
ar
X

iv
:s

ub
m

it/
11

32
58

9 
 [

m
at

h.
G

T
] 

 7
 D

ec
 2

01
4

The geometry of Euclidean surfaces with conical

singularities

Charalampos Charitos†, Ioannis Papadoperakis†
and Georgios Tsapogas‡

†Agricultural University of Athens
and ‡University of the Aegean

December 7, 2014

Abstract

The geometry of closed surfaces equipped with a Euclidean metric with

finitely many conical points of arbitrary angle is studied. The main result

is that the image of a non-closed geodesic has 0 distance from the set of

conical points. Dynamical properties for the space of geodesics are also

proved.
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1 Preliminaries

Let S be a closed surface of genus ≥ 1 equipped with a euclidean metric with
finitely many conical singularities (or conical points), say s1, ..., sn. Every point
which is not conical will be called a regular point of S. Denote by θ(si) the angle
at each si.

In this work we show that if g is a non-closed geodesic in S, then its image
has 0 distance from the set of conical points {s1, ..., sn} (see Theorems 11 and
22 below). This is done by analyzing the existence of flat strips in the universal

cover S̃ of S. In fact we show that a geodesic line g̃ in S̃, whose projection is
not a closed geodesic in S, cannot be contained in a (Euclidean) flat strip. In

particular, any two elements ξ, η in ∂S̃ determine a unique geodesic line in S̃
provided that ξ, η are not the limit points of a hyperbolic element φ ∈ π1(S).
We then use Theorem 11 to show a classical result in this setup, namely, that
closed geodesics form a dense subset in the space GS of geodesics in S. In the
final section we generalize to surfaces with θ(si) ∈ (0,+∞) \ {2π} by employing
saddle connections.
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We write C (v, θ) for the standard cone with vertex v and angle θ, namely,
C (v, θ) is the set {(r, t) : 0 ≤ r, t ∈ R/θZ} equipped with the metric ds2 = dr2+
r2dt2.

Definition 1 A Euclidean surface with conical singularities s1, ..., sn is a closed
surface S equipped with a metric d (·, ·) such that at

• Every point p ∈ S \ {s1, ..., sn} has a neighborhood isometric to a disk in
the Euclidean plane

• Each si ∈ {s1, ..., sn} has a neighborhood isometric to a neighborhood of
vertex v of the standard cone C (v, θ (si)) .

From now on and until the final section we assume that the angle θ(si) of the
conical point si satisfies θ(si) ∈ (2π,+∞).

Clearly, the metric on S is a length metric and the surface S will be written
e.s.c.s. for brevity. Note that if the genus g is ≥ 2, such Euclidean structures
exist, see [9].

Definition 2 A geodesic segment is an isometric map h : [a, b] → S. If x = h(a)
and y = h(b) then a geodesic segment joining x and y will be denoted by [x, y].
Let I = [0,+∞) or I = (−∞,+∞). A geodesic line (resp. geodesic ray) in S is
a local isometric map h : I → S where I = (−∞,+∞) (resp. I = [0,+∞) ).
A closed geodesic is a local isometric map h : I → S which is a periodic map.
A metric space is called geodesic if every two points can be joined by a geodesic
segment.

As every locally compact, complete length space is geodesic (see Th. 1.10 in
[6]) we immediately have

Proposition 3 If S is a e.s.c.s. then S is a geodesic space.

2 The universal covering and the limit set

Assume that S is a closed e.s.c.s. of genus g ≥ 2 and denote by d the euclidean
metric on S. Let S̃ be the universal covering of S and let pS : S̃ → S be the
covering projection. Obviously, the universal covering S̃ is homeomorphic to R2

and by requiring pS to be a local isometric map we may lift d to a metric d̃ on S̃
so that (S̃, d̃) becomes an e.s.c.s. There is a discrete group of isometries Γ of S̃

which is isomorphic to π1(S), acting freely on S̃ so that S = S̃/Γ.
The group Γ with the word metric is hyperbolic in the sense of Gromov since Γ

is isomorphic to π1(S). On the other hand, Γ acts co-compactly on S̃; this implies

that S̃ is itself a hyperbolic space in the sense of Gromov (see for example Th.
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4.1 in [3]) which is complete and locally compact. Hence, S̃ is a proper space

i.e. each closed ball in S̃ is compact (see [6] Th. 1.10). Therefore, the visual

boundary ∂visS̃ of S̃ is defined by means of geodesic rays and is homeomorphic
to S1 (see [3], p.19). Furthermore, as all conical singularities in S are assumed
to have angle > 2π, we deduce that S has curvature ≤ 0, that is, S satisfies
CAT(0) inequality locally (see for example [7, Theorem 3.15]). Since S̃ is simply

connected it follows that S̃ satisfies CAT(0) globally, i.e., S̃ is a Hadamard space

(for the definition and properties of CAT(0) spaces see [1]). Note that since S̃ is

a CAT(0) space, geodesic lines and geodesic rays in S̃ are global isometric maps.

In the next proposition we state the following important property of ∂visS̃.
For a proof see Proposition 2.1 in [3].

Proposition 4 For every pair of points x ∈ S̃, ξ ∈ ∂visS̃ (resp. η, ξ ∈ ∂visS̃)

there is a geodesic ray r : [0,∞) → S̃∪∂visS̃ (resp. a geodesic line l : (−∞,∞) →

S̃ ∪ ∂visS̃) such that, r(0) = x, r(∞) = ξ (resp. l(−∞) = η, l(∞) = ξ).

Since S̃ is a hyperbolic space in the sense of Gromov, the isometries of S̃
are classified as elliptic, parabolic and hyperbolic [?]. On the other hand, Γ is
a hyperbolic group, thus Γ does not contain parabolic elements with respect to
its action on its Cayley graph (see Th. 3.4 in [3]). From this, it follows that all

elements of Γ are hyperbolic isometries of S̃. Therefore, for each ϕ ∈ Γ and each
x ∈ S̃ the sequence ϕn(x) (resp. ϕ−n(x)) has a limit point ϕ(+∞) (resp. ϕ(−∞))
when n→ +∞ and ϕ(+∞) 6= ϕ(−∞). The point ϕ(+∞) is called attractive and
the point ϕ(−∞) repulsive point of ϕ.

The limit set Λ(Γ) of Γ is defined to be Λ(Γ) = Γx ∩ ∂visS̃, where x is an

arbitrary point in S̃. Since the action of Γ on S̃ is co-compact, it is a well known
fact that Λ(Γ) = ∂visS̃, and hence Λ(Γ) = S1. Note that the action of Γ on S̃ can

be extended to ∂visS̃ and that the action of Γ on ∂visS̃ ×∂visS̃ is given by the
product action.

Denote by Fh the set of points in ∂visS̃ which are fixed by hyperbolic elements
of Γ. Since Λ(Γ) = ∂visS̃, the following three results can be derived from [4].

Proposition 5 The set Fh is Γ−invariant and dense in ∂visS̃.

Proposition 6 There exists an orbit of Γ dense in ∂visS̃ × ∂visS̃.

Proposition 7 The set {(φ(+∞), φ(−∞)) : φ ∈ Γ is hyperbolic} is dense in

∂visS̃ × ∂visS̃.

Lemma 8 Let ϕ be an element of Γ and let η = ϕ(−∞) and ξ = ϕ(∞) be the

repulsive and attractive points of ϕ in ∂S̃. Then any geodesic line c joining η and
ξ projects to a closed geodesic in S.
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Figure 1: The quadrangle in the intersection of two flat strips

Proof. S is a CAT (0) space and ϕ is an axial isometry (following Definition
3.1 of [1]). Therefore, from Proposition 3.3, p. 31 of [1], there is an axis c0 of ϕ

in S̃ which projects to a closed geodesic in S.
Let c be a geodesic line of S̃ joining the points η, ξ. Then c and c0 are parallel

in S̃ i.e. they bound a flat strip in S̃, (see Pr. 5.8, p. 25 in [1]). Therefore,
by Proposition 3.3 of [1], c is also an axis of ϕ and thus it projects to a closed
geodesic in S.

3 Flat strips and closed geodesics

Let GS be the space of all local isometric maps γ : R → S. The image of such a
γ will be referred to as a geodesic in S. The geodesic flow is defined by the map

Φ : R×GS → GS

where the action of R is given by right translation, i.e. for each t ∈ R and γ ∈ GS,
Φ(t, γ) = t · γ, where t · γ : R → S is the geodesic defined by t · γ(s) = γ(t + s),
s ∈ R.

Consider also the space GS̃ of all isometric maps g : R → S̃. Both spaces
GS and GS̃ are equipped with the compact-open topology. Moreover the space
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GS̃ with the compact-open topology is metrizable and its metric is given by the
formula (see 8.3.B in [?])

|g1 − g2|GS̃
=

∫ +∞

−∞

|g1(t)− g2(t)|S̃ e
−|t|dt.

Definition 9 A flat strip in S̃ is a subset of S̃ isometric, with respect to the
induced metric, to a strip [0, ε] × R in R2, for an appropriate ε > 0 such that
for each r ∈ [0, ε] , {r} × R is the image of a geodesic line. If in addition, for
r = 0, ε the distance d (Im ({r} × R) , {s1, ..., sn}) of the images of the geodesic
lines {r}×R from the set of conical points is 0, the flat strip will be called maximal
flat strip. Observe that a maximal flat strip may contain conical points only in
its boundary lines corresponding to {0} × R and {ε} × R.
By substituting R with [0,∞) and geodesic lines by geodesic rays, the notion of
flat half strip is defined.

Notation 10 The number ε > 0 will be called the width of the flat strip (resp.
flat half strip for geodesic rays). A flat strip of width ε will be denoted by FS (ε)
(resp. FHS (ε)) .

For g̃ in GS̃ we will be writing g̃ ∈ FS (ε) to indicate that g̃ is identified with a
line {r} × R in [0, ε]× R ≡FS (ε) .
For g in GS we will be writing g ∈ FS (ε) to indicate that there exists a flat

strip FS (ε) ⊂ S̃ such that for some lift g̃ of g, g̃ ∈ FS (ε) . Similarly, we write
g̃ ∈ FHS (ε) and g ∈ FHS (ε) for geodesic rays.

If g̃ ∈ GS̃ we write ε (g̃) for the sup {ε|g̃ ∈ FS (ε)} . Set ε (g̃) = 0 if there is no

such ε positive. Given g ∈ GS, pick a lift g̃ ∈ GS̃ of g and set ε (g) := ε (g̃) .
Clearly, ε (g) does not depend on the choice of g̃.
By writing FS (g) (resp. FS (g̃)) we mean the maximal flat strip of width ε =
ε (g) (resp. ε = ε (g̃)) containing g (resp. g̃). Similarly, FHS (g) and FHS (g̃)
for geodesic rays.

We may parametrize each geodesic line {r}×R by a mapping γr : (−∞,∞) →

S̃ such that {γr(s)|r ∈ [0, ε]} is identified with [0, ε] × {s}. We will call such a
parametrization a normal parametrization of E.

We show below (see Proposition 11) that the image of a non-closed geodesic
in S does not have positive distance from the set of conical points. This implies
that uniqueness of geodesic lines in S̃ does hold for all geodesic which do not
project to closed geodesics in S (cf Lemma 8). In other words, (maximal) flat

strips in S̃ correspond precisely to closed geodesics in S. In view of the latter, we
will use occasionally the following quotient space of geodesics.

For each flat strip E isometric to [0, ε]×R, we identify each family of geodesics
gr, r ∈ [0, ε] which forms a normal parametrization of E to a unique geodesic line

gE and denote the resulting quotient space by G0S̃. Thus, for every r ∈ [0, ε] the
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points gr(s) are identified to gE(s), where s ∈ R.Moreover, if a family gr, r ∈ [0, ε]
forms a normal parametrization of E, so does the family t · gr, r ∈ [0, ε] . Thus,

the geodesic flow on GS restricts to an action of R on G0S̃. Observe that for any
two points ξ, η ∈ ∂S̃ there exists a unique (up to parametrization) geodesic g in

G0S̃ with g (−∞) = ξ and g (+∞) = η. Similarly, we identify all local geodesics
in GS which are closed and parallel and, thus, obtain the corresponding space
G0S.

The following proposition establishes the above mentioned uniqueness of (non-

closed) geodesic lines in S̃.

Theorem 11 Let g be a non-closed geodesic or geodesic ray in S. Then

d (Im g, {s1, ..., sn}) = 0.

For its proof we need the following elementary lemma.

Lemma 12 Let FS (ε) , FS (δ) be two infinite flat strips in S̃ of width ε, δ
respectively with 0 < ε ≤ δ. Assume that FS (ε) , FS (δ) intersect at an angle θ,
with 0 < θ < π/2. Then, FS (ε) ∪ FS (δ) contains a right angle quadrangle of
width δ + ε

2 cos θ
and length ε

2 sin θ
.

Proof. The proof is elementary. Figure 1 exhibits the details, where the
segment

AD =
1

2
FC =

1

2

ε

sin θ

is understood as the length and

GA = GB +BA = δ +
EB

cos θ
= δ +

ε

2 cos θ
> δ +

ε

2

the width.

Remark 13 Clearly, by letting θ → 0 the length of the (finite) flat quadrangle
given by the above Lemma tends to ∞, while its width is bounded below by δ + ε

2
.

Lemma 14 Let S̃ be the universal cover of e.s.c.s S. Let [x0, y0] be a geodesic
segment containing a conical point s in its interior. Assume that both angles
subtended by [x0, s] and [s, y0] at s (notation ∡s (x0, y0)) are strictly bigger than
π, say, θ1 + π and θ2 + π with θ1 + θ2 + 2π = θ (s) . Then there exists an ε > 0
such that

∀x, y with d (x, x0) < ε and d (y, y0) < ε⇒ [x, y] ∋ s.
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Proof. Set θ0 =
1
3
min {θ1, θ2, π} . We may choose a neighborhood around x0

of radius ε > 0 such that the angle ∡s (x0, x) < θ0 for all x with d (x, x0) < ε.
Similarly for y0. Then for any x, y with d (x, x0) , d (y, y0) < ε we have that both
angles subtended by [x, s] and [s, y] at s are > π. Thus [x, s] ∪ [s, y] is a geodesic
segment.

Lemma 15 Assume that a sequence of geodesic rays {gn} converges to a geodesic
ray g. If for some ε > 0, gn ∈ FHS (ε) for all n, then g ∈ FHS (ε) .
The same result holds for a sequence of geodesic segments converging to a geodesic
ray.

Proof. We write the proof for geodesic rays as the proof for segments is
identical.
Assume that ε (g) < ε. Note that ε (g) may be 0. We first treat the case where
g contains a conical singularity. In this case, we have that, for some lift g̃ of
g and pre-image s̃ of a conical singularity s ∈ {s1, ..., sn} , g̃ (ts) = s̃ for some
ts ∈ (0,∞) . There are two angles formed by the segments of g̃ at g̃ (ts) . One
of them must be equal to π, otherwise, by Lemma 14 and large enough N we
have that the image of g̃N contains s̃, a contradiction. Without loss of generality,
assume that the angle on the left, according to the parametrization of the ray g̃,
is equal to π.

If Im g̃ contains another pre-image s̃′ 6= s̃ of a conical singularity s′ ∈ {s1, ..., sn} ,
that is, g̃ (ts′) = s̃′ for some ts′ ∈ (0,∞) , then, for the same reason as above, one
of the two angles formed by the segments of g̃ at g̃ (ts′) must be equal to π.
Claim: The angle subtended at g̃ (ts′) which is equal to π is also on the left,
according to the parametrization, of the ray g̃.
Proof of Claim: Assume the Claim does not hold and without loss of generality
assume ts′ > ts. Pick N ∈ N such that

d (g̃ (t) , g̃N (t)) < ε/4 for all t ∈ [0, 2ts′] .

Then, g̃N (ts) is on the left of Im g̃ and g̃N (ts′) = s̃′ is on the right of Im g̃. Thus,
the singularity s̃ lies on the right of Im g̃N at distance < ε/2 and s̃′ lies on the
left of Im g̃N at distance < ε/2. This is a contradiction since g̃N is contained in
FHS (ε) . This completes the proof of the Claim.

Using the Claim we have that the assumption ε (g) < ε implies that there

must exist a conical singularity s̃1 ∈ S̃ on the left of the ray g̃ such that

0 < d (s̃1, Im g̃) = ε′1 < ε.

Otherwise, we would be able to find a flat half strip containing g̃ of width ε′ >
ε (g) . Let [s̃1, g̃ (t1)] , t1 ∈ [0,∞) be the geodesic segment of length ε′1 realizing
the distance of s̃1 from Im g̃. For simplicity we assume that t1 > ts. The other
case is treated similarly.
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Each geodesic gn splits the flat half strip FHS (ε) to which it is contained
into two flat half strips whose intersection is Im g̃n. Denote by ε1,n and ε2,n the
widths of these flat half strips with ε1,n + ε2,n = ε. Clearly, we may assume that
s̃1 is on the left of the ray g̃n and, moreover, by Lemma 14 it follows that for large
enough n the conical singularity s̃ = g̃ (ts) is on the right of the ray g̃n, otherwise
g̃n cannot converge to g̃. Choose N ∈ N such that

∀t ∈ [0, t1] , d (g̃N (t) , g̃ (t)) <
ε− ε′1

3
. (1)

Since s̃ does not belong to the flat half strip containing Im g̃N , we have ε2,N <
d (g̃N (ts) , s̃) , thus

ε2,N < d (g̃N (ts) , g̃ (ts)) <
ε− ε′1

3
. (2)

Similarly,

ε1,N < d (g̃N (t1) , s̃1) ≤ d (g̃N (t1) , g̃ (t1)) + d (g̃ (t1) , s̃1)

which implies that

ε1,N <
ε− ε′1

3
+ ε′1. (3)

Combining inequalities 2,3 we obtain

ε = ε1,N + ε2,N <
2

3
(ε− ε′1) + ε′1

a contradiction, which completes the proof in the case g contains a conical sin-
gularity.

Assume now that g does not contain a conical singularity. Then the assump-
tion ε (g) < ε implies that for some (hence any) lift g̃ of g, there must exist conical

singularities s̃1, s̃2 ∈ S̃ such that

• d (s̃1, Im g̃) = ε′1 > 0, d (s̃2, Im g̃) = ε′2 > 0,

• 0 < ε′1 + ε′2 < ε, and

• s̃1, s̃2 do not belong to the same side of Im g̃.

Other wise, we would be able to extend the flat half strip containing g̃ to a flat
half strip of width ε′ > ε (g) . Let [s̃1, g̃ (t1)] (resp. [s̃2, g̃ (t2)]) , where t1 ∈ [0,∞)
(resp. t2 ∈ [0,∞)) , be the geodesic segment of length ε′1 (resp. ε′2) realizing the
distance of s̃1 (resp. s̃2) from Im g̃. We may assume that t2 > t1.

Choose N ∈ N such that

∀t ∈ [0, t2] , d (g̃N (t) , g̃ (t)) <
ε− (ε′1 + ε′2)

3
. (4)

8



If both inequalities

d (s̃1, g̃N (t1)) < ε1,N and d (s̃1, g̃N (t1)) < ε2,N (5)

hold, then s̃1 belongs to the flat half strip FHS (ε) containing g̃N , a contradiction.
Thus, at least one of the inequalities in 5 does not hold. Without loss of generality
we may assume that the inequality

d (s̃1, g̃N (t1)) > ε1,N

holds and, therefore, the inequality

ε′1 + d (g̃ (t1) , g̃N (t1)) = d (s̃1, g̃ (t1)) + d (g̃ (t1) , g̃N (t1)) > ε1,N (6)

holds. Similarly, and using the assumption that s̃1, s̃2 do not belong to the same
side of Im g̃ we have

ε′2 + d (g̃ (t2) , g̃N (t2)) = d (s̃2, g̃ (t2)) + d (g̃ (t2) , g̃N (t2)) > ε2,N (7)

Combining the above inequalities we reach

ε′1 + ε′2 + d (g̃ (t1) , g̃N (t1)) + d (g̃ (t2) , g̃N (t2)) > ε1,N + ε2,N = ε

which implies that

2max {d (g̃ (t1) , g̃N (t1)) , d (g̃ (t2) , g̃N (t2))} > ε− (ε′1 + ε′2)

Thus for some t ∈ {t1, t2} we have that

d (g̃N (t) , g̃ (t)) >
ε− (ε′1 + ε′2)

2

a contradiction by (4).

For the proof of Theorem 11 we also need the following proposition which is
of interest in its own right.

Proposition 16 Let g be a geodesic which does not contain a conical point, U =
{t · g|t ∈ R} and U its closure in GS under the compact open topology. Then the
following are equivalent:
(a) g is not periodic.
(b) U \ U 6= ∅, that is, U is not closed.

Proof. Clearly, if g is periodic then U is closed. For the converse, assume,
on the contrary, that for a non-periodic g we have U = U . Pick a sequence {tn}
converging to +∞. Then, since GS is compact we have, up to a subsequence,
that the sequence {tn · g} converges to a point in U , say,

tn · g → t0 · g

9



for some t0 ∈ R. Clearly, by the definition of the compact open topology, for any
C ∈ R, we have

(tn + C) · g → (t0 + C) · g

In other words, we have the following property:

(∗) every point t · g in U is the limit of a sequence of geodesics {tn · g} ⊂ U for
some sequence tn → ∞.

Since Im g does not contain a conical point, we may pick an open disk D such
that

D ∩ Im g 6= ∅ and D ∩ {s1, ..., sn} = ∅.

Then Im g ∩ D consists of geodesic segments σj , j ∈ J of the form g|[t−j ,t+j ]
for

some t−j < t+j ∈ R with endpoints σj (−) = g
(
t−j
)
and σj (+) = g

(
t+j
)
contained

in ∂D. The degenerate cases t−j = t+j where the segment σj is just one point are
excluded from the collection. As the lengths of the non-null homotopic loops in
S are bounded away from 0, the set

{∣∣t+j − t+j′
∣∣
∣∣∣∣ j 6= j′ ∈ J

}

is bounded below which implies that the set
{
t+j |j ∈ J

}
is a discrete subset of R,

hence J is countable. Thus, we may enumerate the segments σj by considering
J = Z and t−j < t+j < t−j+1 < t+j+1 for all j.
Observation: If σj ≡ σj′ for some j < j′ then, as Im g does not contain conical
points, g must be periodic with period t+j′ − t+j .

By the above observation (which is not valid when Im g contains conical
points), J is a countably infinite set.

By property (∗) each geodesic segment σj is the limit of a sequence of segments
in Im g ∩D = {σj , j ∈ J} . It follows that the set

∂2J := {(σj (−) , σj (+)) |j ∈ J}

is a perfect subset of ∂D × ∂D, thus, uncountable, a contradiction.
Using standard compactness arguements and the natural projection GS → S

given by γ → γ(0) it can be easily seen that U ⊂ GS is not closed if and only if
Im g ⊂ S is not closed. Consequently, we have the following

Corollary 17 Let g be a geodesic which does not contain a conical point. Then
g is closed if and only if Im g is a closed set.

Proof of Theorem 11 Assume, on the contrary, that

d (Im g, {s1, ..., sn}) > 0.
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Then the maximal flat half strip FHS (g̃) ⊂ S̃ containing a lift g̃ of g has width
ε (g) = ε > 0. Let U = {t · g|t ∈ R} and consider its closure U in the space of
geodesics in S under the compact open topology.

Set
ε = sup

{
ε (h) |h ∈ U

}
.

By Lemma 15, ε ≥ ε. By Proposition 16 we may choose h0 ∈ U \ U such that
ε (h0) > ε− ε

3
and let {hn}n∈N be a sequence in U such that hn = tn · g → h0.

Pick a lift h̃0 of h0 and a sequence
{
h̃n

}
approximating h̃0 in the compact open

topology. We first claim that for all n ∈ N large enough the geodesic segment
h̃n ([ε, T ]) , for any time T > ε, cannot be parallel to the geodesic line Im h̃0. For,

if h̃k ([ε, T ]) is parallel to the geodesic line Im h̃0, then Im h̃0 would have to be

parallel to the whole geodesic line Im h̃k at distance, say M ≥ 0. The same will
also be true for any translation t · h̃k. If M = 0 then h̃k is a translation of h̃0
which implies that h0 ∈ U , is a contradiction since h0 was chosen in U \U . In the
case M > 0, as hn, n > k is a translation of hk, namely hn = (tn − tk) · hk, we
would have that hn (0) = hk (tn − tk) is at distance at least M > 0 from h0 (0) .
This is a contradiction to the fact that hn = tn · g → h0.

Pick a sequence zk → ∞ and for each k ∈ N, let N (k) ∈ N be large enough so

that for the time interval [ε, zk] the geodesic segment h̃N(k) ([ε, zk]) lies inside the

flat half strip FHS
(
h̃0

)
. As the geodesic segment h̃N(k) ([ε, zk]) is not parallel

to the geodesic line Im h̃0, we may apply Lemma 12 to the flat strips FHS
(
h̃0

)

and FHS
(
h̃N(k)

)
, k ∈ N to obtain sequences

{rk}k∈N , {qk}k∈N ⊂ [0,∞)

such that

• qk → ∞, and

• the geodesic segment rk · h̃0 ([0, qk]) is contained in a right angle quadrangle

of width ε
(
h̃0

)
+ ε

2
and length qk.

The sequence
{
pS

(
rk · h̃0

)}
converges, up to a subsequence, to a geodesic

f ∈ U . By Lemma 15 and Remark 13, it follows that f ∈ FHS
(
ε
(
h̃0

)
+ ε

2

)

which is a contradiction because

ε
(
h̃0

)
+
ε

2
= ε (h0) +

ε

2
> ε (h0) +

ε

3
> ε

and ε is chosen to be sup
{
ε (h) |h ∈ U

}
.
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Remark 18 As the image of any geodesic in S̃ splits S̃ into two convex sets,
say S̃L and S̃R, we may speak of the distance to the left of Im g̃ from the set{
s̃ ∈ S̃L

∣∣ s̃ conical point
}
, namely,

dL = inf
{
d (x, s̃)

∣∣ x ∈ Im g̃, s̃ ∈ S̃L

}

and similarly for dR. For a geodesic g̃ in S̃ which
(a) does not contain any conical point
(b) projects to a non-closed geodesic in S
Theorem 11 asserts that dL = dR = 0. This is clear in the above proof by working
with a maximal flat strip to the left (right) of Im g.

Using the uniqueness of the non-closed geodesic lines in S̃ (see Theorem 11),
one can obtain a short proof of the following theorem shown in [1] in the context
of Hadamard spaces.

Theorem 19 There exists a geodesic γ in GS whose orbit Rγ under the geodesic
flow is dense in GS.

4 Density of closed geodesics

In this section we show the following

Theorem 20 The closed geodesics are dense in GS.

Set ∂2S̃ = {(ξ, η) ∈ ∂S̃ × ∂S̃ : ξ 6= η} and let H : G0S̃ → ∂2S̃ × R be the

homeomorphism given as follows: choose a base point x0 ∈ S̃. Let γE ∈ G0S̃. If
the class γE consists of a single geodesic line γ joining γ (+∞) , γ (+∞) ∈ ∂S̃ set

H(γE) = (γ(−∞), γ(∞), s) (1)

where s is the real number such that d(x0, γ(R)) = d(x0, γ(−s)). If γE is a class of
parallel geodesics {γr|r ∈ [0, ε]} forming a flat strip E, then there exist a unique
geodesic segment starting from x0 and realizing the distance of x0 from E. We
may extend this geodesic segment to a geodesic segment which is perpendicular
to all lines Im γr, r ∈ [0, ε] . In other words, there exists a unique s ∈ R such that

d (x0, γ
r(R)) = d(x0, γ

r(−s)), ∀r ∈ [0, ε] .

We use this s ∈ R to define H(γE) as in equation (1). The map H is a homeo-
morphism (see [2, Th. 4.8]).

Proof of Theorem 20 Let β ∈ GS be a non-closed geodesic and β̃ ∈ GS̃ a lift-
ing. Set η = β̃(−∞), ξ = β̃(+∞). Then by Proposition 7 there exists a sequence
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{φn} of hyperbolic isometries such that φn (−∞) → η and φn (+∞) → ξ. Set
ηn ≡ φn (−∞) and ξn ≡ φn (+∞) and, clearly, φn(ηn) = ηn, φn(ξn) = ξn. Since

∂S̃ is topologically a circle, we may choose the sequence {(ηn, ξn)} ⊂ ∂visS̃×∂visS̃
so that, in addition, for all n the following condition holds:

ηn, ξn belong to the same component of ∂S̃ \ {η, ξ} .

As β is non-closed, the chosen lift β̃ ∈ GS̃ determines a class β̃E ∈ G0S̃ which
is a singleton. We have H(β̃E) = (η, ξ, s) for some s ∈ R. Denote by β̃nE the

geodesic H−1(ηn, ξn, sn) ∈ G0S̃ where sn is chosen so that sn → s. As H is a

homeomorphism, β̃nE → β̃E in the compact-open topology of G0S̃. If the class

β̃nE is not a singleton, choose β̃n to be β̃n
r
where r = 0 or 1 according to which of

the two geodesic lines Im β̃n
0
, Im β̃n

1
has smaller distance (as a set) from Im β̃n.

We then have that the sequence
{
β̃nE

}
determines a sequence

{
β̃n

}
such that

β̃n → β̃ in the compact-open topology of GS̃. Clearly, each β̃n is translated by
φn and, thus, projects to a closed geodesic βn = πS(β̃n) in S. By continuity of
πS, we have the desired convergence βn → β.

5 Application to surfaces with conical singular-

ities < 2π.

From now on we consider surfaces with conical singularities of arbitrary angle
θ (s) ∈ (0,∞) \ {2π} . We will show that any geodesic in S can be approximated,
in the compact open topology, by closed geodesics and/or appropriate saddle
connections.

In what follows we will need a certain existence theorem of branched coverings
which follows from Theorem 2.1 in [8]. The latter is the result of efforts of many
mathematicians. Originally, the classical problem dating back to Hurewitz asks
necessary and sufficient conditions for the existence of branched covering (see in
[8] and its bibliography for supplementary information). We next recall basic
definitions.

A branched covering is a map ψ : S ′ → S, where S ′ and S are closed connected
surfaces and ψ is locally modeled on maps of the form C ∋ z → zk ∈ C for some
k ≥ 1. The integer k is called the local degree at the point of S ′ corresponding
to 0 in the source C. If k > 1 then the point of S corresponding to 0 in the
target C is called a branching point. The branching points are isolated, hence
there are finitely many, say n, of them. Removing the branching points in S and
all their pre-images in S ′, the restriction of ψ gives a genuine covering, whose
degree we will denote by d. If the i-th branching point on S has mi pre-images,
the local degrees (dij)j=1,....mi

at these points give a partition of d i.e., dij ≥ 1 and∑mi

j=1 dij = d.

13



In our context, we consider only the conical points s1, . . . , sl, l ≤ n in S which
are conical singularities of angle smaller than 2π and choose

• mi = 1 for all i = 1, . . . , n

• di1 = d odd natural number so that di1θ(si) > 2π.

The above branching data is realizable by a branched covering (see Theorem
2.1 in [8]) yielding the following theorem

Theorem 21 For every e.s.c.s. S of genus ≥ 0, there a (finite) branched covering
ψ : S ′ → S such that:
(1) S ′ is an e.s.c.s., with all conical singularities being of angle larger than 2π,
(2) the branch set on S are the conical singularities of angle smaller than 2π.
In particular, each conical singularity of angle smaller than 2π has one pre-image
in S ′.

Let S be a e.s.c.s. with conical singularities {s1, . . . , sl, sl+1, . . . , sn} with
θ (si) ∈ (0, 2π) for i = 1, . . . , l and θ (si) ∈ (2π,∞) for i = l + 1, . . . , n, l ≤ n.
Observe that the image of a geodesic in such surfaces, cannot contain a singular
point s with θ (s) ∈ (0, 2π) .

We consider the following notion in S : a local geodesic segment in S with
endpoints in {s1, . . . , sl} will be called a generalized saddle connection. This
terminology follows the notion of a saddle connection originally introduced in
the study of translation surfaces (see [10]). Observe that a generalized saddle
connection can only contain in its interior conical points si, for i = l+1, . . . , n.We
also allow the endpoints to coincide. We will also use the notion of a closed piece-
wise geodesic by which we mean a finite union of generalized saddle connections
which form a closed curve. Clearly, a closed piece-wise geodesic is a closed curve
γ which is a local geodesic except at the points conical points Im γ∩ {s1, . . . , sl} .

Theorem 22 Let S be a Euclidean surface with conical singularities

{s1, . . . , sl, sl+1, . . . , sn}

with θ (si) ∈ (0, 2π) for i = 1, . . . , l and θ (si) ∈ (2π,∞) for i = l + 1, . . . , n,
l ≤ n. Then,
(a) for any non-closed geodesic or geodesic ray g in S,

d (Im g, {s1, . . . , sl, sl+1, . . . , sn}) = 0.

(b) every element in GS can be approximated, in the compact open topology, either
by a sequence of closed geodesics or, by a sequence of closed piece-wise geodesics.
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Proof. Let S ′ be the e.s.c.s. and ψ : S ′ → S the branched covering posited
by the above theorem. The branched set of ψ is {s1, . . . , sl} and denote by
{s′1, . . . , s

′
l} their pre-images in S ′.

Let g be a non-closed geodesic (or geodesic ray). Observe that Im g does not
contain any of the singularities s1, . . . , sl. Clearly, g is covered by finitely many
geodesics in GS ′. Let g′ be one of them.

For (a), if
d (Im g, {s1, . . . , sl, sl+1, . . . , sn}) > 0

then, since ψ is distance decreasing, we have

d
(
Im g′,

{
s′1, . . . , s

′
l, s

′
l+1, . . . , s

′
n

})
> 0.

This is a contradiction because Theorem 11 asserts that

d
(
Im g′,

{
s′1, . . . , s

′
l, s

′
l+1, . . . , s

′
n

})
= 0

For (b), Theorem 20 asserts that there exists a sequence of closed geodesics {g′n}
converging, in the compact open topology, to g′. If

Im g′n ∩ {s′1, . . . , s
′
l} = ∅ (8)

holds for infinitely many n, then by passing, if necessary, to a subsequence we
have that {g′n} converges to g′ and, therefore, the sequence of closed geodesics
{ψ (g′n)} converges to ψ (g′) = g.

If (8) holds only for finitely many n, then we have that {ψ (g′n)} is a sequence
of closed piece-wise geodesics which converges, in the compact-open topology, to
g.

We now turn our attention to Euclidean surfaces with conical singularities
{s1, . . . , sl, sl+1, . . . , sn}which satisfy θ (si) ∈ (0, π) for i = 1, . . . , l and θ (si) ∈
(2π,∞) for i = l+1, . . . , n, l ≤ n. Note that a geodesic, which, as usual, is defined
to be a local isometric map, may have homotopically trivial self intersections, that
is,

∃t1, t2 ∈ R with g (t1) = g (t2) such that the loop g|[t1,t2] is contractible.

Clearly, the lift g̃ to the universal cover S̃ of S of a geodesic g with homotopically
trivial self intersections is not a global isometric map. In view of this and the
following Lemma, we restrict our attention to geodesics which do not have ho-
motopically trivial self intersections, equivalently, from now on the word geodesic
will mean that its lift to the universal cover S̃ is a (global) geodesic.

Lemma 23 There exists a positive real number C such that for any geodesic g

d (g (t) , si) ≥ C for all i = 1, . . . , l and for all t ∈ R.
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Proof. It suffices to show that for each i = 1, . . . , l there exists Ci > 0
depending on θ (si) , such that for any geodesic g

d (g (t) , si) ≥ Ci for all t ∈ R.

Choose C ′
i such that d (si, sj) > C ′

i for all j 6= i. Set Ci = C ′
i cos

θ(si)
2
. We will

show that if d (Im g, si) < Ci then g has a homotopically trivial self intersection.
Let g (ti) be the point on Im g of minimum distance, say C0, from si. Clearly,

d (g (ti) , si) ≡ C0 < Ci. Then, the geodesic segment [si, g (ti)] is perpendicular to
Im g. Let r be the geodesic ray emanating from si such that both angles subtended
by r and [si, g (ti)] at si are equal to θ(si)

2
. Set

T =
C0

cos θ(si)
2

and t′i = C0 tan
θ (si)

2
.

Then the geodesic segments

[si, g (ti)] , [g (ti) , g (ti + t′i)] and r|[0,T ]

and the geodesic segments

[si, g (ti)] , [g (ti) , g (ti − t′i)] and r|[0,T ]

form two (equal) right triangles with common hypotenuse r|[0,T ] and common side
[si, g (ti)] . Thus,

g (ti + t′i) = r (T ) = g (ti − t′i)

and g has a self intersection which is clearly homotopically trivial.
In the next Theorem GS consists, as mentioned above, of geodesics with no

homotopically trivial self intersections.

Theorem 24 Let S be a Euclidean surface with conical singularities

{s1, . . . , sl, sl+1, . . . , sn}

with θ (si) ∈ (0, π) for i = 1, . . . , l and θ (si) ∈ (2π,∞) for i = l+1, . . . , n, l ≤ n.
Then, every element in GS can be approximated, in the compact open topology,
either by a sequence of closed geodesics or, by a sequence of generalized saddles.

Proof. As in the previous theorem, consider the branched covering ψ : S ′ →
S with branched set {s1, . . . , sl} with pre-images {s′1, . . . , s

′
l} in S ′. Let β ∈ GS

be a non-closed geodesic. By the previous lemma,

∃C > 0 such that d (β (t) , si) ≥ C, for all i = 1, . . . , l, and for all t ∈ R.

An analogous statement follows for any lift β ′ of β and the singularities {s′1, . . . , s
′
l}

∃C > 0 such that d (β ′ (t) , s′i) ≥ C, for all i = 1, . . . , l, and t ∈ R. (9)
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Theorem 20 asserts that there exists a sequence of closed geodesics {β ′
n} converg-

ing, in the compact open topology, to β ′. If

Im β ′
n ∩ {s′1, . . . , s

′
l} = ∅ (10)

holds for infinitely many n, then we obtain as in the proof of the previous theorem
that the sequence of closed geodesics {ψ (β ′

n)} converges to ψ (β ′) = β.
If (10) holds only for finitely many n, we may assume that for all n, Im β ′

n

contains at least one singularity from {s′1, . . . , s
′
l} . Choose a sequence of positive

εk → 0 with εk < C. Then, for each k ∈ N, there exists a closed geodesic β ′
n(k)

which (εk, [−k, k])-approximates β ′, that is

for t ∈ [−k, k] , d
(
β ′
n(k) (t) , β

′ (t)
)
< εk

By (9), β ′
n(k)|[−k,k] does not contain a singularity si, i ≤ l. Restrict β ′

n(k) to a

compact set [t−k, tk] containing [−k, k] such that

β ′
n(k) (t−k) , β

′
n(k) (tk) ∈ {s′1, . . . , s

′
l}

and β ′
n(k)|(t−k,tk) does not contain a singularity si, i ≤ l. Clearly, γ′n ≡ β ′

n(k)|[t−k ,tk]

is a sequence of generalized saddles (each with endpoints β ′
n(k) (t−k), β

′
n(k) (tk))

approximating β ′. It follows that γn = ψ (γ′n) is a sequence of generalized saddles
approximating β.
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