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On the lower Nil-groups of Waldhausen
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Abstract. Let I' = Iy g I[] be an amalgamated free product, where G is a finitely generated
central subgroup of Iy and I7. We show that the negative Waldhausen Nil-groups that appear
in the calculation of the K-theory of ZI" vanish. If G = H x T"™ is a decomposition of G with
H a finite group and T the infinite cyclic group, we also show that the exponent of the NK,-
group depends on the order of H.
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1 Introduction

Let T’ be the amalgamated free product I xg [}, where G is a subgroup of I3},
i =0, 1. In calculating the K-theory of the integral group ring ZI", we encounter the
difficult task of calculating certain exotic Nil-groups ([19]).

In the sequel, we will outline certain methods for calculating the Nil-groups which
appear in the computation of K;(ZT') for i < 0 in the case that G is a central finitely
generated subgroup of I; (i = 0, 1). In particular, G is of the form H x T with H a
finite abelian group and 7" an infinite cyclic group.

Main Theorem. Let G be a finitely generated central subgroup of T, i = 0, 1. Then
(1) NK,(ZG;Z[Ty — G, Z[T; — G]) = 0, for j < —1.
(2) NKo(ZG;Z[Ty — G),Z[IT — G]) has exponent a power of the order of H.

An immediate application of the Main Theorem is connected to a classical conjecture
about the vanishing of the lower K-groups of integral group rings. More precisely,
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Vanishing Conjecture. Let T be a discrete group. Then K;(ZT') = 0 for i < —2.

The Vanishing Conjecture has been proved for all subgroups of cocompact discrete
subgroups of Lie groups ([8], [9]) and for the groups of the form 7;(K) x Z" where K
is a finite complex of nonpositive curvature ([12]). More examples of groups that
satisfy the Vanishing Conjecture can be found in [4] and [1].

Using the conclusion of the Main Theorem, we can extend the class of groups for
which the Vanishing Conjecture is true.

Theorem. Let I, i = 0, 1, be two groups for which the Vanishing Conjecture is true, and
let G be a finitely generated central subgroup of T; (i = 0,1). Then the group Ty x¢ I
satisfies the Vanishing Conjecture.

As a first application the theorem provides an algebraic proof for the vanishing of
lower K-groups of an abelian virtually infinite cyclic group I' that admits an epi-
morphism (with finite kernel) to the infinite dihedral group D, ([9]).

Another application comes from combining the two classes of groups that were
mentioned above. Let [ be a discrete subgroup of a discrete cocompact subgroup of
a Lie group which is not torsion free and contains Z as a central subgroup. Let I] be
a torsion free cocompact subgroup of SL,(Q,)), where Q) is the p-adic field. Then
the Main Theorem implies that the group I' = I #z (I x Z) satisfies the Vanishing
Conjecture and I" does not belong to any of the two classes mentioned above. More
complicated examples can be obtained by repeating the above construction.

The K-theory of amalgamated free products of groups has been studied in [17],
[18], [19]. Amalgamated free products are pushouts in the category of groups. The
failure of the Mayer-Vietoris sequence to be exact in this case is measured by certain
Nil-groups. The Nil-groups in this case have been defined in [18], [19], and [7]. In [7],
the Nil-groups were defined using twisted extensions of additive categories. We study
the functorial properties of the Nil-groups using the description in [7]. Using the
functorial properties of the Nil-groups we show that the lower Nil-groups vanish in
the setting of the Main Theorem. The method used for proving the vanishing result
is based in the methods used in [5] and [9] for proving the vanishing of the lower
K-groups for finite groups and virtually infinite cyclic groups, respectively.

The calculation of the exponent of the NKj-group uses a modification of the
methods that were developed in [6].

The methods developed in this paper work also for HNN-extensions of groups.
The relevant category theory could be developed as in [7] and a vanishing result will
follow exactly as in the amalgamated free product case.
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A. Ranicki for their help during the preparation of this paper. He would like also
to thank the University of Edinburgh, IMADA at the University of Odense and
the Instituto de Matematicas, UNAM, Unidad Morelia for their hospitality.

The authors would like to thank the referee for useful suggestions in improving the
final version of the paper.
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2 Review of the twisted polynomial extensions of additive categories

All the rings have identity, unless it is mentioned otherwise, and the property that
finitely generated free modules have well-defined rank. All ring homomorphisms
preserve the identity.

We shall review certain basic constructions on rings and bimodules. Let R be a ring
and B an R — R-bimodule. We write 7x(B) for the tensor R-algebra defined by B.
The algebra Tr(B) is an augmented graded algebra which admits a decomposition as
an R-bimodule

TR(B)=R®B® (BQrB) @ ---

The multiplication is given by concatenation.

For any ring R, .#r denotes the category of right R-modules, Zx the subcategory of
finitely generated projective right modules, and Zx the subcategory of finitely gen-
erated right free R-modules. For o/ = .#,%,7, o/f denotes the product category
ofg X o/ X - X ofg (n times). Let J be the category with objects triples R =
(R; By, B1) where R is a ring with unit and B;, i = 0, 1, are R-bimodules. A morphism
(f,d0.41) : (R; By, B1) — (S; Cy, Cy) is a triple where f : R — S is a unit preserving
ring homomorphism, and ¢, : B; ®z S — C; is an R — S-bimodule homomorphism
for i = 0,1 (the R-module structure on C; is induced by the map f). Let

(fsdo, 1) (9:¥0:¥1)
= —_—

(R; By, By) (S; Co, C) (T'; Do, D1)

be two morphisms in 7. Their composition is the morphism

(af Woldo @ 17), (1 (4 ® 17))

(R;Bo,B]) (T;D(),Dl).

Remark 2.1. Let R = (R; By, B;) be an object in J and f: R — S be a unit pre-
serving ring homomorphism. Then f induces a morphism in 7

[f] = (f7¢07¢1) : (R;B07Bl) - (S;S®RB0 ®RS7S®RB1 ®RS)

where, fori = 0,1, ¢, : BiQr S — S ®g B; ®z S, is defined by ¢,(h ® 5) =1 @b ® s.
The construction is natural. Let # be the category with objects (S, /) where S is a
ring and f: R — S is a ring homomorphism and morphisms given by ring homo-
morphisms making the corresponding diagrams commutative. Then the above con-
struction induces a functor [R] : Z — 7.

Main Construction. We shall define functors
F,: 9 — <dd

for o = 2 or #, where .oZdd is the category of additive categories. The construction
is construction 2.1 of [7].
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Description of IF,,. Let R = (R; By, B;) be an object of 7 as above. Then there is a
functor ag : M} — M} defined by

ar(Mo, My) = (M, ®g By, My @ B1)

Then IF,(R) is the twisted polynomial extension construction on .Z7 ([7]). More
precisely, the objects of IF,,(R) are the same as the objects of .7 and

IF./ (R) (1, ) = i/% 2y (v)) = zo Pt

where we write p; : u — ak(v) for the i-th component of the morphism. Let m =
(f,do,¢1) : (R; Bo, B1) — (S; Co, C;) be a morphism in 7. We shall construct a
functor IF,,(m) : IF,(R) — TF.,(S) between additive categories:

If u = (Fy, F)) is an object in [F,(R) then
IF, (m)(Fo, F1) = (Fo Qg S, F1 ®r S).

For the construction of IF,, on morphisms we first note that, for any object v =
(Go, Gy) of Fy(R), we can define a morphism m; in .42 between IF,,(m)(az(v)) and
as(IEy, (m)(v)), as follows.

I/ (m)(ar(v)) = Fy (m)(Gy ®g Bo, Go ®r B1)
= ((G1 ®@r Bo) ®r S, (Go ®r B1) ®r S)
(G ®g Co, Go ® C1)
~ ((G1 ®r S) ®5Co, (Go ®r S) ®sCo)

= as(IF,(m)(v)),
where ¢ = (15, ® ¢, 1, ® ¢

1)- Repeating the above process we construct a mor-
phism m; in .#% from IF,, (m) (!

2(v)) to af(IF,(m)(v)), for all i > 0. For a morphism

Z piti € ]]::&a/(u7 U)7
i=0
where p; : u — ak(v), define
I, (m) (;)Piti) = (m; o oy (m)(p:))1',

i=0

where F,(m)(p;) : Foy(m)(u) — Foy(m) (o (v)) is given by p; ® 1.
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Remark 2.2. There are some immediate observations arising from the definition.

1. The operation “¢ = 0’ induces a forgetful natural transformation

7., (R) : Fy(R) — /3.
Equivalently, the functor 7,(R) is induced by the morphism (R; By, B;) (1;0,0)
(R;0,0) of objects of 7.

2. The different choices of .o/ are connected by a forgetful natural transformation
Y :Fz — IFp.

The main natural examples of such triples arise from the study of the K-theory of
pushout squares of rings ([18], [19]). Let

RLA()

I

A —Wll S

be a pushout diagram of rings, where the homomorphisms ;, i = 0, 1, are assumed to
be pure inclusions i.e. they are inclusions and there is a splitting 4; = ;(R) ® B, as R-
bimodules. In this case, the structure of S has been described in [17] and [19]. Notice
that S contains the tensor algebras Tr(By ®z Bi) and Tr(B; ®g By). The structure
of a pushout diagram as above determines an object in 7, namely the triple R =
(R; By, By). In this context, a functor is defined in [7]

r: IF:Q/ (R) — S
connecting the two categories.

Let R = (R; By, B;) be a triple in 7. Set B; = By for all even i > 0, B; = B; for all
odd i > 0, and put

BY) = B, ®x Bis1 ®g -+ QpBiijo1

for all i, j > 0. In particular, BY = R, Bi(l) = B;. Similarly, if (Qy, Q1) is an object in

IF,(R), we put Q; = Qq for all even i > 0, and Q; = Q; for all odd i > 0. With this
notation

aR(Qo, O1) = (0; ®r Bl.(jzl, 0ir1 ®r BY).

Thus, if u = (Py, P1) and v = (Qp, Q1) are objects in F,(R), then
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I (R)(u,v)

D [#r(Po, Qi ®r Bz'(QI) @ Mr(P1, Qiv1 @x B)]

i>0

& ; i
= {;)(P(o_j) @ Pt P,y € Mr(Pk, Qivk Pr B,-(+)k+1)7k =0, 1}-

The object p = (R, R) is a basic object in IF»(R), in the sense of Bass ([3], p. 197), i.e.,
each object u of IF»(R) is isomorphic to a direct summand of p” = (R", R") for some
integer n. We write R, = Endp,(r)(p) for the endomorphism ring of p. We shall give
the structure of R, in more detail. A morphism of degree i, ¢ = (¢, ;, ¢ )1 :

p — ag(p), can be identified with the element (¢ ;(1), ¢, ;(1)) € BE’QI @® B . Multi-
plication in R,, i.e. composition of endomorphisms, is then given by concatenation
with the added convention that B;B; =0, i = 0, 1. Considering the degree mod 2 of
components one obtains a natural splitting of R, as an R x R-bimodule

Rp = Reven @ Rodq-

The even component Reveq is @ subring of R, which is isomorphic to the product of
the tensor algebras Tx(B; ®g Bo) X Tr(Bo ®g B1), and Ryqq is an Reyen-bimodule.
There is a split inclusion of rings 7 : R x R — R, by considering pairs of elements of
R as endomorphisms of degree zero of p. The splitting { is given by the forgetful map
to the zero degree component of any endomorphism.

We shall give a description of R, as a “matrix ring”. Define

R — ( Tr(B1 ®g Bo) B ®g Tr(Bo ®r Bl))
’ By ® Tr(B1 ®g Bo) Tr(Bo ®r B1) ’

with multiplication given as matrix multiplication and on each entry by concaten-
ation. There is a split inclusion of rings i/ : R X R — R,’, given by

’ _ ri 0
1'(ri,rm) = (0 r2>,

with splitting given by the natural projection {' to R x R.

Proposition 2.3. There is a natural ring isomorphism
k:R,— R,

such that ko1 =1".

Proof. As an abelian group, Endp,g)(p) is generated by morphisms of degree i
for all i > 0. We shall define the map x on morphisms of degree i and extend
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linearly. A morphism ¢; € End,g)(p), of degree i is determined by a pair of elements
(bit1,b;) € B@1 X B,@. Then « is defined:

i+
<bi+1 0 > o
if i 1s even

0 b
K(¢;) = 0 b .
<bi+1 0 > if i is odd

It is a straightforward calculation that x is a ring isomorphism that commutes with
the augmentation maps. O

In most calculations involving R, from now on, we will represent elements of R, as
2 x 2 matrices as in Proposition 2.3.

In [15] (§7, §8) one finds definitions of the polynomial extension and the finite Laurent
extension of any additive category. The constructions are used for defining the lower
K-groups of an additive category following the ideas in [2]. We shall review the basic
definitions from [15]. We denote by IPy(A) the idempotent completion of the additive
category A. Objects of the new category are pairs (a, p) where p is a self-morphism of
a such that p?> = p. A morphism f : (a, p) — (b, q) is a morphism f : a — b such that
qfp = f. There is an embedding 1 : A — Py(A) that maps «a to (a, 1,). It follows that

([15])
Ko(PPo(A)) = Coker(K;(Alz]) ® K1 (Alz7!]) — Ki(Alz,z71])).

We define the reduced Ky-group f(vo(A) to be the cokernel of the map induced by  on
the Kj-group of the projective completion. Inductively, for an additive category A,

K; 1(A) = Coker(K;(A[Z]) @ K;(A[=™']) — K;(Alz,27']), j <0,

where the map is induced by the natural inclusion of categories. Reduced and
unreduced K; groups are isomorphic for j < —1.

Following [15], we define the reduced K-groups of the additive category A as follows
([15], §5): If L and M are two objects in A, the sign

0 1

e(L, M) = (1 0) LOM—>MOL.

The isomorphism ¢(L, M) determines an element in K;(R). Define
Ki(A) = Coker(e : Ko(A) ® Ko(A) — K;(A)).

The K;-group of an additive category is isomorphic to the K; of its idempotent
completion. The same is true for the reduced Ki-group.
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We shall study the polynomial and Laurent extensions of an additive category of the
form F,(R). Let R = (R; By, B) as before. We write R[z,z7!] (R[z], R[z™!]) for the
objects of 7, (R[Z7 Zﬁl]? BO[Zv 271}7 B [Z, Zﬁl]) ((R[ZL B0[2]7 By [Z])a (R[Zil]; 30[271]7
B1[z7"]) respectively). Here Bi[z,z7'| = B; @ R[z,z7'] (Bilz] = B; ®g Rz, Bi[z™!] =
B; ®g R[z7!] respectively), for i = 0,1, and it is an R[z,z~!']-bimodule with z.b = bz
for b € B;.

Lemma 2.4. There are equivalences of categories
[ Ey(R)z,27"] = Fy(R[z,27'))
Jy Fy(R)[z] — oy (R[2))
fo By R)[E] — By (RZ)).

Proof. We shall give the proof for the finite Laurent extension. The other cases follow
similarly. Let u = (Fy, Fy) € /2 represent an object in IF,,(R)[z,z~']. We define

F(Fo, Fi)lz,27"]) = (Folz, 27 '], Filz,271)),
which is an equivalence on the set of objects ([15], Example 8.4). If u = (Fy, F1)
is an object of IF,(R) we write ulz,z"!] for the object (Fylz,z7'], Fi[z,z7!]) of

IF,(R)[z,z7!]. Then f(u) = u[z,z""]. For the definition of / on morphisms, we need
the following general remark.

Claim. There is a natural isomorphism
OC;Q(U)[Z, Z_l] = 062[27_,,1] (U[Z’ Z_]D,
for each object v = (Gy, Gy) of F/(R).

Proof. We shall prove the claim for i = 1. The general case follows by repeating the
argument.

(2r(0)[z.27'] = ((Gi ®r Bo) ®g Rlz,z '], (Go ®r B1) ®p R[z,z'])
= (G1 ®r (R[z, 27" gz, Bolz,27')),
Go ®r (R[z,z™"] @gpz.-1 Bilz,27']))
= (Gilz,z7'] @ 1) Bolz, 2], Golz, 27'] @iz -1 Bulz,27])

= o‘R[z,z’l](U[L Zﬁl])‘
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Using the Claim and the definitions we will show that f induces an equivalence on
the morphisms.

Iy (R)[z, 27 )(u,v) = (s (R) (u, 0) [z, 27']

— . (RE= =)z, ofz, 1)),
which implies that /" is an equivalence of categories. ]
The calculations in the proof of Lemma 2.4 imply the following result.
Corollary 2.5. Let plz,z7'] (plz], plz~']) be the basic element of the category
Fz(R)[z,z7'] (IF#(R)[z], F# (R)[z '], respectively). Then R, .1y = R,[z,z7'] (R, =
R,[z], Ry = R,[z7!] respectively).

The next result studies the maps induced on K-groups by the forgetful natural
transformation  defined in Remark 2.2, Part (2).

Lemma 2.6. For each object R = (R; By, B1) of 7 the natural transformation
induces an equivalence of categories

Y¥(R) : Py(IFz (R)) — IPo(IF»(R)).
In particular, the map induced in K-groups is an isomorphism.
Proof. The proof is the same as the proof of the equivalence IPo(Fr) = Po(#r). [
We shall compare the K-theory of IPy(IF#(R)) with the K-theory of the ring R,. For
this, notice that there is a functor c¢: g, — IF#z(R) given by sending the free

R,-module of rank 7 to p”. The functor c is full, faithful and cofinal.

Lemma 2.7. The functor ¢ induces an isomorphism

¢ K;(Po(Fx,)) — K;(Po(F»(R))), j<1.
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Proof. For j = 1, the result is classical ([11], Thm. 1.1). We shall prove the Lemma for
j = 0. The other cases follow from Lemma 2.4, Corollary 2.5, and the definition of
lower K-groups. Since the functor c¢ is cofinal, the functor induced on the idempotent
completions is also cofinal. Thus the map ¢y is a monomorphism. We shall show
that ¢ is an epimorphism. The image of ¢( is generated by elements of the form
(p", p), where p is a projection in IF#(R). Let ((F, G), p) represent an element in

Ko(Py(IF»(R))). Then F and G are finitely generated projective R-modules and p
is a projection in IF»(R). There are finitely generated projective modules F' and G’
such that FOF "~ G @ G’ and both modules are finitely generated free R-modules.
Then, n K()(IP()(IF@(R))),

[((Fa G)vp)] = [((Fv G),p)] + [((Flv G/),O)] = [((FC—DF/a G G,),p S 0)]7
which belongs to the image of ¢. O
Let R=(R; By, B;) be an object of 7 and J be a two-sided ideal of R. Let

x: R— R/J be the projection map. So (R/J,y) determines an object of #. By
Remark 2.1, the projection y induces a functor

[x] : R — [R](R/J, %).

Thus it induces also a functor

.+ Bz (R) = F7 ([R](R/J, 1)) = 1.(F7 (R)).

Definition 2.8. The object R = (R; By, B;) satisfies the condition (J*), for a two-sided
ideal J of R, if JB; = B;J fori =0, 1.

Lemma 2.9. Let R satisfy condition (J*) for a two-sided ideal J.

(i) There is an isomorphism of R/J-bimodules

R/J Qg B; ®x R/J =~ R/J @gB:, i=0,1,
where the right action of R/J on R/J ®g B; is given by

((r+ ) @b)- (' +J) = (r+J) ® (br').

(ii) There is an isomorphism of R/J-bimodules Bl-(j) ~ R/J ®g B,w Jor all i and j,
where

BY) = (R/J ® B; ®x R/J) ®r/s (R ®r Bt @& R/T)

®pys - (R/J @r Bitj-1 @ R/J).
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Proof. Condition (J*) guarantees that the maps
R/J @B ®rR/J — R/J@rB;, (r+J)®@bQ (r'+J)— (r+J)® (br')
R/J®grB; — R/J®@rB; @ R/J, (r+])@b+— (r+J)@b® (14+J)

are inverse R/J-isomorphisms, proving Part (i).

Part (ii) follows by induction on j and Part (i). O

Let J be a two-sided ideal of R. We denote by J the two-sided ideal of R, generated
by J x J.

Proposition 2.10. Let R satisfy condition (J*) for a two sided ideal J of R. Then there
is a ring isomorphism

Ry/J — (R}J),;,
where p/J is the basic element of y,(F#(R)).
Proof. Using Lemma 2.9, we get that
Tr/s(Bo ®pjs Br)) = R/J ®g Tr(Bo ®x B1)
= Tr(Bo ®r B1)/JTr(Bo ®r B1),

as rings. Repeating the same argument to all the entries of the matrix representation
of (R/J),,;, we get a ring isomorphism (we write BB’ for B ®y B’)

Tr(Bi1Bo)/J - Tr(BiBo)  BiTr(BoBi)/J - BiTr(BoB)
m””“(&ﬂ( B)/J BoTw(BiBy)  Ta(Bo Vmewo>

The assumption on the bimodules implies that the ideal J has the following matrix
representation

()0 Tx(B1By) B Tx(BoBy)
\0 J )\ ByTx(BiBy) Tr(BoB)
[ J-T(BiBo) J-BiT(BoB)
- \J ByTx(BiBy) J- Tx(BoB)) |

Then it follows immediately that R,/J = (R/J), ;. O

Proposition 2.11. Let R be a triple which satisfies condition (J*) with J a two-sided
nilpotent ideal of R. Then the map
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J

%+ K(Po(Ex(R))) — K;(Po(x.(F5(R))), j <0,
induced by y is an isomorphism.
Proof. We shall give the proof for j = 0. Since J is nilpotent, condition (J*) implies

that the ideal J is a two-sided nilpotent ideal of R,. Then we have a sequence of
isomorphisms

Ko(Po(F#(R))) = Ko(R,) by Lemma 2.7
~ Ko(R,/J) by [2], Ch. III, Proposition 2.12
~ kvo((R/J)ﬂ/J) by Proposition 2.10
~ Ko(Po(x,(IF#(R))) by Lemma 2.7. O

3 Definition and properties of Nil-groups
Following [7], we can define the Nil-functor associated to IFz,

]NIF‘y 1 T — ddd.
The objects of the category NIF#(R) are pairs (u,v) where u is an object of IF#(R)
and v:u — og(u) is a degree one nilpotent morphism. Morphisms are given by
commutative diagrams as in [7]. The action of NIF#(R) on morphisms of 7 is
defined as before. We are interested in the reduced version of the above functor.
Notice that there is a functor #7 — NIF+(R) mapping an object u to the pair (u,0).
We define

Nily(R, ag) = Coker(Ko(77) — Ko(NF#(R))).
Following the ideas developed in the last section we define the lower ]Wl—groups by

Nily(R, ag) = Coker(K;(#3) — K;(NF#(R))) j<0.

There is an alternative way for constructing the lower ]Vi/l—groups using the methods
of [15], i.e. as the cokernel of the inclusion induced map:

Nily1 (R[z], otgz) @ Nl (R, otgi1)) — Niljy (R[z,27], oz 1)

We shall compare the two definitions. For this, we first need the analogue of Lemma
2.4 for the INIF ~-functors.



On the lower Nil-groups of Waldhausen 273

Lemma 3.1. There are equivalences of categories
Nf : NF#(R)[z,z"'] = NF-(R[z,z"'])
N/, : NIF#(R)[z] — NF#(R[z])
Nf_ :NF#R)[z"'] — NF#R[z"")).

Proof. The proof is similar to the proof of Lemma 2.4. In the first case, the equiva-
lence is defined by

Nf ((u,v)[z,27']) = (f (), f(v))

where f is the equivalence defined in Lemma 2.4. The proof that INf is an equiva-
lence follows as in Lemma 2.4. O

Lemma 3.2. There is an isomorphism
]Vl./lj—l (R, oR)
= Coker(Nil(R[z), i) @ Nily(R[z™"), gz 1)) — Nily(R[z, 27", oz )
forall j <0.
Proof. By definition, there is a diagram:

K7D = Coker(K/(73.)) ® K/(73.1)) — K /(7. 1)

F7

K;1(NF#(R)) = Coker(K;(NF(R[z])) ® K;(NF(R[z""])) — K;(NF(R[z,z7'])))

! !

Nili 1(R,or)  Coker(Nily(R[z], axz)) @ Nily(R[z™"], ag1)) — Nily(R[z,271], otz 1))

where the first equality is directly from the definition, the second equality follows
from Lemma 3.1 and the bottom row consists of the cokernels of the vertical maps,
by definition. The result follows. O

Let NK;(R) be the kernel of the map induced by the forgetful functor 7, (R) on the
K;-groups. As before, we define NK;(R) for all j < 1.

Remark 3.3. The following are immediate from the definitions:
1. By construction, NK; and the reduced NK; are isomorphic for j < 1.

2. The construction in [7] (Proposition 2.9 and Lemma 2.10) and Lemma 3.2 imply
that there is an epimorphism g; : Nil;_;(R) — NK;(R), for all j < 1.
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3. There is a map zp;:NK,(R)—>If(7(IPO(]Fp,>(R)) which factors through

K;(P(F5(R))) i.e. ; is the composition of two inclusions (j < 1):
W] NK,(R) — K (Po(IF5 (R))) > K (IPo(Fs (R))).
4. Lemma 2.7 implies that
NK;(R) = ker(K;(R,) — K;(R x R)).
The following is an immediate consequence of Lemma 2.6.

Lemma 3.4. There is a split exact sequence, for j < 1,
e 0;
0 — NK;(R) = K;(Po(F»(R))) — K;(%) — 0.

0= (n,), for j < 1.

We shall study a Mayer-Vietoris type property of the functors NK;. Let R be a
commutative ring and B; (i =0,1) be two R-bimodules for which the left and the
right actions of R coincide, for i = 0, 1. Thus the triple (R; By, B;) is an object of the
category 7. Let

R - R,

be a pull-back diagram of rings such that either f; or f; is a ring epimorphism (usu-
ally such a diagram is called Milnor square). The rings R;, j =0, 1,2, together with
the ring homomorphisms from R, are objects of the category %.

The above cartesian square is the reason we have introduced the category IF»(R).
The corresponding diagram of the categories of the free modules is not cartesian. So
we derive the following exact sequence from the cartesian square (x).

Ki(#) - K(Z) @ Ki(#) — Ki(#2) —
Ko(#2) — Ko(%2) @ Ko(2) — Ko(22) —
Ky(Z) = KA(ZR) @K (%) — -

Also, we form the pull-back of the following diagram of categories



On the lower Nil-groups of Waldhausen 275

hy
—— F»(Ry)

(2) h;l lf

f/
F»(R;) —— TF»(Ry)

Notice that Py(IP) is the pull-back of the projective completions.

Lemma 3.5. The above pull-back diagram of categories induces a Mayer-Vietoris
sequence in K-theory of the categories and their idempotent completions

Ki(P) — Ki(F»(R1)) @ Ki(IF»(R2)) — Ki(IF»(Ry)) — Ko(IPo(IP))
— Ko(IPo(IF»(R1))) ® Ko(Po(IF»(R2))) — Ko(Po(IF»(Ro)))
— K_1(Po(IP)) — K_1(IPy(IF»(R1))) ® K_1(PPy(F»(R>)))
— K1 (IPo(IF»(Ro)))-

Proof. We shall use the terminology of [2], Ch. VIIL. It is obvious that the two functors
f{ and f; are cofinal. We shall show that, if f; is a surjective ring homomorphism,
then f| is E-surjective in the sense of [2]. That means that for each object u of
IF»(Ry), after stabilization by an object v/, there is an object v of IF»(R;) such that f;
induces an epimorphism from the commutator subgroup of Aut(v) to the commuta-
tor subgroup of Aut(u @ u’). So let u be an object of IF»(Ry). We can stabilize u
such that u ® u’ = (Fy, F1) where Fy and F are free modules of the same rank. Set
ri= (R, R;), i=0,1,2, for the object in the corresponding category, consisting of
a pair of free modules of rank 1. As in the classical case, the commutator subgroup of
Aut(u @ u') is generated by ‘“‘elementary” matrices of the form e;(x) which is a
matrix with 1’s in the diagonal and x € Mor(rg, o). A self-morphism of ry can be
represented by a finite collection of pairs of elements in a tensor product of the
bimodules. Since the map f| is surjective, it induces a surjective map on the elemen-
tary matrices. Thus, if v consists of a pair of free Rj-modules of the same rank with
Fy (or Fy), then f| induces an epimorphism on the corresponding commutator sub-
groups of the automorphism groups. Then, by [2], Ch. VII, §4, Ch. XII §8, there is a
Mayer-Vietoris sequence in lower K-groups. The original argument in [2] gives an
exact sequence for absolute K-groups. That sequence induces a sequence of the
reduced K-groups. O

By the universal property of the pull-back diagrams of categories, there is a functor
g : F»(R) — TP making the resulting diagrams commute up to natural equivalence.

Lemma 3.6. The functor g induces a monomorphism for j <1,

g; - K;(Po(FE»(R))) — K;(IPo(IP)).
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Proof. The ideas of the proof of Theorem 3.11 in [14] apply in our setting. The main
ingredient of the proof of the theorem is that the two-sided reduction of coefficients
is isomorphic to the one-sided reduction. That is obvious in our setting. The result
n [14] implies that g is a full, faithfull and cofinal functor, which implies the
result. |

The above properties of the K-theory associated to a Milnor square imply the
following vanishing result for the lower NK-groups.

Theorem 3.7. Let (x) be a Milnor square as before and s < 0. If NK;(R;) =0 for
all j<sand i=0,1,2, then NK;_|(R) =0 for all j <s. Also, the boundary map

1?;1 (Ro) — K(R) induces an epimorphism. NK;;1(Ro) — NK(R).

Proof. By the naturality of the exact sequences associated to the pull-back diagrams
(1) and (2), we get a commutative diagram

K;(IPy(IF»(Ro))) —— K;_1(Po(P)) —— K;_i(IPo(IF»(R1))) @ K;—1(Po(IF»(Ry)))

| - |

Ki(%) — K(%) —— Ki (%) ® Ki_1(25).

The vertical maps are induced by the maps ¢; of Lemma 3.4. The NK-groups are
the kernels of the epimorphisms §;, j <s. Slnce they vanish, the maps ¢; are iso-
morphisms. The five-lemma implies that the map,

0;_1 : Kj-1(IPo(PP)) — Kj-1(%)

is an isomorphism for j <. But (0r);_, 0/' 19j-1- Lemma 3.6 implies that (0r);_,
is a monomorphism and thus NK;_ (R ) 0 for j <s. A similar argument works
for the second part of the theorem. O

There are two more functors of interest to our calculations. They are defined in [19].
Nit ¥, Nil"': 7 — odd.

The objects of Ni/" (R) (Nil" (R)) are quadruples (P, Q,p,q) where (P, Q) is an
object of %2 (#2) and

p:P—O®rBy, q:0— PR®rB
are R-homomorphisms such that there are filtrations

0=PycPic---cP,=P, 0=0Q)c@Qic--c=0,=0
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with the property that
p(Piv1) = Qi ®r By,  q(Qiv1) = Pi Qg By

Morphisms are given by commutative diagrams. On morphisms Nl (ﬁl ) is
defined as before. Then we define Nil)'(R) (Nil,” (R)) to be the Ko(Nil''(R))
(Ko(Nil"(R)) respectively). Using the polynomial and Laurent extension categories
we can define the lower Waldhausen’s Nil-groups as in [15], §7 and §8. The lower
Waldhausen’s Nil-groups appear in the extension of the main exact sequence in [18]
to the right. Notice that, for each object R of .7, there are functors ([19]):
%2 i(R) ]NilW(R) f(R) 9%2.

The reduced Nil-groups are equal to the kernel of the map that f(R) induces in
K-theory. In [7], Proposition 2.6, a natural isomorphism is constructed

@y : Nilo(R, ag) — Nil) (R)

in the case that B; are free as left and right R-modules for i = 0, 1. Using Lemma 3.2,
we see that such an isomorphism exists for all lower Nil-groups.

We shall use vanishing theorems for Waldhausen’s Nil-groups to derive correspond-
ing results for the twisted Nil-groups and the NK-groups. A ring R is called coherent
if the category of finitely presented R-modules is abelian. The basic properties of
coherent rings are summarized in [10]. In particular Noetherian rings are coherent.
In [19], it was shown that if the ring R is coherent and has finite cohomological di-
mension then the Waldhausen Nil-groups vanish. We will prove the result for quasi-
coherent rings (compare with the quasi-regular rings in [2], Proposition 10.1).

Definition 3.8. A ring R is called quasi-coherent if there is a two-sided nilpotent ideal
of R such that R/J is coherent of finite cohomological dimension.

Proposition 3.9. If R and all finite polynomial and Laurent extensions of R are com-
mutative quasi-coherent rings then

NK;(R) = Nil;-1(R) = Nil}(R) =0, j<0.
Proof. We are going to show the result for j = 0. An application of Lemma 3.2 will
imply the general case.
There is a commutative diagram of exact sequences
0 —— NK(R) —— Ky(Po(Fr(R) —— Ko(77) —— 0

S ¢

0 —— NKy(R/J) —— Ko(Po(F#(R/J))) —"— Ko(F3,) — 0
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where the vertical maps are induced by the projection y : R — R/J of rings. By
Proposition 2.11, the map y, is a monomorphism which implies that y’ is a mono-
morphism. But the ring R/J is coherent and of finite cohomological dimension. Thus
Nil)" (R/J) = 0. Therefore NKy(R/J) = 0 being the epimorphic image of Nil;" (R/J)
under gy®, . Since ' is a monomorphism, NKy(R) = 0. O

Remark 3.10. A commutative quasi-regular ring R satisfies the assumption of Pro-
position 3.9 ([2]). This is essentially Hilbert’s basis theorem.

We now specialize to the case of amalgamated free products of rings as in [19]. Let
S = Ay *gr A; be the pushout in the category of rings ([19]). For simplicity we assume
that all the maps are ring monomorphisms and we identify a ring with its image in
the larger ring. We assume that 4; = R@® B; as R-bimodules, i = 0, 1. In this case,
the epimorphism

o; : Nil,_1 (R, ag) — NK;(R)
is an isomorphism for all j < 1, and both of the groups are naturally isomorphic

to Waldhausen’s lower Nil-groups ([7]). Actually in this case there is a functor r:
Fz(R) — Zg, r(Fo, F1) = (Fo @ F1) ® S such that the following diagram commutes

Nilj(R, 2g) " K (F7(R))
L
e Sj+
Nl (R) K (S)
where s;,1 is the split injection defined in [19]. The commutativity of the digram
follows from Proposition 2.6 of [7] with the usual methods of extending results on

Ky-groups of an additive category to lower K-groups.

Of course there is a more direct definition of the NK-groups as relative K-groups,
using the result of Lemma 2.7. More specifically,

NK;(R) = ker(K;(R,) — K;(Rx R)), j<1.
In other words, NK;(R) = E(Rp, I) where I is the augmentation ideal i.e. the kernel
of the augmentation map. Actually this description allows us to define relative NK;-

groups. Let J be an ideal of R, and J is its image under the augmentation map. Then
J is an ideal of R x R. We define

NK;(R,,J) = ker(K;(R,,J) — K;(R x R, J).

With this interpretation the following result becomes classical
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Lemma 3.11. With the above notation, there is a long exact sequence

NK,(R,,J) — NK|(R,) — NK|(R,/3) — NKy(R,,J) — ---.

Proof. Let I be the augmentation ideal as above. The exact sequence stated in the
lemma is derived from the exact sequence of ideals

0—-InJ—=J—=J/InJ—0.

The details appear in [13]. ]

4 On the Nil-groups of commutative rings

Let R be a commutative Artinian ring and B; (i = 0, 1) be two R-bimodules such that
the right and left R actions coincide. Let J be the Jacobson radical of R and J be the
ideal of the endomorphism ring R, generated by J. Then J is a nilpotent ideal. Let I
be the augmentation ideal of R, — R x R. Set J for the ideal J N L.

Lemma 4.1. With the above notation, NKi(R,,J) is the image of the inclusion induced
map

Kl(Rp,j) — Ki(R,,J).

Proof. By definition, the augmentation map induces isomorphisms
R,/IZRxR, J/J=JxJ.

Thus the augmentation map induces an isomorphism of relative groups
Ki(R,/1,J/J) =~ K1 (R x R, J x J).

With this observation, the exact sequence of the triple J = J < R,
Ki(R,,J) = Ki(Ry,J) — Ki(R,/1,J/J),

is reduced to
Ki(R),J) — Ki(R,,J) — K{(R x R,J x J).

The result follows from the definition of NK|(R,,J) as the kernel of the augmenta-
tion map. ]

Let U(R,,J) be the units of R, which map to the identity in R,/J.
Lemma 4.2. With the above assumptions,

UR,,J)=1+1J.
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Proof. Since J is nilpotent, 1+J = U(R,,J). Also, if ue U(R,,J), then u—1
belongs to J which proves the other inclusion. O

Proposition 4.3. The inclusion induced map
1+J— Kl(R/,,j)
is an epimorphism.
Proof. The result follows from Theorem 9.1, p. 266 of [2]. ]

Combining Proposition 4.3 with Lemma 4.1, we derive the following

Corollary 4.4. The image of the composition
1+J— Ki(R,,J) — Ki(R,,J)
is NK|(R,,J).
Combining the above results with Lemma 3.11, we derive the following:
Corollary 4.5. The composition
1+J — NKi(R,,J) — NK;(R)
is an epimorphism.
Proof. Since R is Artinian, the Jacobson radical is nilpotent and R/J is regular. By
Proposition 3.9, NK;(R/J) vanishes. Thus Lemma 3.11 implies that the second map

is an epimorphism. The result follows from Corollary 4.4. O

The following lemma follows directly from the general form of the elements of the
ring R,.

Lemma 4.6. The group 1 + J is generated by elements of the form

1+ 0 1 m 1 0
0 1+,") 0o 1) m' 1)

where j' € JTr(B) ® By), j" € JTr(By ® By), m' € JBy ® Tr(Bo ® By), 1" € JBy ®
TR(Bl ® By).

Proof. A general element of 1 + J has the form

1+ my
m2 1+j//
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Set m! = (14 ;') "'my and m} = (1 + j")"'my. Then

1+ m o (1+) 0 1 my
my 1+j") 0 1+")\my 1)

Now the last matrix can be written as a product

1 mp\ (1 0 1 0\ /1 m
my 1) N0 1—mm| )\ (A =mm))'mj 1)\0 1)

The form of the decomposition completes the proof of the lemma. OJ

We further assurne that B; is isomorphic, as an R-bimodule, to a direct sum of
copies of R. Let {xl }i, e, be a bas1s for the module B;, i = 0, 1. We write F(i,i') for
the free algebra on the set {x;, ® xl1 2 (A, i) € Ay x Ay}, where i’ = (i — 1) mod 2.

The algebra F(i,i') is a subalgebra of the free algebra Q on the union of the two
sets of generators i.e. the set {x) , i (i, Air) € A; x Ay} We also write

M7 i) = @ xﬁ’;)F(i’,i) = @ Fli,ix),

A,’EA[ lie/\i

for the F(i,i") — F(i’,i)-bimodule (again i’ = (i — 1) mod 2). All the operations take
place in the free algebra Q.

Lemma 4.7. With the above notation, there is a ring isomorphism

N F(1,0) M(1,0,1)
= (M(o,w) F(0,1) )

Proof. When the bimodules are direct products of copies of the ring, then the tensor
algebra is isomorphic to the free algebra on the set of generators. The result follows

directly from this observation. |

Corollary 4.8. Under the assumptions of Lemma 4.7, an element of 1 + J has the form

<1+P1‘0 D101 )
Poro  L+por)
where p; ; € JE(i, j) and p; ; ; € JM(i, j,i). In particular, the entries of the matrix can

be represented as polynomials on non-commuting variables with coefficients in J.

Thus we have a relatively complete description of the generators of NK| in the case of
interest.
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Proposition 4.9. Let R and J be as above. Then NK|(R) is generated by the images of
elements of the form

<1+P1,0 0 )(1 pl,O.l)( 1 0>
0 1+po1/)'\0 1 ) \po1o 1)

under the composition
14+J— K| (R,,J) — NK|(R,,J) — NK;(R).

Proof. By Corollary 4.5 the composition is an epimorphism. But Lemma 4.6 and
Corollary 4.8 imply that the three types of matrices generate 1 4 J.

5 Calculation of the generating set

Now we specialize to the case of interest. Let G be a finitely generated abelian group,
G = H x T" with H a finite abelian group of order n and 7 the infinite cyclic group.
Set R=7ZH and R’ =ZG. Then R’ is the Laurent ring of R in m commuting vari-
ablesie. R' = R[si,s7",...5m8,']. Also, let n = p}'p¥> ... p& be the decomposition
of n into prime factors. Choose integers /. .., [, such that p* > k,n for all r and set

n' = p{‘ péz ...ph. Let B; (i=0,1) be two R’-bimodules such that the right and left
R’ actions coincide and R’ = (R’, By, By).

Theorem 5.1 (Main Theorem). With the above notation

(i) NK;R")=0forj< -1,

(ii) n’NKo(R') = 0.

Proof. The proof is classical in this context. The basic ideas can be traced back to
Bass ([2]) but we use more the methods of Connolly—daSilva ([6]). Let ZH < M <

QH be a hereditary order. Then nM < ZH and we get the following cartesian square
of ring homomorphisms

-1
ZG —_— Misi,s7", ... Sm, S

| |

(ZG/nM)[s1, 57t . smy syt ——— (M /nM)[s1,s7t, . Sy s,

m |-

The ring M is regular and the rings R/nM and M /nM are quasi-regular because
they are finite rings. Thus the Laurent rings satisfy the same properties. Therefore the
result of Theorem 3.7 implies that

(i) NK;(R')=0forj< —1.
(ii) NK;(M/nM) — NKy(R') is an epimorphism
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Combining part (ii) from above and Corollary 4.5 we have an epimorphism
14+ J — NK;(M/nM) — NK,(R'),

where J is the Jacobson radical of M /nM, J is the ideal of the endomorphism ring of
the basic object of M/nM generated by J, and J is the intersection of J with the
augmentation ideal. We shall show that each member of the generating set of
NKy(R') induced by the generators of 1+ J described in Proposition 4.9 has expo-
nent n’. Let x; be the image of the generator of the form

o L+pio 0
: 0  1+4py,)

The elements p, , and p, ; are polynomials on non-commuting variables with co-
efficients in the ideal J [sl,sl’l, e S, s;,l}. The calculations in the proof of the main
theorem, part (b) in [6] show that

’

(I+p1o)" =0+p)" =1,

which implies that n'x; =0. For the other generators, notice that if ae

Jls1, 87", .. Sm,ys,,1], na = 0 and thus n’a = 0 because n|n’. Therefore

1 D101 ”: 1 ”/P1,0,1 —J
0 1 0 1 '

That implies that »n’-times the generator which is the image of the above matrix
vanishes in NKy(R'). A similar argument applies for the other type of generators. []

Let I;, i =0,1, be two groups that satisfy the Vanishing Conjecture. We can use
Waldhausen’s splitting theorem for amalgamated free products and the vanishing
result of Theorem 5.1 to show that certain amalgamated products of I;, i =0,1,
satisfy the Vanishing Conjecture.

Theorem 5.2. Let I, i = 0, 1, satisfy the vanishing condition and G a finitely generated
central subgroup of their intersection. Let I = Iy xg I7. Then

K,(ZI) =0, j< -2.

Proof. By Theorem 5.1 the exotic Nil-groups vanish. Thus there is an exact sequence,
for j < —1

(#x)  K;(ZIh) @ K;(Z1h) — K;(ZT) — K;—1(ZG).

But K;(ZT;) = K;(ZG) = 0, for i = 0,1, j < —2 by assumption. The vanishing result
follows. 0
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For the discrete subgroups of the cocompact discrete subgroups of Lie groups, the
K_j-group is generated by the images of K_;-groups of finite subgroups ([8], [9]). We
generalize the result to certain amalgamated free products of such groups.

Corollary 5.3. With the notation as in Theorem 5.2, assume further that K_1(ZI;)
is generated by the images of K_; of its finite subgroups, i =0,1. Then K_(ZT) is
generated by the images of its finite subgroups.

Proof. For j = —1, the exact sequence (x+) provides an epimorphism
K_](ZFO) (—B K_] (Zr]) — K_I(Zl") — 0.

By assumption, the groups K_;(ZI;), i = 0,1, are generated by the images of the
K_j-groups of their finite subgroups. Thus K_;(ZI") is generated by the images of
the K_;-groups of the finite subgroups of Iy or I}. By the Corollary in [16], p. 36,
every finite subgroup of I' is contained in a conjugate of Iy or I]. Since inner auto-
morphisms induce the identity in K-theory, the images of K_;(ZF'), where F’ is a
finite subgroup of Iy or I}, and the images of K_|(ZF) in K_;(ZI") generate the same
subgroup. The result follows. O
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