight forward way to formulate the problem is to consider these
equations in a domain representing a concrete wall (possible the inner
part of a wall of a sewer pipe) which we consider for simplicity to
be corroded in a one dimensional way. This can be seen in Figure 1
where we may assume that the point C corresponds to a sharp interface
separating fully corroded and uncorroded regions, moving to the right.
In this setting (as in [1]) the area determined between the points A and
C in the figure is supposed to be fully corroded and point B coincides
with C. Note that in the setting considered later in section 3, where we
assume the formation of a mushy region, we have a part that is fully
corroded, between points A and B, an area that is partly corroded
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between points B and C, i.e. the mushy region, and the uncorroded
part right of the point C.

More specifically and returning to the setting described in [1], we
may have that these equations apply for x ∈ Ω(t) = (0, s(t)) where
x = 0 stands for the left-end of the concrete wall, i.e. point A, and
s(t) for the point C in Figure 1. It is also reasonable to assume that
the amount of the chemicals involved in the process (H2S in air and
water and SO2−

4 in the water) have constant concentration inside the
pipe and also at the left end of the concrete segment. Thus we may
impose Dirichlet boundary conditions of the form

u(0, t) = λ1, v(0, t) = λ2, w(0, t) = λ3, (2.2)

with λ1, λ2, λ3 the given concentrations at x = 0. The right end x = s(t)
represents the corrosion front moving to the right as the process evolves.
Neumann conditions should be applied for u and v and Robin condi-
tions for w. The later comes from the fact that the flux of w arriving
at the interface is consumed by the chemical reaction transforming
concrete into gypsum. Also the position of the moving boundary should
be given by a kinetic condition, which has the form of the standard
Stefan condition and we have

ux(s(t), t) = 0, vx(s(t), t) = 0, Kc (w(s(t), t)) +DHwx(s(t), t) = 0, (2.3a)

ṡ(t) =
Kc

Cc

w, (2.3b)

where Kc is the dissolution rate constant (in length/time) and Cc the
alkalinity as calcium carbonate in concrete (in moles/volume). Note
that alternatively, equation (2.3b) can be written also in the more
common form ṡ(t) = −(DH/Cc)wx.

To summarize the chemistry of the process (see [1]), modelled by
equations, (2.1), (2.2) and (2.3) as a macroscopic moving boundary
problem, we have that H2S is created in the gaseous phase, due to
bacteria, which next is transferred in the water phase as is indicated
by the source term (−(KTAS/Va)(KHSu − v)), accounting of Henry’s
law in the equation of u and v. Then H2S reacts with oxygen in the
liquid phase, due to microorganisms catalysing the reaction, to produce
SO2−

4 and this is expressed by the source term in the equation for v and
w (∓KBv). Finally the produced SO2−

4 reacts with calcite to produce
gypsum and this is modelled by a Stefan condition in the boundary.

Since we have a significant planar propagation of the corrosion front
away from corners (see [1]), the problem is set in its one dimensional
form.

Macroscopic_Models_for_Concrete_Corrosion.tex; 28/07/2014; 18:49; p.5



6 C. V. Nikolopoulos

Nondimensionalization. We focus our attention to the system of equa-
tions (2.1), (2.2), (2.3) and we scale the problem by the use of appropri-
ate constants. We scale x with l, y = x/l where l is a typical length of
the observed corrosion in a period of years i.e. an empirical estimation
of the corrosion length in such a time period or a macroscopic length
associated with the thickness of the concrete wall. We scale u, v, w
with λ1, λ2, λ3 respectively and we have

U =
u

λ1
, V =

v

λ2
, W =

w

λ3
, S =

s

l
.

We set τ = t/t0 for τ being the dimensional variable and for t0 a
typical time which will be chosen in such a way so that the terms in
the equation of the moving boundary are balanced. Thus we choose
t0 = Ccl/(Kcλ3).

Summarizing we have the system

ε1
∂U

∂τ
=

∂2U

∂y2
− µ1 (β1U − V ) , (2.4a)

ε2
∂V

∂τ
=

∂2V

∂y2
+ µ2 (β1U − V )− β2V, (2.4b)

ε3
∂W

∂τ
=

∂2W

∂y2
+ β3V (2.4c)

for 0 < y < S(τ), with boundary conditions,

U(0, τ) = 1, Uy(S(τ), τ) = 0, (2.5a)

V (0, τ) = 1, Vy(S(τ), τ) = 0, (2.5b)

W (0, τ) = 1, γWy(S(τ), τ) +W (S(τ), τ) = 0, (2.5c)

the condition for the moving boundary,

Ṡ(τ) = W (S(τ), τ), S(0) = Sa, (2.6)

for τ > 0, some Sa > 0 and the initial conditions

U(y, 0) = 0, V (y, 0) = 0, W (y, 0) = 0, 0 < y < S(0). (2.7)

Here ε1 = l2/(Dat0), µ1 = KTAsλ2l
2/(Vaλ1Da) and β1 = KHSλ1/λ2

in the equation for u. Also ε2 = l2/(Dwt0), µ2 = KTAsl
2/(VwDw)

and β2 = kBl
2/Dw in the equation for v and ε3 = l2/(DH t0), β3 =

kBλ2l
2/(DHλ3) in the equation for w. Moreover γ = DH/(lKc).

Note that by choosing t0 as the time scale of the fastest chemical
reaction we result with the parameters ε having the form of Thiele -
like modulus (or Damköhler numbers).
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3. Mushy Region Model

As it is stated in [1], and initially considered in [9], it is worth consider-
ing a model for gypsum formation which allows gypsum and concrete to
coexist at some volume element. This element may be specified as one
cell, possible in the form of a square, containing a single pore, or as one
having its length side of order similar to the radius of a cross-section
of a typical pore.

To address this we assume that through the concrete and due to
its porosity and the cracks existing in it, there is diffusion (disper-
sion) of SO2−

4 which reacts with the concrete, i.e. the calcite, forming
gypsum. The reaction takes place initially at the cracks’ inner surface
surrounding the pure solid calcite. Then gypsum is formed, having
larger porosity than the concrete and thus new cracks are formed and
diffusion takes place in the gypsum - void (containing no solid and filled
with air and water) due to cracks area.

Based on this assumption, in the following we may take such an ele-
ment in the microstructure, which is determined by the space between
neighbouring cracks, to be corroded in such a way, amongst possible
others, so that the corrosion evolves in two - dimensional or three -
dimensional way.

More specifically, we initially study the problem in the microstruc-
ture which corresponds to a two or three dimensional geometry depend-
ing on how the structure of the material is assumed to be, i.e. in our case
consisted by an infinite amount of identical cells in a form of squares or
cubes (e.g. as the typical square cell in Figure 1). The reaction - diffu-
sion equations for the chemicals involved in the process, hold inside the
pores (void) in these cells which are filled with air and water containing
H2S and SO2−

4 . For convenience later in the asymptotic analysis we
may also allow flow, but no reaction, inside the calcite core of the cell,
due to minor pores of small size (negligible) compared with the cell
size. Therefore in the microstructure consideration we apply the two
(for square cells) or three (for cubic cells) dimensional form of these
equations. A one - dimensional consideration for the microstructure
have been also studied in [9] but is not of further interest. After applying
the averaging procedure we get the equations for the macroscale which
in general account for the three dimensional space. Depending now on
the specific geometry in the macroscale, i.e. if we have a plate or a
rod under corrosion, we may simplify the setting of the macroscopic
equations and reduce them into its two or one - dimensional form.
This is actually done here, for the sewer pipe model where the derived
equation are reduced to its one-dimensional form since as it is already
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mentioned, in practice we have significant propagation of the corrosion
in a one - dimensional way.

Therefore in the following we will consider a square or a cubic cell,
say Ω, with boundary ∂Ω = Γe, which initially contains pure calcite
occupying the domain Ωc with its boundary ∂Ωc = Γc separating it
initially from the void space. Namely we take the pore, inside the cell,
to be specified by the boundaries Γe and Γc and its domain before the
corrosion process starts is Ωv = Ω \ Ωc (see Figure 2(a)). The area
of Ωv should be such that |Ωv|/|Ω| = φc for φc being the porosity of
the cement. As corrosion evolves and gypsum is formed the boundary
Γc now separates pure calcite from the gypsum and void parts of the
rest of the element. We denote the gypsum-void part of the element by
Ωg and we have Ω = Ωg ∪ Ωc (see Figure 2(b)). Note that at t = 0,
Ωg(0) = Ωv. This process continues until the transformation of the
calcite to gypsum is completed and have Ω = Ωg, Γc = ∅ (see Figure
2(c)).

(a) (b) (c)

c

Γe

Ωc

Ωv Γ

Ωc

Ωg

Γe

Ωg

Γ
Γ

e

Γ
c

Figure 2. Schematic representation of the corrosion of a concrete element.

The above image may be very well inverted and we may consider
having the pore contained inside the element. In such a case the calcite
should occupy the area contained between the boundaries Γe and Γc.
Then as the process evolves Γc is approaching Γe, the calcite area
decreases and at the end of the process we have Γc = Γe. This con-
sideration might be more appropriate, and more realistic in our case,
if we consider a cross section of a pore contained in calcite.

Furthermore these configurations may be easily adapted in the three
dimensional space where the cement element - cell may be a cube now
and the Γ′s two dimensional surfaces.
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In addition in each case the porosity φ of the element should be
given at each time t, by the relation

φ = (φg − φc)
|Ωg(t)| − |Ωg(0)|
|Ω| − |Ωg(0)| + φc,

where φg is the porosity of the gypsum, giving φ = φc for t = 0 and
φ = φg when Ωg = Ω.

Finally due to the fact that the porosity of the gypsum is larger than
that of the cement we have volume expansion. However including this
characteristic in the model complicates further the analysis. To keep
things simple, as in [9], we assume in the following that this volume
expansion is negligible, compared with the length scale of the wall
thickness, and hence will not be further considered.

3.1. Derivation of the Model

We assume that SO2−
4 diffuses in a two dimensional (or three dimen-

sional) way in a volume element and its concentration satisfies the
dimensionless equation

εWτ = ∆W + f, (3.1)

with ε being a dimensionless parameter and f being a source term,
possibly non-linear, modelling the production or supply of SO2−

4 in the
system, which then reacts with the calcite. For example in the case of
the sewer pipe corrosion model, f is equal to β3V (y, τ). In another case
such as monument corrosion etc, f may have a different form, but still
expressing the supply of the system with SO2−

4 . Moreover W = W (y, τ)
and in general y ∈ R

n, n = 1, 2, 3 depending the macroscopic geometry
of the material under consideration.

Instead of studying the full system of equations (2.4) we focus in
equation (3.1), which is a more general form of equation (2.4c), for two
reasons. The first is to give some generality in the analysis that follows
i.e. to be able to account for different systems as this is expressed by the
possible forms of the function f . The second reason is to simplify the
presentation of the analysis since the process presented in the following
can be applied in exactly the same way for the equations (2.4a) and
(2.4b) in the sewer pipe corrosion problem.

In addition the boundary condition at the interface Γc of the cor-
roded - uncorroded material will be

γ

[
∂W

∂n

]
+W = 0, y ∈ Γc, (3.2)

where n is the outward normal vector at a point of the moving bound-
ary Γc, [·] denotes the flow jump at Γc and the dimensionless constant
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γ can be written as γ = γm/δ, where δ is the ratio of the microscopic
and macroscopic length scales.

Furthermore the motion of the boundary is given by the standard
Stefan condition.

−γm
[
∂W

∂n

]
= V, y ∈ Γc, (3.3)

where V is the speed of the moving boundary.
The latter form of the equation in the boundary, comes from the

fact that we want, in the microscopic scale, the speed of the moving
boundary Γc to be proportional to the rate of reaction. This is apparent
later and eventually in equation (3.10d). We recall also that the time
scale t0, with τ = t/t0, and the length scale l, with y = x/l, can be
chosen appropriately so that to obtain the Stefan condition into the
above form and thus to be able to “see” the motion of the boundary in
the microscale (the same essentially analysis is also followed initially in
[10] and also in [9]).

Regarding the geometry of the porous medium we assume that ini-
tially it consists of a collection of pores, i.e voids containing cement.
A closed curve, Γc, assumed to be at least piecewise smooth, is the
boundary of the calcite area. This curve might have various shapes.
Here initially we consider three cases for the shape of these closed
curves : (1) a rectangular (2) a circle (3) an ellipse or more generally a
Lamé curve (e.g. see [11], ch. 2).
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Figure 3. Possible initial boundaries Γc surrounding pure calcite.

In any case the square cell is assumed to have a side of length 2d
where d can be taken to be of order of an average distance between two
pores inside the material or the average diameter of a pore inside it.
This distance can be used as a characteristic length in the microscopic
scale. Also as a scale for the macroscopic problem, say l can be taken
for example the width of a concrete slab or the thickness of a wall etc.,
whose corrosion is being studied.
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In addition we have that Γc can be described by some function
s = s(y, τ) (s = s/l for s the dimensional boundary position) giving the
position of the boundary at each time.

In the following we apply the methodology described in [10], [12] and
[9]. We consider two spatial scales for the problem, the macroscopic
length scale represented by the variable y and a microscopic length
scale represented by the variable z. As it is already mentioned l is the
typical macroscopic length scale, and d is the microscopic length scale.
We take d� l and their ratio is δ = d/l � 1.

Note that this small parameter δ corresponds to the ratio of the
micro and macro length scales, while the parameter ε in equation (3.1),
which in cases might be small, is the ratio of the time scales, of the
diffusion of SO2−

4 and of the reaction forming gypsum (ε = (l2/DH)/t0
for t0 being a characteristic time scale of the reaction). For the following
analysis to hold we will assume that even for the case that we have
ε� 1 the condition 1� ε� δ holds.

As a next step, we take

W = W (y, z, τ),

where, for x being the dimensional original distance, x = ly and x = dz
with δ = d/l � 1. The position of the boundary s is scaled with d and
we take S = s/d (= (l/d)s = (1/δ)s). We also assume that γm = O(1).

The multiple scales approach (see [13]) gives instead for the spatial
derivative ∇yW at the point (y, z, t) the expression

∇yW +
1

δ
∇zW.

Rescaling also with d the speed of the boundary V, will give V = δV,
where V is the new dimensionless variable for the speed (Dimensional
boundary speed = V l/t0 = V d/t0, or V = δV). This also implies that
V = W on Γc.

More precisely for S being the function representing the position of
the boundary in the form S(y, z, τ) = 0, ( S(y, z, τ) = z2−S(y, z1, τ) =
0), we have that the rescaled speed of the boundary V, has the form

V =
∂S
∂τ

1

|∇zS + δ∇yS| ,

given that in place of |∇s(y, τ)| we have |(1/δ)∇zs(y, z, τ)+∇ys(y, z, τ)|
= |δ(1/δ)∇zS(y, z, τ)+ δ∇yS(y, z, τ)|. Application of the multiple
scales method implies

εWτ =
1

δ2
∇2

zW +
2

δ
∇y∇zW +∇2

yW + f.
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Regarding the Stefan condition, (3.3), we have

δV = δ
∂S
∂τ

1

|∇zS + δ∇yS| = −γm
1

δ
n · [∇zW + δ∇yW ] ,

and also at the boundary

γm n · [∇zW + δ∇yW ] + δ2W = 0.

The square cell has side of scaled length 2. Also Ω := [−1, 1]× [−1, 1],
with z ∈ Ω and in its boundary symmetry conditions should be applied
for the variable W . Therefore we must have periodic conditions at the
sides of the square boundary ([9],[10]) resulting in a condition of the
following form :

n · ∇W |∂Ω = 0.

This comes from the fact that, for example for a 2-dimensional square
cell, these periodic conditions have the following form:

W (y, z1,−1, τ) = W (y, z1, 1, τ), −1 ≤ z1 ≤ 1,

W (y,−1, z2, τ) = W (y, 1, z2, τ), −1 ≤ z2 ≤ 1,

Wz2(y, z1,−1, τ) = Wz2(y, z1, 1, τ), −1 ≤ z1 ≤ 1,

Wz1(y,−1, z2, τ) = Wz1(y, 1, z2, τ), −1 ≤ z2 ≤ 1.

For a symmetric cell also we have W (y, z1, z2, τ) = W (y, z1,−z2, τ) =
W (y,−z1, z2, τ) and summarizing the above relations we obtain ∂W/∂n =
0 in ∂Ω. More specifically we consider an infinite set of square cells,
inside the material indistinguishable between them and therefore the
condition ∂W/∂n = 0 should be applied in the outer boundary of
them. This is the reason why in our analysis we focus our attention in
one cell occupying a region Ω with boundary ∂Ω.

In the following we proceed with a formal asymptotic expansion for
W and S. The equations for W , by assuming that W ∼W0+δW1+ . . .,
f = f0 + δf1 + . . . take the form

εW0τ + δεW1τ + δ2εW2τ + . . . =
1

δ2
∇2

zW0 +
2

δ
∇z∇yW0 +∇2

yW0 + f0

+
1

δ
∇2

zW1 + 2∇z∇yW1 + δ∇2
yW1 + δf1

+∇2
zW2 + 2δ∇z∇yW2 + δ2∇2

yW2 + δ2f2

+δ∇2
zW3 + 2δ2∇z∇yW3 + . . . .

Also at the points (y, z, τ) with z = (z1, z2) ∈ Γc, we have for S =
S0 + δS1 + . . ., and |∇zS + δ∇yS| = |∇zS0 + δ∇yS0 + δ∇zS1 + . . .|,
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that

∂S0

∂τ
1

|∇zS0|
= −γm n · [ 1

δ2
∇zW0 +

1
δ
∇yW0 +

1
δ
∇zW1 +∇yW1 +∇zW2 + . . .

]
,

W0 + γm n · [ 1
δ2
∇zW0 +

1
δ
∇yW0 +

1
δ
∇zW1 +∇yW1 +∇zW2

]
+ . . . = 0.

Then for order O(1/δ2) terms we have ∇2
zW0 = 0. By the conditions

at the moving boundary Γc, i.e. at z = S we get n · ∇zW0 = 0. In
addition at the cell boundary, ∂Ω we have again n · ∇zW0 = 0. By
these equations and a direct application of the maximum principle we
deduce that W0 = W0(y, τ).

For order O(1/δ) terms we have 2∇z∇yW0+∇2
zW1 = 0, or ∇2

zW1 =
0 due to the fact that W0 = W0(y, τ). In addition at the boundary
z2 = S we have n · [∇yW0 +∇zW1] = 0, while at the cell boundary
∂Ω, we have similarly n · [∇yW0 +∇zW1] = 0. Thus as for the O(1/δ2)
terms, by using the same arguments, the fact that n ·∇yW0 is constant
over the boundary because W0 = W0(y), and that the jump in the flux
[n · ∇yW0] = 0, we deduce that W1 = W1(y, τ).

Then for O(1) terms, given that ∇zW1 = 0, we have

εW0τ = ∇2
yW0 +∇2

zW2 + f0, (3.4)

while at the boundary,

∂S0
∂τ

1

|∇zS0| = −γm n · [∇yW1 +∇zW2] .

We proceed by averaging the field equation, (3.4), over the whole
domain occupied by the pore-gypsum area, say Ωg (since the porosity
inside the calcite core of the cell is taken to be negligible). Averaging
can be done by integrating both sides with respect to z over Ωg. In this
way we can eliminate the z-dependence from the equations and obtain
an equation depending only in y and τ , describing the phenomenon at
the macroscopic scale.

Due to the fact that the condition n · ∇W = 0 in ∂Ω is applied
to each of the indistinguishable cells, averaging the equation for W0

yields :

∫
Ωg

[
εW0τ −∇2

yW0 − f0
]
dz =

∫
Ωg

∇2
zW2dz =

∫
Γc∪Γe

n · ∇zW2dz,

or

φgA(y, τ)
[
εW0τ −∇2

yW0 − f0
]
=

∫
Γc

n · ∇zW2dz +

∫
Γe

n · ∇zW2dz,

whereA(y, τ) is the area of the cell occupied by the gypsum, i.e A(y, τ) =∫
Ωg

dz.
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14 C. V. Nikolopoulos

Note that the symmetry conditions at the cell boundary ∂Ω give∫
Γe

n ·∇zW2dz = 0 while similarly we also have
∫
Γc∪Γe

n ·∇yW1dz = 0.

Additionally we have that
∫
Γc

⋂
Γe

n · ∇zW2dz = 0.

Next we denote by F (S) the source term appearing in the equation of
W0, which, due to the expansion of the Stefan and the Robin conditions
at the boundary, takes the form

F (S) :=

∫
Γc\(Γc

⋂
Γe)

n · ∇zW2dz =
1

γm
W0

∫
Γs

dz,

for Γs = Γc \ (Γc

⋂
Γe). Moreover the length of this part of the moving

boundary, Γs will be denoted by L =
∫
Γs

dz. Thus the final set of
equations that are derived by this process, modelling corrosion in a
macroscopic scale is

εW0τ −∇2
yW0 − f0 = − 1

γmφg
W0

L(y, τ)

A(y, τ)
, (3.5)

∂S0
∂τ

1

|∇zS0| = W0. (3.6)

Also by the fact that to first order terms we have S = z2−S(y, z1, τ) �
S0 we get

L(y, τ) =
∫
Γs

dz = 4
∫ 1
0

√
1 +

(
∂S
∂z1

)
dz1,

A(y, τ) = 4
[
1− ∫ 1

0 S(y, z1, τ)dz1

]
.

Note that the (y, τ) dependence of L and A comes from the form
of S = S(y, z1, τ) as this being the solution of equation (3.6). Also
A(y, τ) due to symmetry, can be calculated by taking four times the
area in the square [0, 1]× [0, 1]. This is used also later in the numerical
treatment of the problem. In addition the porosity at the point y at
time τ will be

φ(y, τ) = (φg − φc)
A(y, τ)−A(y, 0)

|Ω| −A(y, 0)
+ φc, (3.7)

with |Ω| = 4 in this case, for a two-dimensional square cell.
These equations, (3.5) and (3.6), account for the actual concen-

tration W of SO2−
4 while the effective concentration W̄ is given by

W̄ = φW . This describes the fact that SO2−
4 diffuses actually in the

pores of the material and not in the whole domain of it. Moreover
considering the case that we study a slab of concrete being corroded
due to the presence of SO2−

4 at the one end of it, we may proceed with
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an one dimensional setting of the derived equations and take y ∈ [0, 1].
Therefore the actual concentration W̄ at the boundary y = 0, after
appropriate scalling can be set to be W̄ (0, τ) = W (0, τ)φ(0, τ) = 1 and
therefore we have

W (0, τ) =
1

φ(0, τ)
. (3.8)

At the point y = 1 we assume that we have Neumann conditions due to
symmetry or due to the fact that there is some kind of insulation at this
point (e.g. having some material for y ≥ 1, that it is not penetrated and
corroded by sulphate can allow us to take a zero flux condition at this
point). Therefore, in our case, we have W̄y(1, τ) = 0 and consequently
Wy(1, τ)φ(1, τ) + φy(1, τ)W (1, τ) = 0 or

Wy(1, τ) +
φy(1, τ)

φ(1, τ)
W (1, τ) = 0. (3.9)

These conditions, (3.8) and (3.9), correspond to the setting applied
for the study of the sewer pipes corrosion problem as in [9]. Other
boundary conditions may very well posed and easily adapted to the
model.

Summarizing, the equations derived, for the case that we consider
one dimension in the macroscale, and by dropping the subscripts in the
notation for W and S since W �W0, S�S0, we have

εWτ −Wyy − f0(y, τ) = − 1

γmφg
W

L(y, τ)

A(y, τ)
, 0 < y < 1, τ ≥ 0

(3.10a)

W (0, τ) =
1

φ(0, τ)
, Wy(1, τ) +

φy(1, τ)

φ(1, τ)
W (1, τ) = 0, (3.10b)

W (y, τ) = Wa(y), (3.10c)

−∂S

∂τ

1√
1 +

(
∂S
∂z1

)2 = W (y, τ), 0 < z1 < 1, τ ≥ 0, (3.10d)

S(y, z1, 0) = Sa(z1),
∂S

∂z1
(y, 0, τ) = 0, (3.10e)

φ(y, τ) = (φg − φc)
A(y, τ)−A(y, 0)

4−A(y, 0)
+ φc, (3.10f)

L(y, τ) = 4

∫
S(y,z1,τ)

dzΓs , A(y, τ) = 4

[
1−

∫ 1

0
S(y, z1, τ)dz1

]
.

(3.10g)
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16 C. V. Nikolopoulos

Here Wa is the initial condition for W and a natural choice to make is
to take Wa = 0. Also Sa is the initial position of the moving boundary,
applied to all the cells inside the material, assumed to be independent
of y while for τ > 0 its position is given by the points (z1, z2) for which
we have z2 = S(y, z1, τ).

This problem for W , S can be solved numerically as it will be pre-
sented in the next section. In order to simplify things and not to solve
simultaneously the equations for W and S we may use an appropriate
change of the time variable.

More specifically, we focus on the equation for S = S(y, z1, τ), where
we have

−∂S

∂τ
= W (y, τ)

√
1 +

(
∂S

∂z1

)2

, S(y, z1, 0) = Sa(z1),
∂S

∂z1
(y, 0, τ) = 0

and we set
∂S

∂τ
=

∂S

∂σ

∂σ

∂τ
,

for σ a new time variable. Thus we obtain

−∂S

∂σ

∂σ

∂τ
= W (y, τ)

√
1 +

(
∂S

∂z1

)2

, S(y, z1, 0) = Sa(z1),
∂S

∂z1
(y, 0, τ) = 0.

In order to simplify the problem we set ∂σ/∂τ = W (y, τ) or

σ = σ(τ) =

∫ τ

0
W (y, τ ′)dτ ′.

Therefore we obtain for S = S(z1, σ),

−∂S

∂σ
=

√
1 +

(
∂S

∂z1

)2

, 0 < z1 < 1, σ ≥ 0 (3.11a)

S(z1, 0) = Sa(z1), Sz1(0, σ) = 0. (3.11b)

This is a form of the Eikonal equation (∂S/∂σ)2 − (∂S/∂z1)
2 = 1, for

S = S(z1, σ).
At this point we have to emphasize the fact that through out the

domain of the material under study we have assumed that all the cell
elements are of the same form and in all of them the boundary sepa-
rating initially the pure calcite from the pore is always Sa = Sa(z1)
independent of y. Note also that in general we can have different types
of cells, i.e. triangles, hexagonal, other type of identical polygons etc.
(e.g. see [12]) but then more complications would arise in the analysis,
which should be modified accordingly. In our case and for certain
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choices of the initial conditions S(y, z1, 0) = Sa(z1) we may have, simple
enough ([14],[15]), analytical solutions for S and consequently obtain a
simpler form of the W - problem.

3.2. Sandpile Solutions

Square Segment. We will consider the case that the calcite segment is
of a square form, of side say 2L0, contained in a square cell with side
of length 2. This corresponds to the following equation.
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0.8

1

(a) (b)

Figure 4. Form of sandpile solutions in the case of the initial curve being (a) a
square, (b) a cycle.

−∂S
∂σ

=

√
1 +

(
∂S
∂z1

)2
, 0 < z1 < 1, σ ≥ 0, (3.12)

S(z1, 0) = L0,
∂S
∂z1

(0, σ) = 0.

The length of the square side 2L0 should be such that (4− (2L0)
2)/4 =

φc, and therefore L0 =
√
1− φc.

This equation, (3.12), can be solved following the methodology for
solution of quasilinear first order partial differential equations as pre-
sented e.g. in [14].

We set p = Sz1 , q = Sσ and equation, (3.12), takes the form
G(p, q) = q2 − p2 − 1 = 0. The relevant Charpit’s equations are

ż1 =
∂G
∂p

, σ̇ = ∂G
∂q

, Ṡ = p∂G
∂p

+ q ∂G
∂q

,

ṗ = − ∂G
∂z1
− p∂G

∂S
, q̇ = −∂G

∂σ
− q ∂G

∂S
,

or finally ż1s = Gp, σ̇ = Gq, Ṡ = pGp + qGq, ṗ = q̇ = 0. Thus
p = p0(ξ), q = q0(ξ). The ray equations will be z1 = z10 + ts Gp|0,
σ = σ0 + ts Gq|0, S = S0 + ts (pGp + qGq)|0. The initial curve is such
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18 C. V. Nikolopoulos

that p|z1=0 = p0 = 0 with q20 − p20 = 1 or q20 = 1 and q = ±1. Also
Gp = −2p, Gp|0 = −2p0 = 0, Gq|0 = −2q0 = ±2 and z1 = z10,
σ = σ0 + 2ts, S = S0 + ts(−2q2 + 2p2) = S0 + 2ts. Thus 2ts = S − S0

and σ = σ0 ± (S − S0) or S = ±(σ − σ0) + S0. For σ0 = 0 we have
S0 = L0 and S = L0 ± σ. By the initial equation we know that S is
decreasing with time and we finally obtain

S(z1, σ) = L0 − σ.

By the symmetry of the square element, we need at S = z1, the free
boundaries to intersect and thus we have S = L0−σ for 0 ≤ z1 ≤ L0−σ.
The moving boundary ceases to exist for σ = 1 where then the whole
of the square element has been transformed to gypsum. Returning to
the original time variable τ we obtain

S(y, z1, τ) = L0 −
∫ τ

0
W (y, τ ′)dτ ′.

Consequently, for each time τ for a point y we have

L(y, τ) = 8 (L0 − σ) = 8

[
L0 −

∫ τ

0
W (y, τ ′)dτ ′

]
,

A(y, τ) = 4− 4 (L0 − σ)2 = 4− 4

[
L0 −

∫ τ

0
W (y, τ ′)dτ ′

]2

and the equation for W takes the form of a non-local problem

εWτ = Wyy + f0 − 1

γmφg
W

8
[
L0 −

∫ τ

0 W (y, τ ′)dτ ′
][

4− 4
(
L0 −

∫ τ

0 W (y, τ ′)dτ ′
)2] , (3.13a)

W (0, τ) =
1

φ(0, τ)
, Wy(1, τ) +

φy(1, τ)

φ(1, τ)
W (1, τ) = 0, (3.13b)

W (y, τ) = Wa(y), (3.13c)

for 0 < y < 1, τ ≥ 0.

Cyclical Segment. In that case we assume that initially in a square cell
we have a circular cement segment of radiusR0 such that (4− πR2

0)/4 =

φc, or R0 = 2 ((1− φc)/π)
1

2 .
Again we have the Eikonal equation

−∂S
∂σ

=

√
1 +

(
∂S
∂z1

)2
, 0 < z1 < 1, σ ≥ 0,

S(z1, 0) =
√

R2
0 − z21 , 0 ≤ z1 ≤ 1, Sz1(0, σ) = 0, σ ≥ 0.
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The solution can be obtained as in the previous paragraph or by assum-
ing that the solution has a specific form. More precisely, for the latter
case, we seek solutions of the form S =

√
g2(σ)− z21 with g(0) = R0.

We have Sz1 = −z1/
√

g2(σ)− z21 , Sσ = −g′(σ)/
√

g2(σ)− z21 and the
condition S2

σ−S2
z1

= 1 gives g2(σ)g′2(σ)/
(
g2(σ)− z21

)−z21/ (g2(σ)− z21
)

= 1 or g′2(σ) = 1 and consequently, due to the fact that we must have
g′ < 0, g′(σ) = −1 or g(σ) = R0 − σ.

Thus S(z1, σ) =
√

(R2
0 − σ)2 − z21 , for (R2

0 − σ)2 − z21 > 0 or z1 <
R0 − σ and g = 0 for σ = R0. We recall that σ =

∫ τ

0 W (y, τ ′)dτ ′ and

S(y, z1, τ) =

[(
R0 −

∫ τ

0
W (y, τ ′)dτ ′

)2

− z21

] 1

2

,

for z1 < R0 − σ = R0 −
∫ τ

0 W (y, τ ′)dτ ′. The radius of the circle is
R(y, τ) = R0−

∫ τ

0 W (y, τ ′)dτ ′ at the point (y, τ) and therefore we have

L(y, τ) = 2π

[
R0 −

∫ τ

0
W (y, τ ′)dτ ′

]
,

A(y, τ) =

[
4− π

(
R0 −

∫ τ

0
W (y, τ ′)dτ ′

)2
]
,

while the macroscopic problem takes the form

εWτ = Wyy + f0 − 1

γmφg
W

2π
[
R0 −

∫ τ

0 W (y, τ ′)dτ ′
][

4− π
(
R0 −

∫ τ

0 W (y, τ ′)dτ ′
)2] , (3.14a)

W (0, τ) =
1

φ(0, τ)
, Wy(1, τ) +

φy(1, τ)

φ(1, τ)
W (1, τ) = 0, (3.14b)

W (y, τ) = Wa(y), (3.14c)

for 0 < y < 1, τ ≥ 0.
These solutions can be generalized for the case of three dimensional

elements and more specifically for cubic and spherical calcite segments
and obtain again a simpler formulation of the problem.

Cubic Segment. In case that we have a cubic element of edge 2 we take
z = (z1, z2, z3) ∈ Ω = [−1, 1]3. Also we assume that S(z1, z2, 0) = L0,
0 ≤ z1 ≤ 1, 0 ≤ z2 ≤ 1 and the solution of the Eikonal equation, which
can be obtained in a similar way as in the two - dimensional case, will
be

S(z1, z2, σ) = L0 − σ, 0 ≤ z1 ≤ σ, 0 ≤ z2 ≤ σ.
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In such a case for A being now the area of the surface Γs and Vg the
volume of the gypsum - void part of the cell, we have

A(y, τ) = 6
[
4(L0 − σ(τ))2

]
= 6

[
4

(
L0 −

∫ τ

0
W (y, τ ′)dτ ′

)2
]
,

Vg(y, τ) = 8− 8 (L0 − σ(τ))3 = 8− 8

[
L0 −

∫ τ

0
W (y, τ ′)dτ ′

]3
.

Then the field equation will have the following non-local form

εWτ = Wyy + f0 − 1

γmφg
W

3
[
L0 −

∫ τ

0 W (y, τ ′)dτ ′
]2[

1− (L0 −
∫ τ

0 W (y, τ ′)dτ ′
)3] , (3.15a)

W (0, τ) =
1

φ(0, τ)
, Wy(1, τ) +

φy(1, τ)

φ(1, τ)
W (1, τ) = 0, (3.15b)

W (y, τ) = Wa(y), (3.15c)

for 0 < y < 1, τ ≥ 0.

Spherical Segment. In the case that the initial surface is that of a
sphere of radius R0 inside Ω, we have that

(
8− 4

3πR
3
0

)
/8 = φc, or R0 =

((1− φc)(6/π))
1

3 . The solution for S is S(z1, z2, σ) =
(
(R2

0 − σ)2 − z21 − z22
) 1

2 .
More precisely we obtain

A(y, τ) = 4π
[
(R0 − σ(τ))2

]
= 4π

(
R0 −

∫ τ

0

W (y, τ ′)dτ ′
)2

,

Vg(y, τ) = 8

[
R0 − 4

3
π (1− σ(τ))

3

]
= 8

[
R0 − 4

3
π

(
1−

∫ τ

0

W (y, τ ′)dτ ′
)3
]

and the equation for W takes the form

εWτ = Wyy + f0(y, τ)− 1

γmφg
W

4π
(
R0 −

∫ τ

0 W (y, τ ′)dτ ′
)2

8
[
1− 4

3π
(
R0 −

∫ τ

0 W (y, τ ′)dτ ′
)3] ,

(3.16a)

W (0, τ) =
1

φ(0, τ)
, Wy(1, τ) +

φy(1, τ)

φ(1, τ)
W (1, τ) = 0, (3.16b)

W (y, τ) = Wa(y), (3.16c)

for 0 < y < 1, τ ≥ 0.
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4. Numerical Solution

We deal with the Eikonal equation, (3.11) for the cases that we cannot
have an analytical solution for it or if we have one but in an implicit
form (e.g. see [15]), difficult to use in our case.

More specifically in order to treat numerically equation (3.11a) and
(3.11b) we consider the grid [0, 1] × [0, Tσ ], where Tσ is the final time
of the simulation. We take Mσ + 1 points z1j = jδz1 for δz1 being
the spatial step for j = 0, 1, 2, . . . ,Mσ . In the interval [0, Tσ ], we take
Nσ time steps of size δσ for Nσ = [Tσ/δσ] and with points of time
discretization σ� = δσ,  = 1, 2, . . . , Nσ.

We apply a standard upwind scheme (e.g. see [16], ch. 4) for the
solution of the equation. By denoting with S�

j the approximation of
S(z1j, σ�) we have

S�+1
j = S�

j − δσ

[
1 +

(
S�
j−S

�
j−1

δz1

)2
] 1

2

, j = 2, 3, . . . ,Mσ , (4.1)

S�+1
1 = S�

1 − δσ, for j = 1,

and  = 2, . . . , Nσ , while S1
j = Sa(z1j). By getting the approximation

of S, Sj
� we are able to calculate the arclength of the curve S, i.e.

L = L(S�) = L(σ�), at each time step (S� =
(
S�
1, S

�
2, . . . , S

�
Mσ

)
) by

integration via e.g. the Simpson’s rule. In addition the area occupied
by cement, A(S�) = A(σ�) is calculated in a similar way.

More specifically given the approximate solution of S for each time
step σ� we may calculate the approximations of L and A. This is done
by computing the integral IA(S

�) � ∫ 1
0 S(z1, σ�)dz1. Also the arclength

of S� can be calculated similarly by taking IL(S
�) � ∫

S� S(z1, σ�)dz1.
The quantities A(yj, τi) = A(σ�) and L(yj, τi) = L(σ�) for some σ�

are needed for evaluating the numerical solution of W at each point
(yj, τi). To determine these quantities we proceed in the following way:
At each point (yj , τi) we calculate the quantity Iτi which is the ap-
proximation of the integral

∫ τi
0 W (yj, τ

′)dτ ′. Then we have for some σ,
σ� � Iτi and the proper index  is taken to be the index of that σ closest
to Iτi i.e. that of one that minimizes the quantity (σ�−Iτi). In this way
we evaluate A(yj , τi) = IL(σ�) and for the same , L(yj, τi) = IL(σ�).

Having now the approximation for S we may procced to the solution
of the field equation. We apply a similar discetization as before in
[0, T ] × [0, 1], 0 ≤ τ , 0 ≤ y ≤ 1 with τi = iδτ , δτ = [T/N ] for N
the time steps and yj = jδy, j = 0, 1, . . . ,M . Then we proceed with a
finite element approach as in [9].
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Let Φj, j = 0, . . . ,M denote the standard linear B - splines on the
interval [0, 1], defined with respect to the partition considered.

Φj =

⎧⎪⎨
⎪⎩

y−yj−1

δy
, yj−1 ≤ y ≤ yj,

yj+1−y
δy

, yj ≤ y ≤ yj+1,

0, elsewhere in [0, 1],

(4.2)

for j = 0, 1, 2, . . . ,M . We then set W (y, τ) =
∑M

j=0 awj
(τ)Φj(y), τ ≥ 0,

0 ≤ y ≤ 1.
Substituting these expression for W into equation (3.10a) with f0 =

0 and applying the standard Galerkin method, i.e. multiplying with Φi,
for i = 1, 2, . . . ,M and integrating over [0, 1], we obtain a system of
equations for the aw’s.

ε

M∑
j=0

ȧwj
(τ) < Φj(y)Φi(y) > = −

M∑
j=0

awj
(τ) < Φ′j(y)Φ

′
i(y) >

+ < F

⎛
⎝ M∑

j=0

aRj
(τ)Φj(y)

⎞
⎠Φi(y) >, (4.3)

where < f, g >:=
∫ 1
0 f(y)g(y)dy and i = 1, 2, . . . ,M . Setting aw =

[aw1
, aw2

, . . . , awM
]T the system of equations for the aw’s take the form

Aȧw(τ) = −Baw(τ) + b(τ),

where, taking also into account the boundary conditions, (3.10b) and
(3.10c), the matrices A,B and b have the form

A = εδy

⎡
⎢⎢⎢⎣

2
3

1
6 0 . . . 0

1
6

2
3

1
6 . . . 0

0 0
. . .

. . . 0
0 0 . . . 1

6
1
3

⎤
⎥⎥⎥⎦ , B =

1

δy

⎡
⎢⎢⎢⎣

2 −1 0 . . . 0
−1 2 −1 . . . 0

0 0
. . .

. . . 0

0 0 . . . −1 φy(1)
φ(1) + 1

⎤
⎥⎥⎥⎦ ,

b(t) =

⎡
⎢⎢⎢⎣

1
φ(0)+ < F (R),Φ1 >

< F (R),Φ2 >
...

< F (R),ΦM >

⎤
⎥⎥⎥⎦

We then apply a three time step approximation by taking ȧw(τn) �(
an+1
w − an−1w

)
/(2δτ ). The corresponding equation then becomes

A

(
an+1
w − an−1w

2δτ

)
= −B

(
an+1
w + an−1w

2

)
+ bn,
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where bn = b(tn).
After some manipulation we obtain the equations

an+1
w = (A+ δτB)−1

[
(A− δτB)an−1w + 2δτ bn

]
. (4.4)

Note that for the second time step we have in place of equation (4.4)
the following

a2w = (A+ δτB)−1
[
(A− δτB)a1w + δτ b1

]
,

for a1w being determined by the initial condition.

Three - Dimensional Elements. For the three - dimensional case we
can easily modify the equation for S = S(z1, z2, σ), with z3 = S(z1, z2, σ, ),
for z = (z1, z2, z3). More specifically we have

−∂S

∂σ
=

√
1 +

(
∂S

∂z1

)2

+

(
∂S

∂z2

)2

, 0 < z1, z2 < 1, σ ≥ 0, (4.6a)

∂S

∂z2
(z1, 0, σ) = 0,

∂S

∂z1
(0, z2, σ) = 0, 0 < z1, z2 < 1, σ ≥ 0,

(4.6b)
S(z1, z2, 0) = Sa(z1, z2), 0 ≤ z1, z2 ≤ 1. (4.6c)

We take j1, j2 = 1, 2, . . . ,Mσ , z1j1 = j1δz1, z2j2 = j1δz2, and S�
j1,j2

being the approximation of S(z1j1 , z2j2 , σ�). The numerical scheme in
this case will be

S�+1
j1,j2

= S�
j1,j2

− δσ

[
1 +

(
S�
j1,j2

−S�
j1−1,j2

δz1

)2

+

(
S�
j1,j2

−S�
j1,j2−1

δz2

)2
] 1

2

,

for j1, j2 = 2, 3, . . . ,Mσ,

S�+1
1,j2

= S�
1,j2

− δσ

[
1 +

(
S�
1,j2

−S�
J1,j2−1

δz2

)2
] 1

2

for j2 = 2, 3, . . . ,Mσ ,

S�+1
j1,j2

= S�
j1,1

− δσ

[
1 +

(
S�
j1,1

−S�
j1−1,j2

δz1

)2
] 1

2

for j1 = 2, 3, . . . ,Mσ,

S1
j1,j2

= Sa(zj1 , zj2).
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Numerical Simulations

In Figure 5, the system of equations (3.13) is solved numerically and the
moving boundaries, yl(τ) and yu(τ), given by the conditions max{τ :
A(yl(τ), τ) = 4 − (2L0)

2} and min{τ : A(yu(τ), τ) = 4} respectively,
are plotted against time in (a). The same is done for the system of
equations (3.14) in (b), for the moving boundaries given by the condi-
tions max{τ : A(yl(τ), τ) = 4 − πR2

0} and min{τ : A(yu(τ), τ) = 4}.
Finally problem (3.10) is solved for the case that the initial boundary
of the calcite segment has the form of a Lamé curve as in Figure 3(c).
More specifically we used the curve xn/cn1 + yn/cn2 = 1 for n = 6 and
c1 = 1 and c2 such that 4−A(y, 0)/4 = φc for σ = 0. In all of these
simulations we assume that f0 = 0 and that SO2−

4 diffuses inside the
pores while its concentration at the boundary y = 0 remains constant.
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y

Figure 5. Moving boundaries, indicating when the corrosion is complete in the cases
of having an initial calcite element in the form of (a) a square, (b) a cycle and (c)
a Lamé curve.

In Figure 5 we see plots of the macroscopic moving boundaries
yu and yl. The y axis corresponds to the macroscopic length of the
material. The area between yl and yu indicates the mushy region. The
boundary yl describes, e.g. thinking of the sewer pipe corrosion situa-
tion, the motion of point C in Figure 1, while, in the same context, yu
describes the motion of point B.
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As we can see in Figure 5 the numerical results indicate that, for
a smooth surface the curvature of the initial curve may be a factor
that slows down the process since we notice that the material with
cyclical calcite segments is corroded at a later time compared with the
others. Note also that in similar experiments, where an initial Lamé
curve of the form zn1 /c

n
1 + zn2 /c

n
2 = 1 is taken, we notice that the

corrosion becomes faster if we increase the exponent n. In the case
of the non smooth square initial curve, and perhaps due to the corner
singularities, we notice a different behaviour of the corrosion speed,
placing the corresponding boundary (a) before that of the circle (b)
and after the one of the Lamé curve (c).

Also we notice that corrosion starts almost instantly for every y in
[0, 1], i.e. in every cell of the material, since for every y the boundary
yl remains very close to the y-axis. There is a small deviation, visible
in case (c), of yl as we approach y = 1 meaning that for some small
time the cells corresponding to y close to one remain uncorroded, as in
Figure 2a. Due to diffusion of SO2−

4 , from y = 0 where its concentration
is constant, the amount of SO2−

4 is larger near this point compared
with the points away from it, therefore the rate of the reaction is faster
there and consequently the cells near this point are also being corroded
faster. Near the point y = 1 and since initially we have W = 0 and no
source term, it needs some time for the sulphate to become non-zero
and to initiate the reaction. For the times that we are right of yl the
cells corresponding to each y are partly corroded and correspond to the
form of Figure 2b.

To see a more visible variation in y′ls we need a larger ε to slow down
the diffusion process.

Then at later times, for example in (c) case, at about 0.21 time units
and for y = 0 the moving boundary yu initiates, indicating that all the
cells corresponding at the point y = 0 have been fully corroded and that
its calcite have been transformed fully into gypsum. At about 0.25 time
units the moving boundary yu reaches the point y = 1. This means that
now the whole of the material and even the cells corresponding to this
point, have been fully corroded and that the calcite contained in the
cells has been fully transformed to gypsum while these obtain the form
of Figure 2c .

The values of the parameters used in these simulations are for M =
51, T = .5, ε = 1, γm = 1, φc = 0.3, φg = 0.4, δτ = .8 · δy2, Mσ = 41,
δσ = .1 · δz1, Tσ = 1.

Furthermore problem (3.10) is solved numerically again but now for
the inverse case that we have a cyclical pore centred inside a square
cell. The radius of the pore should be such that πR2

0/4 = φc. Then as
the process evolves the boundary of the calcite Γc is approaching the
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boundary of the square element Γe. To address this behaviour we take
the opposite sign in equation (3.10d). For S increasing we have

∂S

∂τ

1√
1 +

(
∂S
∂z1

)2 = W (y, τ), 0 < y, z1 < 1, τ ≥ 0. (4.7)

The solution is demonstrated in Figure 6. In Figure 6(a) W (y, τ) and
in 6(b) A(y, τ) are plotted against space and time. The values of the
parameters used are the same as those for Figure 5. We notice that

Figure 6. Numerical solution of problem (3.10) but with an increasing S given by
equation (4.7). In (a) W (y, τ ) and in (b) A(y, τ ), are plotted against space and time.

the area of the gypsum- void system is increasing until it occupies the
whole square element, i.e. A(y, τ) = 4.

Similar simulations can be done for the three-dimensional case, as
for instance in Figure 7. The system of equations (3.15) is solved nu-
merically and the moving boundaries given by the conditions max{τ :
Vg(yl(τ), τ) = 8 − (2L0)

3} and min{τ : Vg(yu(τ), τ) = 8} are plotted
against time in (a). In (b) for the case that we consider initially spher-
ical elements of calcite we solve numerically problem (3.16). Finally
in (c) problem (3.10), but with equations (4.6) in the place of equa-
tions (3.10d), (3.10e) and with the equations (3.10f), (3.10g) modified
appropriately, is solved for the case that the initial boundary of the
calcite segment is surrounded by the surface zn1 /c

n
1 +zn1 /c

n
2 +zn1 /c

n
3 = 1.

The parameters used are n = 6, c1,= c2 = 1 and c3 chosen so that
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8− Vg(y, 0)/8 = φc. Also in equation (3.10a) we consider the volume Vg

and area A of the corresponding three dimensional surface in place of
A and L respectively. The values of the parameters used are the same
as for Figure 5.
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Figure 7. Moving boundaries, indicating when the corrosion is complete in the cases
of having an initial calcite element in the form of : (a) a cube, (b) a sphere and (c)
a Lamé surface.

The results are similar as in the two-dimensional case. Spherical
calcite segments take more time to be corroded and in all of the cases
the corrosion process starts instantly in the whole of the domain.

Finally in Figure 8 the shrinking of a sphere is presented as being
a solution of equations (4.6). The parameters used here are Mσ = 41,
δσ = 0.1 δz1, δz1 = δz2, Tσ = 1.

Application for the case of sewer pipes corrosion. We use this mod-
elling approach to simulate the sewer pipes corrosion example presented
in the introduction. In such a case the system to be solved is given by
the equations (2.4a) and (2.4b) together with the modified version of
(2.4c) in which now the source term representing the reaction, derived
by the averaging procedure, has to be added. Thus we obtain

ε3
∂W

∂τ
=

∂2W

∂y2
+ β3V + F (W ), (4.8)
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Figure 8. A shrinking spherical calcite element presented for various values of time
σ.

with F (W ) given by

F (W ) = − 1

γmφg
W

L(y, τ)

A(y, τ)
,

together with (3.10b) to (3.10g). Also the boundary and initial condi-
tions for U and V need to be given in a similar way as for W i.e. by
(3.10b) and (3.10c) with U or V instead ofW . The system can be solved
numerically by applying the methodology presented in the beginning
of this section and basically given by equation (4.3) and for the cases
that we don’t have an analytical solution for the Eikonal equation, also
by (4.1).

More interesting is the case where we use specific values of the
parameters (cf. [1, 9]) leading to small values for ε and large values
for µ. More specifically, we have ε1, ε2, ε3 � 1 and µ1, µ2 � 1, β1 = 1,
giving U ∼ V and allowing us to apply the quasi steady approximation.
In such a case the model equations to be solved become

∂2V

∂y2
− β2V = 0, (4.9a)

∂2W

∂y2
+ β3V + F (W ) = 0, (4.9b)
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together with the boundary conditions for V and W and the equations
for the S-problem as already specified. The finite element method can
be easily applied to this case, as in [9] and the results for the various
microscale geometries is presented in Figure 9. As we can see in these
simulations corrosion is faster in the two dimensional geometries and
more specifically in the case of the boundary being a Lamé curve, next
being a square, then being a cycle, but with the exterior being the
calcite, and finally being a cycle. The same ordering is followed in the
three dimensional case with the case of the sphere needing the larger
time for the material to be corroded. The latter case seems to be more
realistic if we take into account the simulations done in [1] and [9].
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Figure 9. Form of the moving boundaries indicating the completion of corrosion for
various geometrical considerations. More specifically for the cases that the calcite
boundary is a) Lamé curve (LC), b) square (SQ), c) cycle (CL), (d) cycle but with
the exterior being the calsite (ICL), e) Lamé surface (LS) f) cube (CB) g) sphere
(SP) and h) surface of a sphere but with the exterior being the calsite (ISP)
The values of the parameters that were used were β2 = 2.3275, β3 = 2.3741 10−5,
γm = 6.78, γ = 67.8, φc = 0.2, φg = 0.3, M = 61, δτ = 0.8 · δy2, Mσ = 101,
δσ = 0.1 · δz1

2.

5. Conclusions

In this paper a mathematical model for the formation of a mushy region
in concrete during corrosion by H2SO4 is further studied and improved.
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The same basic model presented in [9] is significantly improved by
including the Eikonal equation describing the evolution of the moving
boundary at each time. In the cases we have analytical solutions of
the Eikonal equation, we may proceed further and obtain a simpli-
fied version of the model in the form of a non-local reaction diffusion
equation.

In addition the problem is solved numerically, for various microge-
ometries, with the use of a finite element method. The results by these
simulations are presented and predict corrosion within a reasonable
range.

This work can be further extended by relaxing some of the as-
sumptions used here. For instance one possible extension can arise by
considering that the microstructure elements, the cells, are not all of
them of the same form and not having the same initial calcite shape
(e.g. local periodicity of cells replacing the usual uniform periodicity
like in [5]). A distribution of these formations might be adapted in the
model, giving more realistic results. In general, as also it is stated in [9],
more complicated considerations for the geometry of cracks, as in [12]
where the melting of an alloy is studied, together with the development
of its fractal structure ([17], [18]) can extend further this work.

The inclusion of the volume expansion of the material due to the
transformation of the calcite to gypsum which has lower density, is an
important aspect that should be studied in the present context of the
two scale approach, as first step before studying the corresponding
mechanical deformation.

It would be also of interest to proceed with a more rigorous setting
for the formal asymptotics presented here as it is done in [5]-[8] but for
a system of reaction diffusion equations with fixed boundaries.

Finally more accurate evaluation of the parameters can give better
results and possible lead to further variations for the models (e.g. as
the case of having ε of O(δ) or smaller etc.).
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