ON THE VANISHING OF CERTAIN K-THEORY NIL-GROUPS

HANS JORGEN MUNKHOLM! AND STRATOS PRASSIDIS!2:3

ABsTRACT. Let I';, i = 0,1, be two groups containing Cj, the cyclic group of
prime order p, as a subgroup of index 2. Let I' = I'g *¢, I'1. We show that
the Nil-groups appearing in Waldhausen’s splitting theorem for computing
K;(ZT) (j < 1) vanish. Thus, in low degrees, the K-theory of ZI' can be
computed by a Mayer-Vietoris type exact sequence involving the K-theory of
the integral group rings of the groups I'g, I'1 and C)p,.

1. INTRODUCTION

We prove the vanishing of Waldhausen’s Nil-groups, in degrees less than or equal
to 0, associated to certain amalgamated free products of groups ([12], [13]).

In more detail, let C, denote the cyclic group of prime order p, and let I'g,I';
be two groups, each containing C, as a subgroup of index 2. Our main result
concerns Waldhausen’s Nil-groups associated to the amalgamated free product of
groups I' = ['gx¢, I'1. We write B; = Z[I'; — Cy], i = 0, 1, for the ZC),-sub-bimodule
generated by I'; — C).

Main Theorem. With the above notation
]/\/?’L'/lj(ZCp;Bo,Bl) :O7 j SO

Remark. For j < —1, this is a special case of results obtained in [10]. The exten-
sion to the case j = 0 was prompted by a question put to the second author (by Jim
Davis) in connection with the results appearing in [3].

Using the Main Theorem and Waldhausen’s splitting theorem, we can get infor-
mation about the (lower) K-theory of T.

Corollary. There are exact sequences
Kl(ZCp) — Kl(ZF())EBKl(ZF1> — K1<ZF) — Ko(ZCp) —

and
Wh(Cp) — Wh(To)&Wh(Iy) — Wh(T) — Ko(ZC,) — ---

Remark. For each prime p, this covers precisely three different groups I'. In fact,
each T'; is cyclic of order 2p or dihedral of order 2p.

The proof involves an extension of the methods developed in [10]. There, the
Nil-groups in question were shown to be related to the Nil-groups of certain additive
categories given in [8]. And this fact was used to establish naturality properties
and certain Mayer-Vietoris properties.

1 Supported in part by the SNF (Denmark) under grant number 9502188.
2 Supported in part by a Vanderbilt University Summer Research Fellowship.
3 Supported in part by National Science Foundation Grant DMS-9504479.
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For the present proof, we recall the classical Rim square associated to C,, i.e.,
the cartesian square of rings

ZC, —— Z[(p)

l l

7z —— F,

where (, is a primitive pt" root of unity and F, is the finite field of p elements.
The methods of [10] can be extended to provide a long exact sequence of Nil-groups
coming from this square. The three smaller rings in the diagram are Noetherian and
have finite cohomological dimension (called regular in [1]). Hence, by Waldhausen’s
vanishing result, the Nil-groups associated to those rings vanish. Using the exact
sequence, we can then derive vanishing results for the Nil-groups associated to the
triple (ZCp; By, B1).

The second author would like to thank IMADA at Odense Universitet for its
hospitality during his Spring 1997 sabbatical.

2. PRELIMINARIES

We assume that all rings considered have a unit which is preserved by all ring
homomorphisms, and that finitely generated free modules have well-defined rank.
For any ring R, M pr denotes the category of right R-modules, Pr the subcategory
of finitely generated projective right R-modules, and Fg the subcategory of finitely
generated right free R-modules. For A = M, P, or F, A% denotes the category
ArXArX... X Agr (n times).

We will use the notation established in [10], and write R = (R; By, By) for a triple
where R is a ring and B;, i = 0, 1, are two R-bimodules. Moreover, F 4(R) denotes
the twisted polynomial extension category defined in [8] and [10], for A = P, F. To
recall its definition, from ([8]), we first note that the triple R gives rise to a functor
ag: M3} — M3 defined by

ar(My, My) = (M®@rBo, Mo®rB1), ar(fo, fi) = (fi®l, fo®1).

Now, the objects of F 4(R) are simply those of A%, and

Fa(R)(1,0) = D Ml a(v) = { 7 it e Ml o)}

where we write p; : u — ajé(v) for the i** component of the morphism. Thus the
morphism sets are graded abelian groups, and the powers of the formal variable ¢
are there simply to keep track of degrees. In order to give a different description of
these morphism sets, we set B; = By for all even ¢ > 0, B; = By for all odd 7 > 0,
and put

Bi(j) = BiQrBi11®Rr ... ®rBitj—1

for all 4,5 > 0. In particular, Bgo) = R, Bgl) = B;. Similarly, if (Qo, Q1) is an
object in F 4(R), we put Q; = Qo for all even ¢ > 0, and Q; = @ for all odd ¢ > 0.
With this notation

@(Qo, Q1) = (Qi®rBY),, Qiy1@rBY)
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Thus, if u = (Py, P1) and v = (Qo, Q1) are objects in F4(R), then

Fa(R)(u,v) = @i>o [Mr(Po, Qi®rBY)) & Mp(Pr. Qiy1®9rB")]

= {Zizo(l?(o,i) & Pt Pr,iy EMR(Py, Qi+k®RBi(i)k+1)7 k=0, 1}7

and there is a forgetful functor (“evaluation at t = 0”)
nA IFA(R) — .A%, A= 'P,f.

In [10], it was shown that FF 4 is a functor on a category 7 of triples R = (R; By, B1)
as above with suitable, rather obvious, morphisms. In particular, if h : R — S is
a ring homomorphism, there is a functor

he :FA(R) — FA(S)

where S = (S; By, By) with B; = S®gB;®grS (i = 0,1) given by two-sided reduc-
tion of scalars along h.

Triples of the form R arise naturally from certain co-cartesian diagrams ([12],
[13]). To wit, let

RLAO

all lﬁo

A1 61

be a co-cartesian diagram of rings and assume further that the maps «;, i = 0,1,
are pure inclusions, i.e., they are inclusions and they induce R-bimodule splittings

A; =R®B,;,, i=0,1
where we have identified R with its image under «;. There result a triple
R=(R;By,B1) €T;
a splitting of A as an R-bimodule
A = R&By®B1®(By®rB1) ® (B1®rBo) @ (Bo®rB1®rBo) ® .. .
and an induced filtration of A as a ring

WA =R,

A = R®oBy® B,

FsA = R&By®B, @ (Bo®rB1) ® (B1®grBo),

F3A = ROBy®B; © (Bo®rB1) © (B1®rBo) © (Bo®rB1®rBo) © (B1®rBo®rB1),

Moreover, by [13], there is an exact sequence (for jEN)

C o K (A @K (A1) — Kj(A) — K; 1(R)ONiL,_,(R; By, B1) — -+ (+)

In other words, the Nil-groups measure the failure of exactness of a K-theory Mayer-
Vietoris sequence associated to a co-cartesian diagram of rings with the extra purity
assumption.
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For any amalgamated free product of groups, I' = ['g *¢ I'1, the integral group
ring ZI" fits into such a co-cartesian diagram of rings

R=7ZG —— A¢=17ZIy

l l

Al = ZFl — A=272I
In this case, each B; is free both as a left and a right R module, but we shall
start more generally by considering a triple R which is associated to a co-cartesian

diagram of rings for which the bimodules B; are only assumed to be flat as left
R-modules. We set

NK;(R) = Ker((nz); : K;(Fr(R)) — K;(F2))

(for j <0, the K;-group of an additive category is understood as the K;-group of
its idempotent completion). Then, for j < 1, there is a natural isomorphism

—w
NK;(R) — Nil;_,(R; Bo, B1)

([8], Theorem 2.11, for j = 1; [10], Proposition 13, for the lower K-groups) identi-
fying the kernel of the “augmentation” induced map for Fx(R) with Waldhausen’s
Nil-groups of one degree less. Since Fx(R) is cofinal in Fp(R), and F3 is cofinal
in P%, one also has the identification

NK;(R) = ker((np);)-

The main purpose of the comparison between the kernel of (np); and Waldhausen’s
Nil-groups is that we can use vanishing results for the former to derive similar results
for the latter. Thus, the next result follows immediately from [12], [13].

Lemma 2.1. Let R be a regular Noetherian ring and R = (R; By, B1) be a triple
associated to a co-cartesian diagram of rings such that B; is flat as a left R-module
fori=0,1. Then

NKj(R;BQ,Bl):O, j§1

—W
Proof. In fact, by Theorem 4, p. 138, of [13], Nil;_;(R; Bo, B1) is zero for j < 1. [

Remark. The assumption of the Lemma can be weakened to coherent regular rings
but we will not use the stronger version in this paper.

The main result of the present section is Proposition 2.4 which extends the
vanishing result of Lemma 2.1 to j > 2 in case By & B; = R. The case j = 2 is
the one we actually need (in the proof of Theorem 3.15).

We start by establishing the appropriate terminology. Let R = (R; By, B1) be
a triple in 7. Then p = (R, R) is a basic object in Fp(R), in the sense of Bass
([2], p- 197), i.e., each object u of Fp(R) is isomorphic to a direct summand of
p" = (R",R") for some integer n. We write R, = Endg, (r)(p) for the endomor-
phism ring of p. There is a split inclusion of rings ¢ : RxR — R, by considering
pairs of elements of R as endomorphisms of degree zero of p. The splitting o is
given by the forgetful map to the zero degree component of any endomorphism.
A morphism of degree i, ¢ = (¢, $1)t" : p — a’z(p), can be identified with the
element (¢p(1),#1(1)) € Bi(_?l@Bi(z). Multiplication in R, i.e., composition of
endomorphisms, is then given by concatenation with the added convention that
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B;B; =0, 1 = 0,1. Considering the degree mod 2 of components one obtains a
natural splitting of R, as an RxR-bimodule

Rp = Reven @Rodd .

The component Reyer is a subring of R,, and Roqq is an Reyen-bimodule.

The ring R, is also N-graded. The abelian group of degree iis R, ; = Bi(i)l@Bi(Z),
which also has a natural diagonal Rx R-bimodule structure. In case the triple R is
associated to a co-cartesian diagram of rings, then R, is the associated grading of

the filtration of Ax R. Another grading of the ring A is given in [11].

Lemma 2.2. With the above notation, there is an isomorphism F; : K;(R,) —
K;(Fp(R)) making the diagram

K;(R,) —— K;(Fp(R))

Kj(o l l(nv)j

Kj(RxR) ——  K;(Pg)
commute for j > 1. The horizontal map at the bottom is the natural isomorphism.
Proof. Since p is a basic object in Fp(R), the functor
F:Fp, — Fp(R), F(RI)=p"

is a full, faithful and cofinal functor. Thus, it induces an isomorphism on K ;-groups
for j > 1 (7], Thm 1.1; also [5], Proposition 1.1; [6], p. 225).

The bottom arrow is an isomorphism, in degrees 7 > 1, because R x R can be
thought of as the endomorphism ring of the basic object (R, R) in the category Fz
which is cofinal in P%.

Commutativity of the diagram is clear. ([l

We now restrict our attention to the case where B; = R, i = 0, 1, as R-bimodules.
In this case, the ring R, has a description as a matrix ring. In fact, let S be the
subring of Ms(R[z]) given by

6 <R[:c2] ;z:R[:rﬂ)
rR[2z?]  R[2?]
and let € : S — RXR be the natural augmentation map
a(z?)  xb(z?)
— (a(0),d(0
QW)MQ (a(0),d(0))

Proposition 2.3. Let By = B; = R as R-bimodules. Then there is a ring isomor-
phism

k:R, = S
which commutes with the augmentation maps, i.e., €ox = 0.

Proof. Because of the assumption on B;, the degree ¢ component R, ;, is isomor-
phic to RxR as an Rx R-bimodule with the degree i endomorphism (idg,idg)t"
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corresponding to the element (1,1). We define Rx R-bimodule maps

Rx% 0 %t 0
K|Rp2i: Rp2i — < 0 Rx2i) ) (1,1) — ( 0 x2i>
0 Rz2i+1 0 221
K| Rp2it1: Rp2iv1 — (sziﬂ 0 ; (L= | 2
The resulting map & is the required ring isomorphism. By construction, it commutes
with the augmentation homomorphisms. ([l

The above result reduces the problem of computing the N K-groups to a problem
in the K-theory of certain matrix rings.

Proposition 2.4. Let R be a regular Noetherian ring and assume that By = By =2
R as R-bimodules. Then for all jeZ, NK;(R) = 0.

Proof. For j < 0 the result follows from [10]. Let j > 1. By Lemma 2.2, it is
enough to prove the vanishing of the kernel of the map induced on the K-groups
by the augmentation o. If R is regular Noetherian, then R[x] is regular Noetherian
by Hilbert’s Basis and Syzygy Theorems. Then Ms(R|[x]) is Noetherian (because
is finitely generated as an R[x]-module) and it has finite cohomological dimension.
Also, M3(R[z]) is a free S-module with basis

o 2)G o))

Then S is a regular Noetherian ring (][9], p. 96, Proposition 2.30) and the same is
true for R,. Since R, is a graded ring with zero grading Rx R, the augmentation
induced map

gj ZKj(Rp) — KJ(RXR)
is an isomorphism ([9], Theorem 2.37, p. 98). Therefore NK;(R), being the kernel
of o, vanishes. O

Corollary 2.5. Let F = (F,;F,,F,) where F, is the field of p elements with p
prime. Then

NE;(F) =0, jeN.
In particular, (np); : K;(Fp(R)) — K;(P%)) is an isomorphism.

3. MAYER-VIETORIS SEQUENCES

Let h: R — S be a ring homomorphism. Then A induces a functor
h*: Mg — Mg

which maps an S-module M to the R-module with underlying abelian group M
and R-structure induced by h. We are interested in the image of the functor h*.

Definition 3.1. Let h : R — S be a ring epimorphism. A right R-module M
is called h-extended, if there is a right S-module structure on M such that mr =
mh(r) for all meM, r€ R. In other words, M is h-extended if M is in the image
of h*.

The main technical property of such extended modules is expressed in the fol-
lowing Lemma.
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Lemma 3.2. Let h: R — S be a ring epimorphism and M an h-extended right
R-module. Then there is a natural right S-module isomorphism

ICZM@RS — M

Proof. 1t is easy to check that there is a well defined homomorphism given by
k(m®s) = ms, and that £(m) = m®]lg, defines an inverse. O

For an R-bimodule B we write B = SQr B for the S — R bimodule obtained by

left-sided reduction of scalars. Also, recall that B = S®p B®rS. We immediately
get the following result.

Corollary 3.3. Let B, i = 0,1, be R-bimodules. If the S — R-bimodules By and
By are h-extended as right R-modules, then
Bo®sB1 = (S®rBo®rS)®5(S®rB1®rS) = S@rBe®rB1 = Bo®@r b1

as S-bimodules. In particular,

as S-bimodules.
We will study the extension properties of a pull-back diagram of rings. We start
with a cartesian diagram of rings

RLRQ

ol L

R1L>Ro

where we assume that hy and hs are epimorphisms. The diagram induces a pull-
back diagram of categories ([1], Ch. IX, Thm. 5.1)

Pr —— Pr,

! l

Pr, —— Pk,

Notice that the diagram induces an exact sequence of R-bimodules

(hi ha) (jjlcz)
-

0— R Ri®Ry ———— Ry — 0 (E)

where the action of R on Rj, j = 0,1,2, is induced by the maps in the cartesian
square.

First we recall a routine algebraic lemma which uses the following notation.
Let h : R — S be a ring homomorphism, @ and P right R-modules, and B an
R-bimodule. Then there is a right R-module homomorphism

Q®rB — QOrS®RrB, q®b— q®1,®b
and an induced abelian group homomorphism

h:Homgr(P,QorB) — Hompg(P,Q2rSRrB)
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Lemma 3.4. If P and Q are projective, and B is left flat, then the sequence

0 — Homp(P,Q®rB) ") Homp(P, Q@ Ri®rB)®Homp (P, Q@ Ra® 1 B)

"
M Hompg(P,Q®rRo®rB) — 0

s exact.

Proof. The assumptions on Q and B show that the induced sequence
0 — Q®rB — QRrRI1QrBEQ®RrR2QOrB — QQrRy®rB — 0

is exact. The result follows because P is projective. O

Corollary 3.5. Let P and Q be projective right R-modules and B an R-bimodule
which is flat as a left R-module. Assume further that R;@rB is hj-extended as a
right R-module (j = 1,2), and that Ry®rB is fihi-extended (= foho-extended) as
a right R-module. Then the exact sequence (E) induces an exact sequence of abelian
groups

0 — Homg(P,QopB) 1h2),

fi
.HOTrLI:;g1 (P®RR1, Q(X)Ri’:h@)RB)@I‘IOWLR2 (P®RR2, Q@RR2®RB) <_f2>

Homp,(PRrRo, QRrRy®@rB) — 0.
Proof. This follows from Lemma 3.4 using the adjointness isomorphisms
Hompg(P,QRrRi®@rB) = Homg,(PRrR;, QRrR;@rB)
(i=0,1,2). O
We now consider a triple R = (R; By, B1) such that R;®grB; is hj-extended
as a right R-module (j = 1,2 and ¢ = 0,1) and Ro®gB; is fihi-extended as a
right R-module (¢ = 0,1). It follows that R;QrB; is fj-extended as a right R;-

module (¢ = 0,1, j = 1,2). We further assume that the modules B; are flat as left
R-modules (i = 0,1). Then we get corresponding objects in 7,

R; = (Rj; Rj®RrBo, Rj®rB1), j=0,1,2;
a pull-back of additive categories (defining P)

/

P Fp(R2)

| al
f/
Fp(Ri) —— Fp(Ro)
where f] is induced by f; (j = 1,2); and a functor
¢:Fp(R) — P

induced by the universal properties of the pull-back.
In [10], it has been shown that if a ring homomorphism is surjective, then the
map induced in the twisted polynomial extension categories is E-surjective in the
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sense of [1] (Def. 2.4, p. 356). Thus by [2], A.13, p. 151, the above square induces
a commutative diagram of exact sequences in K-theory

Ky (Fp(R1))®K2(Fp(R2)) — Ka(Fp(Ro)) — Ki(P) — Ki(Fp(R1))®K1(Fp(R2))

Ky (PR, )0K2(PE,) — Ky(P%,) — Ki(PE) —  Ki(Pg)®K1(PR,)

The vertical maps are induced by the obvious functors between two pull-back dia-
grams.

Lemma 3.6. The functor ¢ is full and faithful.

Proof. Let u = (Py, P1), v = (Qo, Q1) be two objects in Fp(R). We must show
that the map induced by ¢

¢ Fp(R)(u,v) — P((u), ¢(v))
is a group isomorphism, and start by setting the notation. For k = 0,1, and i > 0,
hgll)c : PR(kaQi+k®RBz'(j-)k+l) - PR(Pk®RRj7Qi+k®RRJ®RBi(—i&-)k+1)

and

fj(zxz :PR(Pk®RRj,Qi+k®RRj®RBl'(j_)k+1) — PR(Pk®RROaQi+k®RRO®RBi(-?k+1)
are the maps induced by hj, f;, 7 =1,2.

¢’ is a monomorphism. An element 8 in the morphism set Fp(R)(u,v) can be
written

8= Zpo(p(o,i)@P(m))ti

and its image under ¢’ has the form

¢/(5) = ) ((h(li,gj(p(o,i)) S hg,%)(p(o,i))) S ((hgwl (p(l,i)) ® hg)l (p(l,i)))ti
>0

If ¢'(B) =0, then for all k = 0,1 and i > 0,

W (D)) @ bk (P(riy) = 0
Using Corollary 3.5, we see that each p(; ;) = 0. Thus 8 = 0.

¢’ is an epimorphism. Let y€P(¢(u), ¢(v)). Then vy = 71 &2 where
Vi €Fp(R;)((hy)«(u), (hy)«(v)), J=1,2

Since 7y is a morphism in the pull-back category

(f1)«() = (f2)«(72) in Fp(Ro)((frhn)«(u), (frh1)«(v)) (1)

As before, each 7; can be written as a direct sum of homomorphisms

Vi = Zizo(p(o,i)j@p(l,i)j)ti

and condition (1) implies that, for K =0,1, ¢ > 0,

fl(i;)c(p(k,m) = fz(le(p(k,i)2)7 ie., (p(k,i)lap(k,i)Q) € Ker (E*E)

s
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() ) such that h(-l,)C (P(k,i)) =

By Corollary 3.5, there is p(x ;)€ Homp( Py, Qi+ k@rB; /111 ;.

p(k,i)j~ Set
B = ZDO(]7(0,1‘)691!7(1,1‘))15z
Then ¢'(8) = . O

We recall the definition of an elementary morphism in an additive category. Let
A be an additive category, u an object of A. An automorphism a of u is called
elementary if there is a decomposition u = ug®u; such that a takes the form

()

for some b : u; — up. Also, K1(A) can be defined as the group generated by all
pairs (u,a), where u is an object of A and a an automorphism of u, divided by the
subgroup generated by pairs (v, e) with e elementary.

We will prove the analogue of E-surjectivity for functors induced by ring epimor-
phism on the twisted polynomial extension category of finitely generated projective
modules ([1], p. 449). Let R = (R; By, B1) be a triple. We start with an observation
on the morphism sets of objects in Fx(R). Let u = (Fp, F1) and v = (Go, G1) be
two objects in Fz(R) of ranks (mg, m1) and (ng,n1). As before, we write G; = G
for all even i > 0, G; = G4 for all odd 7 > 0 and we write n; for the rank of G;.
For any R-bimodule B, we write M,,«,(B) for the abelian group of mxn matrices
with entries in B.

Lemma 3.7. With the above notation, a choice of bases of the free modules involved
induces an isomorphism of abelian groups

Fr(R)(u,v) 2 @D [Mugsn, (BL)) ® M,y o,y (B

Proof. This is standard matrix calculation. (Il

i>0

Let h : R — S be aring epimorphism and R = (R; By, B1). Let S = (S;B:(), B:1)
The map h induces a functor
h. :F£(R) — Fx(S)

Let @, j = 1,2, be objects in Fx(S). Then there are objects u; in Fz(R) such
that h.(u;) = uw;, j = 1,2. A choice of isomorphisms induces an abelian group
homomorphism

hi : Fr(R)(ur,uz) — Fr(S)(ur, uz)

The next result is an easy corollary of Lemma 3.7.
Corollary 3.8. With the above notation, h, is an epimorphism.
Proof. Let B be any R-bimodule. Since h is a ring epimorphism, the map
B :B — B,b— ls@b®1g
is an abelian group epimorphism. Thus for any m,n > 0, the induced map on the
matrix group
: Myxa(B) — Minxn(B)

is an epimorphism. The result follows from the identifications proved in Lemma 3.7.
O

h/

mxXn
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The next Lemma is on the E-surjectivity of the functor h..

Lemma 3.9. Let u be an object of Fp(S) and g an elementary automorphism of
w. Then there is an object T in Fp(S), an object w in Fp(R) and an elementary
automorphism [ of w such that h,(w) 2w ® T and under the isomorphism h.(f)
is conjugate to gPly.

Proof. Since g is elementary, there is a splitting @ = w3 @uz such that

()

where y€Fp(S) (w1, w2). Choose objects 75, j = 1,2, in Fp(8S) such that w;$7; is in
F£(S). Set v = 17@®03. Then u®u is an object in F#(S) and under the isomorphism

UDT = (u1v7) B (uxdvz)

_ (1t
9@11;—(0 1)

v 0
/. —-— VOO P,
Y U BU —— U2BU2

g® 1z corresponds to

where

Since w; 875, j = 1,2, are objects in F£(8), the result follows from Corollary 3.8. O

Using the above basic results, we will show that the functor ¢ is cofinal.
Lemma 3.10. The functor ¢ : Fp(R) — P is cofinal.

Proof. Let u = (u1,us,g) be an object in P. We can add an object v = (v1,v2,¢’),
with ¢’ an isomorphism of degree zero, to u such that u;@v; is an object of Fz(R;),
j = 1,2. Thus we can assume that v has the property that u; is an object in
Fz(R;j), j =1,2. Then g is an isomorphism between fi(u1) and f5(u2) in Fx(Ryo).
By choosing bases for the free modules involved, we can assume that ¢ is an auto-
morphism. First we will show that (ug,ug, g) is in the image of ¢ (up to equivalence)
if g is an elementary automorphism in Fp(Rg). In this case, after more stabiliza-
tion, g = f1(g1) for some automorphism g¢; of u; (Lemma 3.9) because f; is onto.
Then the pair (g1,1) induces an isomorphism between (u1,us,1) and (ug,us,g).
But (uq,uz,1) is in the image of ¢. The general case follows because the morphism
in the object (u1®u, us®us, gdg~1) can be written as a composition of elementary
matrices. O

The following theorem is the main technical result of this paper. From it, the
truly main result, Theorem 3.15, follows essentially by manipulation of definitions.

Theorem 3.11. The functor ¢ induces an isomorphism
¢j . KJ(FP(R)) — KJ(P), j Z 1

Proof. The functor ¢ is full and faithful and cofinal. Thus Fp(R) can be identified
with a full cofinal subcategory of P. The result follows from [7], Thm 1.1. O

Corollary 3.12. Let NKi(R;) = 0 for j = 1,2 and NKy(Rog) = 0. Then
NKi(R) = 0.
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Proof. The N K;-group associated to R is given as the kernel of the composition
K1 (Fp(R)) 25 Ki(P) 5 K1 (PR)

If we use ¢ from Theorem 3.11 to identify K;(Fp(R)) with K;(PP), then NK;(R)
is identified as the kernel of x in the diagram preceding Lemma 3.6. The vanish-
ing assumptions guarantee that the immediate neighbors of x are monomorphims
(actually isomorphisms). Also, the leftmost vertical map is a split epimorphism (in
fact, an obvious splitting exists at the level of categories). Thus, by the five lemma,
K is a monomorphism. O

We finally specialize to the case of interest. Let I' = I'g xg I'1 where G is a
finite normal subgroup of T';, ¢ = 0,1. Let B, = Z[I'; — G], i« = 0,1, be the two
ZG-bimodules which appear in the definition of Waldhausen’s Nil-groups in this
case. Let N be the norm element in ZG i.e. N is the sum of all the group elements,
and (N) the ideal generated by N. Let n = |G|. Notice that Z is isomorphic to the
quotient of ZG by the ideal generated by the elements of the form g — 1, geG and
Z/nZ is the quotient of ZG by the ideal generated by the elements N and g — 1,
g € G. Then we have a cartesian square

ZG — P ZG/(N)

J/P’z lfll
7z —£ - 7/nZ
Lemma 3.13. With the above notation, the right module ZG/{N)®zaB; (respec-

tively ZQyaBi) is p1 (respectively ps) extendable, i = 0,1. That implies that B; is
q1p1-extendable.

Proof. Notice that if veI'; then vIN = N+ because G is normal in I';. That implies
that the ideal generated by N acts trivially, from the right, on ZG/{N)®zgB;. For
the other ring, notice that all the elements of ZG of the form g — ¢, g,¢'€G act
trivially on the right on Z®yzq B;. O

In the special case that n = p is a prime then ZG/(N) = Z[(,], Z with a primitive
p-th root of unity attached. This ring is regular Noetherian. The rings Z and Z/pZ
are also regular Noetherian rings and therefore the corresponding NK; - groups
vanish for j <1, c¢f. Lemma 2.1.

Let C), have index 2 in a group G. We will describe the F,-bimodule structure
of F,®z0,Z]G — Cp. The action of ZC), on F), is given via the epimorphism:

ZC, — ZC,/{N,g—1,9€C,) =T,
Lemma 3.14. With the above notation, there is an Fp-bimodule isomorphism
a:F,®70,2]G - Cp] — Ty

Proof. The ZC),-bimodule Z[G — Cp] has a decomposition

Z|G - C,)) = @hEG_Cth
as an abelian group. The action of C), is given by permuting the summands ac-
cording to the action of Cj, on G — C,. Let h, h’ be two elements in G — Cp,. Then
there is geC) such that gh = h'. Therefore, in F,®zc, Z[G — Cy],

z®h’ = 2®(gh) = 2®h, for all z€F,,.
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Define o on Zh by setting a(z®h) = x and extending linearly. Then « is the
required isomorphism. ([

The next theorem is a combination of the above observations and Theorem 3.11.

Theorem 3.15. In the above notation, if n = p is a prime, then
—W
NZZO (ZCP, Bo, Bl) = NKl(ZCp, BQ, Bl) = 0

Proof. In this case the pull-back diagram above becomes
ZCy —— Z[G]

l I

Z —— T,

The rings Z, Z[(,], and F, are regular. By Lemma 2.1 the NK;j-groups of the
induced triples vanish for the three rings above. The bimodules B;, i = 0,1, are
extendable over F,, (Lemma 3.13). Thus Lemma 3.14 applies and Corollary 2.5
implies that

NK;y(Fp; Fp®zc, Bo, Fp®zc,B1) = 0
Then the result follows from Corollary 3.12. (]

Combining with the results in [10] and Waldhausen’s exact sequence (*) of Sec-
tion 2, we have

Corollary 3.16. With the above assumptions, there are exact sequences
Ki(ZCp) — Ki(ZT0)®K1(ZI') — Ki(Z') — Ko(ZCp) — -+,

and
Wh(C,) — Wh(Do)&Wh(Iy) — Wh(T) — Ko(ZC,) — ---

As a particular application we have the following result which was used in the
calculations in [3].

Corollary 3.17. Wh(Ss+zs37.93) = 0 where Sz is the symmetric group on 3 letters.

Proof. From Theorem 3.15, we know that Waldhausen’s Nil group vanish. We also
know that the lower K-theory of S3 and Z/3Z vanish. The result follows from
Corollary 3.16. O
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