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Abstract

The geometry of closed surfaces equipped with a Euclidean metric with
finitely many conical points of arbitrary angle is studied. The main result
is that the image of a non-closed geodesic has 0 distance from the set of
conical points. Dynamical properties for the space of geodesics are also

proved.
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1 Preliminaries

Let S be a closed surface of genus > 1 equipped with a euclidean metric with
finitely many conical singularities (or conical points), say si, ..., S,. Every point
which is not conical will be called a regular point of S. Denote by 6(s;) the angle
at each s;.

In this work we show that if ¢ is a non-closed geodesic in S, then its image
has 0 distance from the set of conical points {si, ..., s,} (see Theorems [[1l and
below). This is done by analyzing the existence of flat strips in the universal
cover S of S. In fact we show that a geodesic line ¢ in S , whose projection is
not a closed geodesic in S, cannot be contained in a (Euclidean) flat strip. In
particular, any two elements &, 7 in dS determine a unique geodesic line in S
provided that &, 1 are not the limit points of a hyperbolic element ¢ € m(5).
We then use Theorem [[] to show a classical result in this setup, namely, that
closed geodesics form a dense subset in the space G'S of geodesics in S. In the
final section we generalize to surfaces with 6(s;) € (0,4+00) \ {27} by employing
saddle connections.
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We write C' (v, ) for the standard cone with vertex v and angle 6, namely,
C (v, 0) is the set {(r,t) : 0 < r,t € R/0Z} equipped with the metric ds* = dr?+
r2dt?.

Definition 1 A Fuclidean surface with conical singularities sq, ..., S, 1$ a closed
surface S equipped with a metric d (-,-) such that at

e [Fwery point p € S\ {s1,...,$n} has a neighborhood isometric to a disk in
the Euclidean plane

e Fach s; € {s1,...,8,} has a neighborhood isometric to a neighborhood of
vertez v of the standard cone C (v,0(s;)).

From now on and until the final section we assume that the angle 6(s;) of the
conical point s; satisfies 0(s;) € (2, +00).

Clearly, the metric on S is a length metric and the surface S will be written
e.s.c.s. for brevity. Note that if the genus ¢ is > 2, such Euclidean structures
exist, see [9].

Definition 2 A geodesic segment is an isometric map h : [a,b] — S. If x = h(a)
and y = h(b) then a geodesic segment joining x and y will be denoted by [z, y].
Let I = [0, +00) or I = (—00,+00). A geodesic line (resp. geodesic ray) in S is
a local isometric map h : I — S where I = (—o00, +00) (resp. I = [0,4+00) ).

A closed geodesic is a local isometric map h : I — S which is a periodic map.

A metric space is called geodesic if every two points can be joined by a geodesic
segment.

As every locally compact, complete length space is geodesic (see Th. 1.10 in
[6]) we immediately have

Proposition 3 If S is a e.s.c.s. then S is a geodesic space.

2 The universal covering and the limit set

Assume that S is a closed e.s.c.s. of genus g > 2 and denote by d the euclidean
metric on S. Let S be the universal covering of S and let pg : S — S be the
covering projection. Obviously, the universal covering S is homeomorphic to ]R2
and by requiring ps to be a local isometric map we may lift d to a metric d on S
so that (S d) becomes an e.s.c.s. There is a discrete group of isometries I" of S
which is isomorphic to m;(S), acting freely on S so that S = S/T.

The group I' with the word metric is hyperbolic in the sense of Gromov since I'
is isomorphic to 71 (S). On the other hand, I' acts co-compactly on S; this implies
that S is itself a hyperbolic space in the sense of Gromov (see for example Th.



4.1 in [3]) which is complete and locally compact. Hence, S is a proper space
i.e. each closed ball in S is compact (see [6] Th. 1.10). Therefore, the visual
boundary DyisS of S is defined by means of geodesic rays and is homeomorphic
to S! (see [3], p.19). Furthermore, as all conical singularities in S are assumed
to have angle > 27, we deduce that S has curvature < 0, that is, S satisfies
CAT(0) inequality locally (see for example [7, Theorem 3.15]). Since S is simply
connected it follows that S satisfies CAT(0) globally, i.e., S is a Hadamard space
(for the definition and properties of CAT(0) spaces see [I]). Note that since S is
a CAT(0) space, geodesic lines and geodesic rays in S are global isometric maps.

In the next proposition we state the following important property of Dis S
For a proof see Proposition 2.1 in [3].

Proposition 4 For every pair of pomts T € S £ € &,ZSS (resp. n,& € 8,,@55)
there is a geodesic ray 1 : [0,00) = SUBy:,S (resp. a geodesic line | - (—o0, 00) —
S U 8ysS) such that, 7(0) = z, r(00) = € (resp. I(—o0) =1, I(c0) = £).

Since S is a hyperbolic space in the sense of Gromov, the isometries of S
are classified as elliptic, parabolic and hyperbolic [?]. On the other hand, I" is
a hyperbolic group, thus I" does not contain parabolic elements with respect to
its action on its Cayley graph (see Th. 3.4 in [3]). From this, it follows that all
elements of I' are hyperbolic isometries of S. Therefore, for each ¢ € I" and each
x € S the sequence ¢"(z) (resp. ¢ "(x)) has a limit point ¢(400) (resp. ¢(—00))
when n — +00 and p(+00) # p(—00). The point p(+00) is called attractive and
the point ¢(—o00) repulsive point of .

The limit set A(I') of I' is defined to be A(I') = Tz N 0,5, where z is an
arbitrary point in S. Since the action of I' on S is co- compact, it is a well known
fact that A(T") = 3@235 and hence A(T') = S!. Note that the action of I' on S can
be extended to OMSS and that the action of I' on &,ZSS X DyisS s given by the
product action. N

Denote by Fj, the set of points in 0,;,S which are fixed by hyperbolic elements
of I'. Since A(T") = 0,55, the following three results can be derived from [4].

Proposition 5 The set F}, is I'—invariant and dense in &,isg.

Proposition 6 There exists an orbit of I' dense in 8Uis§ X &,isg.

Proposition 7 The set {(¢(+o0), p(—00)) : ¢ € I' is hyperbolic} is dense in
aUZSS X a’l}lSS

Lemma 8 Let ¢ be an element of I and let n = ¢(—00) and & = p(oc0) be the

repulsive and attractive points of ¢ in dS. Then any geodesic line ¢ joining n and
& projects to a closed geodesic in S.



Figure 1: The quadrangle in the intersection of two flat strips

Proof. S is a CAT(0) space and ¢ is an axial isometry (following Definition
3.1 of [I]). Therefore, from Proposition 3.3, p. 31 of [1], there is an axis ¢y of ¢
in S which projects to a closed geodesic in S.

Let ¢ be a geodesic line of S joining the points 7, £. Then c and ¢, are parallel
in S i.e. they bound a flat strip in 5, (see Pr. 5.8, p. 25 in [I]). Therefore,
by Proposition 3.3 of [I], ¢ is also an axis of ¢ and thus it projects to a closed
geodesic in 5. m

3 Flat strips and closed geodesics

Let G'S be the space of all local isometric maps v : R — S. The image of such a
~ will be referred to as a geodesic in S. The geodesic flow is defined by the map

O:RxGS —GS

where the action of R is given by right translation, i.e. for each t € R and v € G,
®(t,y) =t -7, where t-v: R — S is the geodesic defined by t - v(s) = y(t + s),
s € R. B B

Consider also the space GS of all isometric maps g : R — 5. Both spaces
GS and GS are equipped with the compact-open topology. Moreover the space



GS with the compact-open topology is metrizable and its metric is given by the
formula (see 8.3.B in [?])

—+o0
191 — gl = / 101(8) — ga(8)|5 e .

o0

Definition 9 A flat strip in S is a subset of S 1sometric, with respect to the
induced metric, to a strip [0,e] x R in R?, for an appropriate € > 0 such that
for each r € [0,¢], {r} x R is the image of a geodesic line. If in addition, for
r = 0,e the distance d (Im ({r} x R),{s1,...,s,}) of the images of the geodesic
lines {r} xR from the set of conical points is 0, the flat strip will be called mazimal
flat strip. Observe that a mazximal flat strip may contain conical points only in
its boundary lines corresponding to {0} x R and {e} x R.

By substituting R with [0,00) and geodesic lines by geodesic rays, the notion of
flat half strip is defined.

Notation 10 The number ¢ > 0 will be called the width of the flat strip (resp.
flat half strip for geodesic rays). A flat strip of width € will be denoted by F'S ()
(resp. FHS (¢)).

For § in GS we will be writing § € FS (€) to indicate that g is identified with a
line {r} x R in [0,e] x R=FS (¢).

For g in GS we will be writing g € FS () to indicate that there exists a flat
strip F'S (e) C S such that for some lift § of g, § € FS (e). Similarly, we write
ge FHS (¢) and g € FHS (¢) for geodesic rays.

If § € GS we write € (§) for the sup{e|g € FS(¢)}. Set e (§) = 0 if there is no
such € positive. Given g € GS, pick a lift g € GS of g and set € (g) = €(g) .
Clearly, € (g) does not depend on the choice of g.

By writing F'S (g) (resp. FS(g)) we mean the maximal flat strip of width ¢ =
e(g) (resp. € =¢e(q)) containing g (resp. g). Similarly, FHS (g) and FHS (g)
for geodesic rays.

We may parametrize each geodesic line {r} xR by a mapping 7" : (—00, o) —
S such that {y"(s)|r € [0,¢]} is identified with [0,¢] x {s}. We will call such a
parametrization a normal parametrization of E.

We show below (see Proposition [I1]) that the image of a non-closed geodesic
in S does not have positive distance from the set of conical points. This implies
that uniqueness of geodesic lines in S does hold for all geodesic which do not
project to closed geodesics in S (cf Lemma [). In other words, (maximal) flat
strips in S correspond precisely to closed geodesics in S. In view of the latter, we
will use occasionally the following quotient space of geodesics.

For each flat strip £ isometric to [0, ] xR, we identify each family of geodesics
g",r € [0,¢] which forms a normal parametrization of F to a unique geodesic line
gr and denote the resulting quotient space by GoS. Thus, for every r € [0, €] the
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points ¢"(s) are identified to gg(s), where s € R. Moreover, if a family g",r € [0, €]
forms a normal parametrization of E, so does the family ¢ - ¢",r € [0,¢]. Thus,
the geodesic flow on G'S restricts to an action of R on GoS. Observe that for any
two points £, € 0S there exists a unique (up to parametrization) geodesic g in
GoS with ¢ (—o00) =€ and g (+00) = 7. Similarly, we identify all local geodesics
in G.S which are closed and parallel and, thus, obtain the corresponding space
GoS.

The following proposition establishes the above mentioned uniqueness of (non-
closed) geodesic lines in S.

Theorem 11 Let g be a non-closed geodesic or geodesic ray in S. Then

d(Img, {s1,....,s,}) =0.
For its proof we need the following elementary lemma.

Lemma 12 Let FS (), FS(6) be two infinite flat strips in S of width e, &
respectively with 0 < € < 9. Assume that F'S (¢), FS(9) intersect at an angle 0,
with 0 < 0 < 7/2. Then, F'S(e) U FS(0) contains a right angle quadrangle of

width 0 + 5-—5 and length 5=—.

Proof. The proof is elementary. Figure [ exhibits the details, where the
segment

1 1 ¢
AD = §FC "~ 2sinf
is understood as the length and
GA=CB+BA=6+ 0 51 = 5.¢
cos 2 cosf 2

the width. =

Remark 13 Clearly, by letting 0 — O the length of the (finite) flat quadrangle
given by the above Lemma tends to oo, while its width is bounded below by § + 5.

Lemma 14 Let S be the universal cover of e.s.c.s S. Let [xg,yo] be a geodesic
segment containing a conical point s in its interior. Assume that both angles
subtended by [xo, s| and [s,yo| at s (notation £ (xo,y0)) are strictly bigger than
7, say, 01 + ™ and Oy + 7 with 6y + 03 + 2w = 0 (s). Then there exists an € > 0
such that

Va,y with d(x,z9) <e and d(y,y) <e = [z,y] D s.



Proof. Set 0 = 3 min {0y, 6, 7} . We may choose a neighborhood around
of radius € > 0 such that the angle £ (2o, z) < 6y for all x with d (z,z0) < e.
Similarly for yo. Then for any =,y with d (z,x¢),d (y,y0) < € we have that both
angles subtended by [z, s] and [s,y] at s are > 7. Thus [z, s] U [s, y| is a geodesic
segment. H

Lemma 15 Assume that a sequence of geodesic rays {g,} converges to a geodesic
ray g. If for some e >0, g, € FHS (¢) for all n, then g € FHS (¢) .

The same result holds for a sequence of geodesic segments converging to a geodesic
ray.

Proof. We write the proof for geodesic rays as the proof for segments is

identical.
Assume that ¢ (g) < e. Note that € (¢) may be 0. We first treat the case where
g contains a conical singularity. In this case, we have that, for some lift g of
g and pre-image s of a conical singularity s € {si,...,s,}, g (t;) = s for some
ts € (0,00). There are two angles formed by the segments of g at g (ts). One
of them must be equal to 7, otherwise, by Lemma [I4] and large enough N we
have that the image of gy contains s, a contradiction. Without loss of generality,
assume that the angle on the left, according to the parametrization of the ray g,
is equal to 7.

If Im g contains another pre-image s’ # s of a conical singularity s’ € {sq, ..., s,},
that is, g (ty) = & for some ty € (0,00), then, for the same reason as above, one
of the two angles formed by the segments of g at g (ty) must be equal to .
Claim: The angle subtended at ¢ (ty) which is equal to 7 is also on the left,
according to the parametrization, of the ray g.

Proof of Claim: Assume the Claim does not hold and without loss of generality
assume ty > t,. Pick N € N such that

d(F(t),n (1) <e/4 for all tel0,2t,].

Then, gy (ts) is on the left of Im g and gy (tsy) = ¥ is on the right of Img. Thus,
the singularity s lies on the right of Im gy at distance < /2 and §' lies on the
left of Im gy at distance < £/2. This is a contradiction since gy is contained in
FHS (). This completes the proof of the Claim.

Using the Claim we have that the assumption € (g) < € implies that there
must exist a conical singularity s; € S on the left of the ray g such that

0<d(s,Img)=¢] <e.

Otherwise, we would be able to find a flat half strip containing ¢ of width & >
e(g). Let [s1,9(t1)] ,t1 € [0,00) be the geodesic segment of length &) realizing
the distance of s7 from Img. For simplicity we assume that ¢; > t,. The other
case is treated similarly.



Each geodesic g, splits the flat half strip F'FHS (¢) to which it is contained
into two flat half strips whose intersection is Im g,. Denote by &, and e, the
widths of these flat half strips with €, + €2, = €. Clearly, we may assume that
s1 is on the left of the ray g,, and, moreover, by Lemma [I4]it follows that for large
enough n the conical singularity s = ¢ () is on the right of the ray g,, otherwise
Jn cannot converge to g. Choose N € N such that

€—¢€}

vt (0,0],d(gn (1), 9 (1) < —5— (1)

Since s does not belong to the flat half strip containing Im gy, we have g5 5 <

d(gn (ts),5), thus
- e—eg]

can < d (g (8),5 (1) < =5 ®

Similarly,

ey <d(gn (t),51) <d(gn (t1),9(0)) +d(g(tr), 51)

which implies that

/

ain < + €l (3)

Combining inequalities 23] we obtain

2 / /
6281,]\74—527]\[ < 5(5_51)_‘_51
a contradiction, which completes the proof in the case g contains a conical sin-
gularity.
Assume now that g does not contain a conical singularity. Then the assump-
tion € (g) < ¢ implies that for some (hence any) lift g of g, there must exist conical
singularities §7, S5 € S such that

o d(s1,Img)=¢]>0,d(s2,Img) =¢}, >0,
e 0 <) +e)<e, and

® 51,5, do not belong to the same side of Img.

Other wise, we would be able to extend the flat half strip containing g to a flat
half strip of width ¢’ > ¢ (g). Let [s1, g (t1)] (resp. [S2,9 (t2)]), where ¢; € [0, 00)
(resp. ty € [0,00)), be the geodesic segment of length €] (resp. &)) realizing the
distance of 57 (resp. S3) from Img. We may assume that t5 > t;.

Choose N € N such that

e—(e1+e)

Vt € [O>t2] >d (gN (t) ag(t)) < 3



If both inequalities
d(s1,9n (t1)) < ey and d(s1,9n (1)) < e2n (5)

hold, then s7 belongs to the flat half strip F'H.S (¢) containing gy, a contradiction.
Thus, at least one of the inequalities in[Gl does not hold. Without loss of generality
we may assume that the inequality

d(giv.af_/v (tl)) > €1,N

holds and, therefore, the inequality

ey +d (g (), gn (1)) = d(s1,9 (1)) +d (g (1), gn (1)) > 1w (6)

holds. Similarly, and using the assumption that si, so do not belong to the same
side of Im g we have

ey +d(g(t2), g (t2)) = d (52,9 (t2)) + d (g (t2) , gn (t2)) > e2v (7)
Combining the above inequalities we reach
ey +ey+d(g(t),gn (f1) +d (g (t2) , gn (t2)) > e1n +ean =€

which implies that

2max{d (g (t1),gn (1)), d (g (t2) ,gn (t2))} > € — (€1 +&3)
Thus for some ¢ € {t1,t3} we have that

e—(e1+e)

Ay (1),5(1) > 2

a contradiction by (). m

For the proof of Theorem [I1] we also need the following proposition which is
of interest in its own right.

Proposition 16 Let g be a geodesic which does not contain a conical point, U =
{t-g|t € R} and U its closure in GSS under the compact open topology. Then the
following are equivalent:

(a) g is not periodic.

(b)) U\U # 0, that is, U is not closed.

Proof. Clearly, if g is periodic then U/ is closed. For the converse, assume,
on the contrary, that for a non-periodic g we have & = U. Pick a sequence {t,}
converging to 4+o00. Then, since GS is compact we have, up to a subsequence,
that the sequence {t, - g} converges to a point in U, say,

9



for some t; € R. Clearly, by the definition of the compact open topology, for any
C € R, we have
tn+C)-g=(to+C)-yg

In other words, we have the following property:

(%) every point ¢ - g in U is the limit of a sequence of geodesics {t,, - g} C U for
some sequence t,, — 00.

Since Im g does not contain a conical point, we may pick an open disk D such
that B
DNImg# 0 and DN {sy,....,s,} = 0.

Then Im g N D consists of geodesic segments 7,7 € J of the form g ] for

155
some t; < ¢+ € R with endpoints 0; (=) = g (¢; ) and 0; (+) = g (t]) contained
in 0D. The degenerate cases t; = t;r where the segment o; is just one point are
excluded from the collection. As the lengths of the non-null homotopic loops in

S are bounded away from 0, the set

{itr =15

is bounded below which implies that the set {t;r| j€dJ } is a discrete subset of R,
hence J is countable. Thus, we may enumerate the segments o; by considering
J=7Zand t; <ty <t;, <t forallj
Observation: If o; = o for some j < j’ then, as Im g does not contain conical
points, g must be periodic with period ¢, — ;.

By the above observation (which is not valid when Img contains conical
points), J is a countably infinite set.

By property (x) each geodesic segment o; is the limit of a sequence of segments
in ImgN D = {oj,j € J}. It follows that the set

j%feJ}

0°J = {(0; (=), 05 (+)) 15 € T}

is a perfect subset of D x dD, thus, uncountable, a contradiction. m

Using standard compactness arguements and the natural projection GS — S
given by v — (0) it can be easily seen that & C G'S is not closed if and only if
Img C S is not closed. Consequently, we have the following

Corollary 17 Let g be a geodesic which does not contain a conical point. Then
g 1s closed if and only if Im g is a closed set.

Proof of Theorem [11] Assume, on the contrary, that

d(Img, {s1,....,s,}) > 0.

10



Then the maximal flat half strip FHS (§) C S containing a lift § of g has width
e(g) =e > 0. Let U = {t-g|t € R} and consider its closure U in the space of
geodesics in S under the compact open topology.
Set
Z = sup {5 )|Ihel}.

By Lemma I]ﬂ Z > &. By Proposition M6 we may choose hyg € U \ U such that
g (ho) > & — 5 and let {h,},.y be a sequence in U such that h, =t, - g — ho.

Pick a hft ho of hg and a sequence {h } approximating ho in the compact open

topology. We first claim that for all n € N large enough the geodesic segment
I, ~( [, T]), for any time 7" > €, cannot be parallel to the geodesic line Im hg. For,

if hy ([£,T1) is parallel to the geodesic line Im ho, then Im g would have to be

parallel to the whole geodesic line Im hk at distance, say M > 0. The same will
also be true for any translation ¢ - hy. If M = 0 then h; is a translation of hg
which implies that hy € U, is a contradiction since hy was chosen in 2/ \U. In the
case M > 0, as h,, n > k is a translation of hy, namely h, = (t, — tx) - hg, we
would have that h, (0) = hy (t, — t)) is at distance at least M > 0 from hg (0).
This is a contradiction to the fact that h, =t, - g — ho.

Pick a sequence z;, — oo and for each k € N, let N (k) € N be large enough so
that for the time interval [£, ;] the geodesic segment A Nk ([E, 2]) lies inside the

flat half strip FHS (TLO) . As the geodesic segment %N(k) ([, z]) is not parallel
to the geodesic line Im %0, we may apply Lemma [I2 to the flat strips FHS <%0)
and FHS <7LN(k)) ,k € N to obtain sequences

{Tk}keN ’ {Qk}keN - [O> OO)

such that

e ¢, — 00, and

e the geodesic segment 7y, - ho ([0, qx]) is contained in a right angle quadrangle
of width e <ﬁ0> + 5 and length g.

The sequence {ps (rk -%0>} converges, up to a subsequence, to a geodesic

f € U. By Lemma [ and Remark [3] it follows that f € FHS (5 <7L0) + %)
which is a contradiction because

a(ﬁo)+%:a(h0)+%>a(ho)+§>g

and € is chosen to be sup {e (h)|h € U} . n

11



Remark 18 As the image of any geodesic in S splits S into two convex sets,
say Sp and Sg, we may speak of the distance to the left of Img from the set

5esS, } s conical point ¢, namely,
dp = inf{d(:c,@) |z €Imyg,se §L}

and similarly for dg. For a geodesic g in S which

(a) does not contain any conical point

(b) projects to a non-closed geodesic in S

Theorem[11 asserts that d;, = dr = 0. This is clear in the above proof by working
with a mazimal flat strip to the left (right) of Im g.

Using the uniqueness of the non-closed geodesic lines in S (see Theorem [LT]),
one can obtain a short proof of the following theorem shown in [I] in the context
of Hadamard spaces.

Theorem 19 There exists a geodesic v in GS whose orbit Ry under the geodesic
flow is dense in GS.

4 Density of closed geodesics
In this section we show the following

Theorem 20 The closed geodesics are dense in GS.

Set 925 = {(&,n) € S x 0S : € # n} and let H : GoS — 025 x R be the

homeomorphism given as follows: choose a base point zy € S. Let YE € GOS If
the class v consists of a single geodesic line «y joining v (+00), v (+00) € 08 set

H(yp) = (7(=00),7(00),s) (1)
where s is the real number such that d(zg,v(R)) = d(zo,v(—s)). If v is a class of
parallel geodesics {7"|r € [0, ]} forming a flat strip E, then there exist a unique
geodesic segment starting from xy and realizing the distance of xy from E. We
may extend this geodesic segment to a geodesic segment which is perpendicular
to all lines Im~", r € [0,¢]. In other words, there exists a unique s € R such that

d (29,7 (R)) = d(x0,7"(—5)),Vr € [0,¢].

We use this s € R to define H(yg) as in equation (1). The map H is a homeo-
morphism (see [2, Th. 4.8]).

Proof of Theorem 20/ Let 5 € G'S be a non-closed geodesic and ﬁ € GS a lift-
ing. Set ) = 3(—00), & = B(400). Then by Proposition [ there exists a sequence

12



{¢n} of hyperbolic isometries such that ¢, (—oo) — 1 and ¢, (+00) — . Set
Tin_= ¢n (—00) and &, = ¢, (+00) and, clearly, ¢n(1.) = M, Pn(8n) = gn Since
08 is topologically a circle, we may choose the sequence {(7,,&,)} C DyisS X DyisS
so that, in addition, for all n the following condition holds:

M, £n belong to the same component of 8§\ {n,&}.

As (3 is non-closed, the chosen lift B € GS determines a class BE € GOS which
is a singleton. We have H(BE) (n,&,s) for some s € R. Denote by 3,5 the
geodesic H 1 (nn,fn,sn) € GOS where s,, is chosen so that s,, — s. As H is a
homeomorphlsm ﬁn g — BE in the compact open topology of GoS. If the class
Bn £ 1s not a singleton, choose Bn to be Bn where 7 = 0 or 1 according to which of

—~1
the two geodesic lines Im Bn , Im 3, has smaller distance (as a set) from Im Bn
We then have that the sequence { B E} determines a sequence { Bn} such that

Bn — B in the compact-open topology of GS. Clearly, each 5n is translated by
¢, and, thus, projects to a closed geodesic 3, = mg(5,) in S. By continuity of
g, we have the desired convergence 3, — . [ ]

5 Application to surfaces with conical singular-
ities < 27.

From now on we consider surfaces with conical singularities of arbitrary angle
0 (s) € (0,00) \ {27} . We will show that any geodesic in S can be approximated,
in the compact open topology, by closed geodesics and/or appropriate saddle
connections.

In what follows we will need a certain existence theorem of branched coverings
which follows from Theorem 2.1 in [§]. The latter is the result of efforts of many
mathematicians. Originally, the classical problem dating back to Hurewitz asks
necessary and sufficient conditions for the existence of branched covering (see in
[8] and its bibliography for supplementary information). We next recall basic
definitions.

A branched covering is amap ¢ : S’ — S, where S” and S are closed connected
surfaces and 1 is locally modeled on maps of the form C 3 z — 2* € C for some
k > 1. The integer k is called the local degree at the point of S” corresponding
to 0 in the source C. If £ > 1 then the point of S corresponding to 0 in the
target C is called a branching point. The branching points are isolated, hence
there are finitely many, say n, of them. Removing the branching points in S and
all their pre-images in S’, the restriction of 1) gives a genuine covering, whose
degree we will denote by d. If the i-th branching point on S has m; pre-images,
the local degrees (d;;)j—1,..m; at these points give a partition of d i.e., d;; > 1 and

Zml d;; = d.
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In our context, we consider only the conical points sq, ..., s, [ < nin S which
are conical singularities of angle smaller than 27 and choose

em;=1foralli=1,...,n
e d;; = d odd natural number so that d;;0(s;) > 2.

The above branching data is realizable by a branched covering (see Theorem
2.1 in [§]) yielding the following theorem

Theorem 21 For every e.s.c.s. S of genus > 0, there a (finite) branched covering
8" — S such that:

(1) S" is an e.s.c.s., with all conical singularities being of angle larger than 2,
(2) the branch set on S are the conical singularities of angle smaller than 2.
In particular, each conical singularity of angle smaller than 2w has one pre-image

m S’

Let S be a e.s.c.s. with conical singularities {si,...,s;, Si11,...,8,} with
0(s;) € (0,2m) for i = 1,...,l and 0(s;) € (2m,00) fori =1+ 1,...,n, 1 < n.
Observe that the image of a geodesic in such surfaces, cannot contain a singular
point s with 0 (s) € (0,2m).

We consider the following notion in S : a local geodesic segment in S with
endpoints in {s,...,s} will be called a generalized saddle connection. This
terminology follows the notion of a saddle connection originally introduced in
the study of translation surfaces (see [L0]). Observe that a generalized saddle
connection can only contain in its interior conical points s;, fori = [+1,... ,n. We
also allow the endpoints to coincide. We will also use the notion of a closed piece-
wise geodesic by which we mean a finite union of generalized saddle connections
which form a closed curve. Clearly, a closed piece-wise geodesic is a closed curve
~ which is a local geodesic except at the points conical points Im~yN {sy,..., s} .

Theorem 22 Let S be a Fuclidean surface with conical singularities

{81, 81,8141, -+, Sn}
with 0 (s;) € (0,2w) fori = 1,...,1 and 0 (s;) € (2w, 00) fori =1+1,...,n,
[ <n. Then,

(a) for any non-closed geodesic or geodesic ray g in S,

d(Img> {817 <oy Sl Sl - '78"}) = 0.

(b) every element in GS can be approximated, in the compact open topology, either
by a sequence of closed geodesics or, by a sequence of closed piece-wise geodesics.

14



Proof. Let S’ be the e.s.c.s. and ¢ : S — S the branched covering posited
by the above theorem. The branched set of ¥ is {s1,...,s} and denote by

{s},...,s)} their pre-images in 5"

Let g be a non-closed geodesic (or geodesic ray). Observe that Im g does not
contain any of the singularities si,...,s;. Clearly, g is covered by finitely many
geodesics in GS’. Let ¢’ be one of them.

For (a), if

d(Img,{s1,...,81,841,---,5.}) >0

then, since 1 is distance decreasing, we have

d(Img’,{sﬁ,...,sg,sgﬂ,...,s;}) > 0.

This is a contradiction because Theorem [I1] asserts that

d(Img', {s},....8],8041,--..8,}) =0

For (b), Theorem 20] asserts that there exists a sequence of closed geodesics {g/, }
converging, in the compact open topology, to ¢'. If

Img, N{s},....s)} =@ (8)

holds for infinitely many n, then by passing, if necessary, to a subsequence we
have that {¢/,} converges to ¢’ and, therefore, the sequence of closed geodesics
{1 (g})} converges to ¥ (g') = g.

If (8) holds only for finitely many n, then we have that {1 (¢/,)} is a sequence
of closed piece-wise geodesics which converges, in the compact-open topology, to
g. m

We now turn our attention to Euclidean surfaces with conical singularities
{s1,...,81,S141, - .., sppwhich satisfy 0 (s;) € (0,7) fori = 1,...,0 and 0 (s;) €
(2m,00) fori =1+1,...,n,l < n. Note that a geodesic, which, as usual, is defined
to be a local isometric map, may have homotopically trivial self intersections, that
is,

Jt1,t, € R with g (t1) = ¢ (t2) such that the loop g|, 4, is contractible.

Clearly, the lift g to the universal cover Sof Sof a geodesic g with homotopically
trivial self intersections is not a global isometric map. In view of this and the
following Lemma, we restrict our attention to geodesics which do not have ho-
motopically trivial self intersections, equivalently, from now on the word geodesic
will mean that its lift to the universal cover S is a (global) geodesic.

Lemma 23 There exists a positive real number C' such that for any geodesic g

d(g(t),s;)) >C for alli=1,...,] and for all ¢t € R.
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Proof. It suffices to show that for each ¢ = 1,...,[ there exists C; > 0
depending on 0 (s;), such that for any geodesic g

d(g(t),s;)) > C; for all te€R.

Choose C} such that d(s;,s;) > C; for all j # i. Set C; = C/ cos @. We will
show that if d (Im g, s;) < C; then g has a homotopically trivial self intersection.

Let g (t;) be the point on Im g of minimum distance, say Cp, from s;. Clearly,
d(g(t;),s:) = Cy < C;. Then, the geodesic segment [s;, g (t;)] is perpendicular to
Im g. Let r be the geodesic ray emanating from s; such that both angles subtended

6(s:)
by 7 and [s;, g (t;)] at s; are equal to =5=. Set

Co

O(si)
2

0 (Si)‘

and t; = Cytan 5

Then the geodesic segments

[si, 9 (t)], [g (t:) , g (t: + 1)) and 7|7y

and the geodesic segments

[si,9 (t:)], [g (t:) , g (t: — )] and 7oy

form two (equal) right triangles with common hypotenuse 7| 71 and common side
[8i7 g (tl)] : ThU.S,

gti+t) =r(T) =gt —t))
and ¢ has a self intersection which is clearly homotopically trivial. m

In the next Theorem GS consists, as mentioned above, of geodesics with no
homotopically trivial self intersections.

Theorem 24 Let S be a Fuclidean surface with conical singularities

{81,801, 8141, -+ -, Sn}

with 0 (s;) € (0,7) fori=1,...,1 and 0 (s;) € (2m,00) fori=1+1,...,n,1<n.
Then, every element in GS can be approximated, in the compact open topology,
either by a sequence of closed geodesics or, by a sequence of generalized saddles.

Proof. As in the previous theorem, consider the branched covering ¢ : 8" —
S with branched set {si,..., s} with pre-images {s},...,s/} in S’. Let § € GS
be a non-closed geodesic. By the previous lemma,

3C > 0 such that d(5(t),s;) > C, for all i=1,...,1, and for all ¢t € R.
An analogous statement follows for any lift 5 of 8 and the singularities {s, ..., s}

3C >0 such that d(8'(t),s})>C, for all i=1,....1, and t€R. (9)
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Theorem 20 asserts that there exists a sequence of closed geodesics {3}, } converg-
ing, in the compact open topology, to . If

Impg, N{s},....,s} =92 (10)

holds for infinitely many n, then we obtain as in the proof of the previous theorem
that the sequence of closed geodesics {¢ (5],)} converges to ¥ (') = 3.

If (I0) holds only for finitely many n, we may assume that for all n, Im 3],
contains at least one singularity from {s},...,s}}. Choose a sequence of positive
er — 0 with €, < C. Then, for each k € N, there exists a closed geodesic 5;(,{)
which (e, [k, k])-approximates [, that is

for t € [k, K], d (@g(k) t), 5 (t)) <

By (@), ﬁ;(k)\[_k,k] does not contain a singularity s;,7 < [. Restrict @M) to a
compact set [t_g, 1] containing [—k, k] such that

/B;L(k) (t—x) 75;(16) (tr) € {s},..., 8}

and 5;(14)‘(15%,@) does not contain a singularity s;,7 < [. Clearly, 7/, = ﬁ;z(k)“t—k,tk]
is a sequence of generalized saddles (each with endpoints 3, (t-x), 5} (tx))

approximating ’. It follows that -, = ¢ (v/,) is a sequence of generalized saddles
approximating 5. m
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