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Abstract The Bass–Heller–Swan formula is a basic calculational tool in pseudoisotopy
K -theory. We describe the Nil-groups and the Bass–Heller–Swan splitting for the group of
the pseudoisotopies of a closed manifold. We use the methods of controlled topology used
in the Bass–Heller–Swan splitting in K -theory.
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1 Introduction

The Bass-Heller–Swan Formula [2,3] is one of the most important calculational tools in
algebraic K -theory. For any ring R,

K1(R[t, t−1]) ∼= K1(R)⊕K0(R)⊕˜Nil(R)⊕˜Nil(R).

In more geometric terms, the formula can be written, for a space X , as

W h(X×S1) ∼= W h(X)⊕K̃0(X)⊕˜Nil(X)⊕˜Nil(X).

In [23], the second formula was generalized to Whitehead spaces and it was proved using
methods from controlled topology [9,11].
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In this paper we consider only smooth pseudoisotopies. There is a connection between
the Whitehead space and stable pseudoisotopy space given by [1,6–8,18,20]:

�Wh(X) � P(X).

Thus, there is a Bass–Heller–Swan splitting for the space of stable pseudoisotopies. Such a
formula for Hilbert cube manifolds was given in [23]. Unfortunately, the construction of the
homotopy equivalence between the Whitehead space and the pseudoisotopy space involves
many choices, at least in the topological category. This makes the transfer of explicit con-
structions from the Whitehead spaces to the pseudoisotopy spaces cumbersome. That is why
a direct calculation for the Bass–Heller–Swan formula for pseudoisotopies is desirable. Also
a splitting in A-theory is given in [28]. Our methods adapt the methods in [23] and they are
more geometric than the ones in [28].

The pseudoisotopy group of a space is the group of path components of the pseudoisotopy
space. In this paper, we give explicit constructions of the pseudoisotopy Nil-groups and a
geometric splitting of the pseudoisotopy group over S1.

Theorem (Bass–Heller–Swan Splitting for Pseudoisotopy Groups)Let X be a closed smooth
manifold.

(1) There is a splitting of abelian groups

P(X×S1) ∼= RP(X×S1)⊕NP(X) ∼= P(X)⊕Pb(X×R)⊕NP(X),
where RP(X×S1) is the subgroup of the relaxed pseudoisotopies.

(2) Furthermore, if dim(X) ≥ 7 and � : P(X×S1) → P(X×S1×I ) is the suspension
map, then there is a group isomorphism

�NP(X) ∼= N+P(X)⊕NP−(X)
and the two summands are isomorphic.

(3) If n ≥ 7 and P(−) denotes the stable pseudoisotopy group then there is a group
isomorphism

P(X×S1) ∼= P(X)⊕Pb(X×R)⊕NP+(X)⊕NP−(X).

Taking bounded pseudoisotopies over the reals corresponds to delooping. Thus, Pb(X×R)
∼= W h(X×I ) [1]. The dimension assumption comes from the stable range estimates for
pseudoisotopies ([14,15,30,29] for the smooth case and [5] for the topological case, also
[36] for a review and applications).

In some sense, controlled topology is used in the proof of the Main Theorem. More spe-
cifically, the methods used combine the explicit construction of the pseudoisotopy relaxation
given in [31] and the controlled methods used in [10,19,21,25,26]. Using the construction
in [31], we give an explicit calculation of the relaxation map:

r : P(X×S1)→ RP(X×S1)

that splits the “forget-control” map. The splitting is constructed through a different summand
of the pseudoisotopy group, the relaxed pseudoisotopies. Actually, the constructions in [31]
provide us also with a model for the Nil-components of the pseudoisotopy group. The prob-
lem of splitting the Nil-part into two components was stated explicitly in [6]. Results in this
direction are given in [4]. Also, it should be noted that splitting results for higher K -groups
were given in [16].
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In the topological category the theorem holds as well when the dimension of the manifold
is greater than or equal to the stable range. Furthermore, in this case the relaxed subgroup is
isomorphic to the controlled subgroup P top

c (X×S1 → S1) (Section 8).
Our main Theorem should be thought as a version of the Bass–Heller–Swan splitting in

W h2 [4,16]. Different versions of this formula were given in [4,6] for pseudoisotopies, in
[13,23] in higher K -theory and in [28] in A-theory. Geometrically, the Bass–Heller–Swan
formula may be thought as characterizing splitting obstructions “over S1”. As such it was
given in [12,23,24,31,35]. The splitting theorem can be considered as a geometric version
of the higher fibering problem over the circle that was introduced by Farrell in [12] and was
generalized in [31].

The main result of this paper gives partial results to the question BW1 in [22],
providing a geometric description of the π0 of the Nil-term. Furthermore that question moti-
vated the material in Sects. 7 and 8. The second part of our main theorem was motivated
by question BW2 in [22]. We give a splitting of the Nil-term into two isomorphic pieces. In
Sects. 7 and 8, we give an alternate description of the NP-group. The authors believe that
embeddings can be used in an alternate definition of the Nil-group [6].

Part (1) in the Main Theorem holds true if we consider bounded pseudoisotopies over
R

m . Parts (2) and (3) depend on some algebraic results on the pseudoisotopy group and they
do not generalize immediately to the bounded setting. For parts (2) and (3), we need the
dimensional assumption to ensure that the suspension map is an isomorphism.

This is the first in a series of papers that will provide splittings not only of the pseudoisotopy
group but also of the pseudoisotopy space. That generalization will give complete answers
to questions BW1 and BW2 in [22]. Also, the authors intend to get similar splittings for
compact Hilbert cube manifolds using the methods in [9,11,17,20,23]. Even though in this
paper we restrict ourselves to finite dimensional manifolds, many of the ideas come from and
extend to Hilbert cube manifolds. As a continuation of this work, the authors will consider
the splitting theorem for twisted products, i.e., for manifolds X that come equipped with an
approximate fibration to S1 which is not necessarily trivial, and for other codimension-one
splittings. It should be noticed that most of the constructions and the maps work in the topo-
logical category and the authors intend to examine if the splitting in the main theorem carries
over to the topological category.

We would like to thank Wojiech Dorabiala, Tom Farrell and Bruce Hughes for their use-
ful suggestions. We would like in particular to thank Bruce Williams whose encouragement
played an important role in the completion of this work.

2 Preliminaries

Let X be a finite dimensional smooth manifold and let I denote the unit interval [0, 1]. A
concordance on X is a diffeomorphism

h : X×I → X×I

so that h|X×{i} is a diffeomorphism of X ×{i} for i = 0, 1. If, in addition, h satisfies the con-
dition that h|X×{0} is the identity map, then h is called a pseudoisotopy. If X has a boundary,
we require that h be the identity on X×{0} and on ∂X×I . An isotopy is a diffeomorphism
h as above that preserves the I -coordinate. Let P(X) denote the group of isotopy classes of
pseudoisotopies on X with multiplication induced by composition.
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For the rest of the paper we assume that X is a compact finite dimensional smooth man-
ifold. We write Pb(X×R) for the subgroup of bounded, over R, pseudoisotopies [18,20].
There is an isomorphism [1]:

Pb(X×R) ∼= W h(X×I ),

where the Whitehead group classifies h-cobordisms over X×I which are the identity.
Explicitly, the isomorphism is given by sending a pseudoisotopy h ∈ Pb(X×R) to the
h-cobordism:

h �→ (X×[0,∞)×I )− h−1(X×(N ,∞)×I ),

where N was chosen so that h−1(X×(N ,∞)×I ) ⊂ X×[0,∞)×I .
Let X be as above. The circle is written as S1 = [0, 1]/ ∼, where we identity the two ends.

Following [31], a pseudoisotopy h of X×S1 is called relaxed if it is isotopic to a concordance

h′ : X×S1×I → X×S1×I

so that (X×{0}×I )∩h′(X×{0}×I ) = ∅. We write RP(X×S1) for the subgroup of relaxed
pseudoisotopies of X×S1.

3 Splitting the relaxed subgroup

There is an infinite transfer homomorphism:

tr∞ : P(X×S1)→ Pb(X×R
1).

More precisely, for h ∈ P(X×S1), tr∞(h) is the pull-back h̃ defined by:

X×R×I
h̃−−−−→ X×R×I

π2−−−−→ R

⏐

⏐

�E

⏐

⏐

�E

⏐

⏐

�

exp

X×S1×I
h−−−−→ X×S1×I

π2−−−−→ S1

where E(x, s, t) = (x, exp(s), t).

Lemma 3.1 With X as above, there is an exact sequence of groups

0→ P(X × I )
i−→ RP(X × S1)

tr∞−−→ Pb(X × R
1)→ 0.

Proof For f ∈ P(X × I ), note that f (x, s, 0) = (x, s, 0) and f (x, j, t) = (x, j, t) for
x ∈ X , s, t ∈ I , and j = 0, 1. Define i( f ) ∈ P(X × S1) to be the pseudoisotopy given
by i( f )(x, s, t) = f (x, s, t) with the identification (x, 0, t) ∼ (x, 1, t). Since i( f )−1(X ×
{0} × I ) = X × {0} × I , after an isotopy, i( f ) is relaxed.
Claim: i is one-to-one. If f ∈ P(X × I ) so that i( f ) is trivial, then there is an isotopy

Ft : X × S1 × I → X × S1 × I

so that F0 = 1 and F1 = i( f ). Let Ft : X × I × I → X × S1 × I be induced by Ft and lift
Ft to F ′t : X × I × I → X × R × I so that E ◦ F ′t = Ft . Note that F ′1 will agree with f
after perhaps a shift in the R direction. By the Isotopy Extension Theorem, F ′t extends to an
isotopy Gt on X×R×I with compact support. If Gt is the identity outside X×[−m,m]× I ,
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we can consider Gt as an isotopy on X×[−m,m]× I . We may assume that Gt is the identity
on X × R× {0}.

Consider the restriction G1 : X × [−m, 0] × I → X × [−m, n] × I . After identify-
ing [−m, 0] and [−m, n] with the interval I , this restriction of G1 defines a pseudoiso-
topy g ∈ P(X × I ). Note that g(x, 0, t) = G1(x,−m, t) = (x,−m, t) ∼ (x, 0, t) and
g(x, 1, t) = G1(x, 0, t) = f (x, 0, t) = (x, 0, t).

Similarly, consider the restriction G1 : X × [1,m] × I → X × [n + 1,m] × I . After
identifying [1,m] and [n+1,m]with the interval I , this restriction of G1 defines a pseudoiso-
topy h ∈ P(X × I ). Note that h(x, 0, t) = G1(x, 1, t) = f (x, 1, t) = (x, 1, t) ∼ (x, 0, t)
and h(x, 1, t) = G1(x,m, t) = (x,m, t) ∼ (x, 1, t).

We consider an alternate product on P(X × I ) defined by f � f ′(x, s, t) = (x ′, s′, t ′)
where

{

(x ′, 2s′, t ′) = f (x, 2s, t) if 0 ≤ s ≤ 1
2

(x ′, 2s′ − 1, t ′) = f ′(x, 2s − 1, t) if 1
2 ≤ s ≤ 1.

It is easy to see that f � f ′ is isotopic to composition. The isotopy Gt : X×[−m,m]× I →
X × [−m,m] × I , after rescaling, gives an isotopy of g � f � h to the identity.

Define a new isotopy G ′t on X × R× I by

G ′t (x, s, t) =
{

Gt (x, s, t) if − m ≤ s ≤ 0
Gt (x, s − 1, t) if 1 ≤ s ≤ m

This provides an isotopy of g � h to the identity. Thus, combining these two isotopies, we
have shown that if i( f ) is trivial, then f is isotopic to the identity in P(X × I ). Thus, i is an
injection.
Claim: tr∞ is onto. Let ζ : X × R × I → X × R × I be the deck transformation. For any
g ∈ Pb(X ×R), note that gζg−1ζ−1 ∈ Pb(X ×R) is trivial. Therefore, there is an bounded
over R isotopy Gt : X × R × I → X × R × I so that G0 = 1, G1 = gζg−1ζ−1, and
Gt |X×R×{0} = 1. Define

g′ : X × I × I → X × R× I, g′(x, s, t) = G−1
s g(x, s, t).

Then

• g′(x, 0, t) = G−1
0 g(x, 0, t) = g(x, 0, t) and

• g′(x, 1, t) = G−1
1 g(x, 1, t) = (ζgζ−1g−1)g(ζ(x, 0, t)) = ζg(x, 0, t).

Thus, we can identify the ends of X × [0, 1] × I to get a new function

g′′ : X × S1 × I → X × S1 × I.
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Then g′′ ∈ P(X × S1) and tr∞(g′′) is isotopic to g.
Claim: tr∞ ◦ i = 0. Let f ∈ P(X × I ) and let g = tr∞(i( f )). Then the pseudoisotopy g is
bounded over R:

g : X×R×I → X×R×I.

The construction of g implies that:

g(X×[0,∞)×I ) = X×[0,∞)×I.

After an isotopy, we can assume that g is the identity on a small collar of X×{0}×I . Let
g′ = g|X×[0,∞)×I . Then there is an isotopy ([34], Lemma 9.10):

G+t : X×[0,∞)×I → X×[0,∞)×I, 0 ≤ t ≤ 1

so that G+t is an isotopy from g′ to the identity that also fixes X×{0}×I . Similarly, there
is an isotopy G−t from g|X×(−∞,0]×I to the identity fixing X×{0}×I . Then the union
G+t ∪X×{0}×I G−t provides an isotopy from g to the identity. Therefore, g = 0 in Pb(X×R).
Claim: Ker(tr∞) ⊂ Im(i). Let h ∈ RP(X × S1) so that tr∞(h) = h̃ is trivial in Pb(X ×R).
Since Pb(X × R) can be identified with W h(X × I ), the h-cobordism formed by W =
(X × [0,∞)× I )− h̃−1(X × (0,∞)× I ) is trivial. Since h is relaxed, W can be embedded
in X×S1×I . Thus, there is a diffeomorphism

H : X × [0, 1] × I → W ⊂ X×S1×I.

We may assume that H |X×{0}×I is the identity. For some ε > 0, we can extend H by the
identity to a diffeomorphism we will also denote by H from X × [−ε, 1 + ε] × I to a
neighborhood of W where ε > 0 is chosen so that

H(X × {−ε} × I ) ∩ H(X × {1+ ε} × I ) = ∅.
Define an isotopy ht on X × S1 × I by

ht (H(x, s, r))

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(x, s, r) if s ≤ −ε

H

(

x, (1− t)s + t

[

−ε + s + ε
1+ ε · ε

]

, r

)

if − ε < s ≤ 1

H

(

x, (1− t)s + t

[

1+ ε − 1+ ε − s

ε
· (1+ ε)

]

, r

)

if 1 < s ≤ 1+ ε

Note that ht is well-defined and that h0 is the identity. Also, h1 H(x, 1, r) = H(x, 0, r) =
(x, 0, r) so h1 takes h̃−1(X × {0} × I ) to X × {0} × I . Let h′ = h ◦ h1 so that h′ is isotopic
to h and h′−1(X ×{0}× I ) = X ×{0}× I . Define j : X × I × I → X × S1× I identifying
X × {0} × I to X × {1} × I . Consider the function f : X × I × I → X × I × I defined by

f (x, s, t) =
⎧

⎨

⎩

h′ ◦ j (x, s, t) if 0 < s < 1,
(x, 0, t) if s = 0,
(x, 1, t) if s = 1.

Then f is a pseudoisotopy in P(X × I ) with i( f ) = h′, which is isotopic to h. ��
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4 The basic construction

Let h ∈ P(X×S1). Lift h to the infinite cyclic cover:

X×R×I
h̃−−−−→ X×R×I

π2−−−−→ R

⏐

⏐

�E

⏐

⏐

�E

⏐

⏐

�

exp

X×S1×I
h−−−−→ X×S1×I

π2−−−−→ S1

where E(x, s, t) = (x, exp(s), t) and π2 denotes projection onto the second factor.
Let Y = h̃−1(X×{0}×I ). After an isotopy, we can assume that:

Y ⊆ X×(0, N )×I for some N ∈ N.

The pseudoisotopy h̃ induces a diffeomorphism:

ĥ : Y×R→ X×R×I,

such that

(1) ĥ(Y×{0}) = Y ,
(2) ĥ−1|X×R×{0} is bounded over R isotopic to idX×R×{0}.
Let ζ : X×R×I → X×R×I be the covering transformation corresponding to translation
by +1 on R. Denote Xi = X×{i}×I and Yi = Y×{i}, for i ∈ R.

Also, let

AN = X×[N ,∞)×I − ĥ(Y×(N ,∞))
A′′N = X×[1,∞)×I − ĥ(Y×(N ,∞))
A1 = X×[1,∞)×I − ĥ(Y×(1,∞))

Lemma 4.1 Using the above notation:

(1) There is an isotopy

at : A′′N → A′′N
from the identity to a diffeomorphism

a1 : A′′N → AN .

(2) There is an isotopy

a′t : A′′N → A′′N
from the identity to a diffeomorphism

a′1 : A′′N → A1.
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Proof For (1), choose ε > 0 such that X×[N , N + ε]×I ⊂ AN and define an isotopy
at : A′′N → A′′N for t ∈ [0, 1] by

at (x, r, s) =
⎧

⎨

⎩

(

x, (1− t)r + t

[

N + ε − N + ε − r

N + ε − 1
ε

]

, s

)

, if 1 ≤ r ≤ N + ε
(x, r, s), if r > N + ε.

Note that a0(x, t, s) = (x, r, s) for all (x, r, s) ∈ A′′N . Also,

at (x, N + ε, s) = (x, (1− t)(N + ε)+ t (N + ε − 0), s) = (x, N + ε, s).

So at is well-defined. For t = 1,

a1(x, 1, s) = (x, N , s).

But for 1 ≤ r ≤ N + ε,

N ≤ N + ε − N + ε − r

N + ε − 1
ε ≤ N + ε.

Thus a1 is a diffeomorphism from A′′N to AN which is isotopic to the identity.

For (2), choose ε′ > 0 such that ĥ(Y×[1− ε′, 1]) ⊂ A1 and define an isotopy at : A′′N →
A′′N for t ∈ [0, 1] by

a′t ĥ(y, r) =
⎧

⎨

⎩

ĥ

(

y, (1− ε)r + t

[

1− ε + r − 1+ ε
N − 1+ ε ε

])

, if r ≤ 1− ε′
ĥ(y, r), if r < 1− ε′.

Note that a′0ĥ(y, r) = ĥ(y, r) for all (y, r). Also,

a′t ĥ(y, 1− ε) = ĥ(y, (1− t)(1− ε)+ t (1− ε + 0)) = ĥ(y, 1− ε).
Thus, a′t is well-defined. For t = 1,

a′1ĥ(y, N ) = ĥ(y, 1).

But for 1− ε ≤ r ≤ N ,

1− ε ≤ 1− ε + r − 1+ ε
k − 1+ ε ε ≤ 1.

Thus a′1 is a diffeomorphism from A′′N to A1 which is isotopic to the identity. ��
Corollary 4.2 With the above notation, there is a diffeomorphism

a : AN → A1

isotopic to the identity.

Proof Set a = a′1a−1
1 . The result follows from Lemma 4.1. ��

Using the above construction, we get the following:

Proposition 4.3 There are two homomorphisms

n, r : P(X×S1)→ P(X×S1).
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so that for any h ∈ P(X×S1),

(1) r(h) ∈ R(X×S1), and
(2) r(h) = h(n(h))−1.

Moreover, if h ∈ R(X×S1), n(h) = 0 and r(h) = h.

Proof Define

X = X×[0, N ]×I/(x, 0, s) ∼ (x, N , s)

and a diffeomorphism:

f1 : X → X×S1×I, f1(x, r, s) = E(x, r/N , s).

Similarly, define Y = Y×[0, N ]/(y, 0) ∼ (y, N ) and a diffeomorphism:

f2 : Y → X×S1×I, f2(y, s) = Eĥ(y, s/N ).

Also, define a diffeomorphism H : Y → X by

H(y, s) =
{

ĥ(y, s), if ĥ(y, s) ∈ X×[0, N ]×I,
ζ−1aĥ(y, s), if ĥ(y, s) ∈ AN .

On Y×{0} ∼ Y×{N },
H(y, 0) = ĥ(y, 0)
H(y, N ) = ζ−1aĥ(y, N ) = ζ−1aĥ(y, 1) = ĥ(y, 0)

On X×{0}×I ∼ X×{N }×I , if ĥ(y, s) = (x, N , t) then

H(y, s) =
{

(x, N , t), if ĥ(y, s) ∈ X×[0, N ]×I,
ζ−1a(x, N , t) = ζ−1(x, 1, t) = (x, 0, t), if ĥ(y, s) ∈ AN .

Thus H is well-defined.
Consider the map

f1 H f −1
2 : X×S1×I → X×S1×I

defined by the composition:

X×S1×I
f2←− Y

H−→ X
f1−→ X×S1×I.

There is an isotopy from f1 H f −1
2 to a map f ′ such that f ′|X×S1×{0} = idX×S1×{0}. Define

n(h) = f ′ ∈ P(X×S1). We must show that n(h) is well-defined.
Claim 1: n(h) is independent of the choice of N . If N ′ were chosen rather than N , without
loss of generality we may assume that N ′ > N . Let Ns = (1− s)N + s N ′, 0 ≤ s ≤ 1. Let

ANs = X×[Ns,∞)×I − ĥ(Y×(Ns,∞))
A′′Ns
= X×[1,∞)×I − ĥ(Y×(Ns,∞))

For each s ∈ I , choose εs > 0 so that X×[Ns, Ns + εs]×I ⊆ ANs and let ε = mins∈I {εs}.
As above, define isotopies

as
t : A′′Ns

→ A′′Ns
, as

0 = idA′′Ns
, as

1 : A′′Ns

∼=−→ ANs .
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Similarly choose ε′ > 0 such that ĥ(Y×[1− ε′, 1]) ⊆ A1 and define isotopies

a
′s
t : A′′Ns

→ A′′Ns
, a

′s
0 = idA′′Ns

, a
′s
1 : A′′Ns

∼=−→ A1.

Let as = a
′s
1 (a

s
1)
−1. Define Xs = X×[0, Ns]×I/(x, 0, t) ∼ (x, Ns, t) and a diffeomor-

phism:

f s
1 : Xs → X×S1×I.

Define Y s = Y×[0, Ns]/(y, 0) ∼ (y, Ns) and a diffeomorphism:

f s
2 : Y s → X×S1×I.

Also define a diffeomorphism Hs : Y s → Xs by

Hs(y, s) =
{

ĥ(y, s), if ĥ(y, s) ∈ X×[0, Ns]×I,
ζ−1as ĥ(y, s), if ĥ(y, r) ∈ ANs .

Then f s
1 Hs( f s

2 )
−1 defines an isotopy from the n(h) as defined for N to the n(h) as defined

for N ′.
Claim 2: n(h) is independent of the choice of ĥ. If ĥ′ were chosen, rather than ĥ, note that
ĥ′ = ζ r ĥ for some r ∈ Z. Thus Y ′N = Yr+N and independence follows as above.
Claim 3: If h is relaxed, then n(h) is trivial. If h is relaxed, then after possibly an isotopy,

ĥ(Y×{0}) ⊆ X×(0, 1)×I

Thus AN = A′′N = A1 and a = 1. Note X = X×S1×I and f1 = idX×S1×I . Also,
Y = Y×[0, 1]/ ∼ and the two ends are identified using the identity. Furthermore,

H(y, s) =
{

ĥ(y, s), if ĥ(y, s) ∈ X×[0, 1]×I
ζ−1ĥ(y, s), if ĥ(y, s) ∈ A1

Thus n(h) = f1 H f2 = idX×S1×I .
Define r(h) = h(n(h))−1, which is well-defined by the arguments above. Note that

r(h)−1(X×{0}×I ) ∩ (X×{0}×I ) = ∅
and therefore r(h) is relaxed. Furthermore, if h is relaxed, then since n(h) is trivial, it follows
that r(h) is isotopic to h. From [31], the maps n and r are homomorphisms. ��
Remark 4.4

(1) Note that n(h) essentially measures the difference between the initial pseudoisotopy
h and the transfer of h that does not wrap around the circle completely (compare with
Remark 8.2).

(2) The construction of r corresponds to the twist-gluing construction given in [23,35].

Let NP(X) be the image of n. The following is an immediate consequence of Proposition
4.3:

Theorem 4.5 Let X be a closed finite-dimensional smooth manifold.

(1) The inclusion map (forget-control map)

φ : RP(X×S1)→ P(X×S1)

is a split injection with left inverse r .
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(2) There is an isomorphism of abelian groups:

P(X×S1)
r+n−−→ RP(X×S1)+NP(X).

5 The transfer map and relaxation

Let 
 ∈ N and ×
 : S1 → S1 denote the 
-fold transfer map. Consider the pull-back:

X×S1×I
tr
(h)−−−−→ X×S1×I

π2−−−−→ S1

1×
×1

⏐

⏐

�
1×
×1

⏐

⏐

�

⏐

⏐

�
×


X×S1×I
h−−−−→ X×S1×I

π2−−−−→ S1

We wish to show that the transfer map commutes with relaxation.

Proposition 5.1 Let X be a closed manifold.

(1) The transfer map commutes with the relaxation map:

tr
◦r = r◦tr
, for all 
 ∈ N.

(2) Given h ∈ P(X×S1), there is an N ∈ N such that trk(h) ∈ RP(X×S1), for all k ≥ N.

Proof As above, let Y = h̃−1(X ×{0}× I ), with diffeomorphism ĥ : Y ×R→ X ×R× I ,
Xi = X ×{i}× I ⊂ X ×R× I , Yi = ĥ(Y ×{i}), and ζ denotes the covering transformation
of the infinite cyclic cover. Let N ∈ N so that Y0 ⊂ (X × (0, N )× I ). To define r(tr
(h)),
set

A
N = X×[
N ,∞)×I − ĥ(Y×(
N ,∞))
A′′
N = X×[
,∞)×I − ĥ(Y×(
N ,∞))
A
 = X×[
,∞)×I − ĥ(Y×(
,∞))

As above, we can construct a diffeomorphism a′ : A
N → A
 isotopic to the identity. Set

X
′ = X×[0, 
N ]×I/(x, 0, t) ∼ (x, 
N , t)

Y
′ = Y×[0, 
N ]/(x, 0) ∼ (x, 
N ).

Again, we have diffeomorphisms:

f ′1 : X
′ ∼=−→ X×S1×I

f ′2 : Y ′
∼=−→ X×S1×I
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Define a diffeomorphism H ′ : Y ′ → X
′

by

H ′(y, s) =
{

ĥ(y, s), if ĥ(y, s) ∈ X×[0, 
N ]×I,
ζ−
a′ĥ(y, s), if ĥ(y, s) ∈ A
N .

Then r(tr
(h)) is defined by:

r(tr
(h)) = h f ′2(H ′)−1( f ′1)−1, n(tr
(h)) = f ′1 H ′( f ′2)−1.

Next, consider tr
(r(h)). Let X , Y , f1, and f2 be defined as in the construction of r(h).
We generalize the diffeomorphism a : AN → A1 to construct diffeomorphisms ai =
ζ (i−1)N aζ−(i−1)N : Ai N → Ai(N−1)+1. Then, define H : Y ′ → X

′
by

H(y, s) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ĥ(y, s), if ĥ(y, s) ∈ X×[0, N ]×I
ζ N (ζ−1aĥ(y, s)), if ĥ(y, s) ∈ AN

ĥ(y, s), if ĥ(y, s) ∈ (X×[N , 2N ]×I )− AN

ζ N (ζ−1a2ĥ(y, s)), if ĥ(y, s) ∈ A2N

. . .

ĥ(y, s), if ĥ(y, s) ∈ (X×[(
− 1)N , 
N ]×I )− A(
−1)N

ζ (
−1)N (ζ−1a
ĥ(y, s)), if ĥ(y, s) ∈ A
N

Then the following diagrams commute:

Y
′ H−−−−→ X

′
⏐

⏐

�
×


⏐

⏐

�
1×
×1

Y
H−−−−→ X ,

X
′ f ′1−−−−→ X×S1×I

⏐

⏐

�
×


⏐

⏐

�
1×
×1

X
f1−−−−→ X×S1×I,

Y
′ f ′2−−−−→ X×S1×I

⏐

⏐

�
×


⏐

⏐

�
1×
×1

Y
f2−−−−→ X×S1×I,

Thus, we have

tr
(r(h)) : X × S1 × I
( f ′2)−1

−−−−→ Y
′ H−−−−→ X

′ f ′1−−−−→ X×S1×I
⏐

⏐

�
1×
×1

⏐

⏐

�
×


⏐

⏐

�
×


⏐

⏐

�
1×
×1

r(h) : X × S1 × I
( f2)

−1

−−−−→ Y
H−−−−→ X

f1−−−−→ X×S1×I.

Since the map a is isotopic to the identity, it follows that H and H ′ are isotopic, so for any

 ∈ N,

tr
(r(h)) = r(tr
(h)).

For N ∈ N chosen so that Y ⊂ (X × [0, N ] × I ), it is clear that tr N (h) is relaxed. Thus,
for any k ≥ N , tr k(h) is also relaxed. ��

Recall from Theorem 4.5 that every element of P(X×S1) is the sum of a relaxed element
and an element from NP(X). Thus we have the following.

Corollary 5.2 Let X be a closed manifold.

(1) Given h ∈ NP(X), there is an N ∈ N such that trk(h) = 0 for all k ≥ N.
(2) (RP(X×S1)) ∩ NP(X) = {0}.
Remark 5.3 The result on transfers for the Whitehead groups is contained in [23] (also
[24,32], and [33] for a more algebraic approach). It states that the controlled part is pre-
served under the transfers and the Nil-parts vanish after finitely many transfers.
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Therefore we have the following result.

Theorem 5.4 Let X be a closed finite dimensional smooth manifold. Then

P(X×S1) ∼= RP(X×S1)⊕NP(X).
given by h = r(h)+ n(h). Furthermore

P(X×S1) ∼= P(X×I )⊕Pb(X×R)⊕NP(X).

6 A splitting of N P(X)

By [16], we know that NP(X) ought to split into two dual components, corresponding to
the two ends of R. We give an explicit construction of this splitting, at the cost of crossing
with another I -factor.

For 0 ≤ t ≤ 1, let

At = X×[t,∞)×I − ĥ(Y×(t,∞))
A0 = X×[0,∞)×I − ĥ(Y×(0,∞))
A′t = X×[0,∞)×I − ĥ(Y×(t,∞))

X0
Xt

h(Y )0 h(Y )t

A 0

X0
Xt

h(Y )0 h(Y )t

A't

X0
Xt

h(Y )0 h(Y )t

A t

X0
Xt

h(Y )0 h(Y )t

A'ta1
t

a'1
t

Lemma 6.1 Let A = A0 × I/(z, 0) ∼ (α−1
1 ζ(z), 1). There is a diffeomorphism α : A →

X × S1×I × I .

Proof We will first define a diffeomorphism αt : A0 → At isotopic to the identity on
X × R× I . Choose ε > 0 such that h̃(Y × [−ε, 0]) ⊂ A0 and for T ∈ [0, 1], define

at
T (h̃(y, r)) =

⎧

⎪

⎨

⎪

⎩

h̃

(

y, (1− T )r + T

(

−ε + t + ε
ε
(r + ε)

))

, if − ε ≤ r ≤ 0

h̃(y, r), if r < −ε.
Note that at

T is well-defined, at
0 = id, and at

1(A0) = A′t . Moreover, at
T can be extended to

an isotopy on X × R× I so that at
0 = id.

Choose ε′ > 0 so that X × [t, t + ε′] × I ⊂ At and for T ∈ [0, 1] define

a′tT (x, r, s) =
⎧

⎨

⎩

(

x, (1− T )r + T

(

t + ε′

t + ε′ · r
)

, s

)

, if 0 ≤ r ≤ t + ε′

(x, r, s), if r > t + ε′.
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Again, a′tT is well-defined, a′t0 = id, and a′t1 (A′t ) = At . Also, a′tT can be extended to an isotopy
on X × R× I so that a′t0 = id. Define αt : A0 → At by αt = a′t1 at

1 and note that α0 = id.
Let A = A0 × I/(z, 0) ∼ (α−1

1 ζ(z), 1) and define α : A→ X × S1 × I × I by

α(z, t) =
(

Eαt (z),
παt (z)− t

παt (z)− π ′h̃−1αt (z)

)

Note that

α(z, 0) =
(

E(z),
π(z)

π(z)− π ′h̃−1(z)

)

α(α−1
1 ζ(z), 1) =

(

Eα1α
−1
1 ζ(z),

πα1α
−1
1 ζ(z)− 1

πα1α
−1
1 ζ(z)− π ′h̃−1α1α

−1
1 ζ(z)

)

=
(

Eζ(z),
πζ(z)− 1

πζ(z)− π ′h̃ζ(z)
)

=
(

E(z),
π(z)

π(z)− π ′h̃(z)
)

= α(z, 0).

Since E(ζ(z)) = E(z), π(ζ(z)) = π(z) + 1, and π ′h̃−1ζ(z) = π ′h̃−1(z) + 1, α is well-
defined.

If α(z, t) = α(z′, t ′), then Eαt (z) = Eαt ′(z′) and so αt ′(z′) = ζ nαt (z) for some n ∈ Z.
Furthermore,

παt (z)− t

παt (z)− π ′h̃−1αt (z)
= παt ′(z′)− t ′

παt ′(z′)− π ′h̃−1αt ′(z′)

= πζ nαt (z)− t ′

πζ nαt (z)− π ′h̃−1ζ nαt (z)

= παt (z)+ n − t ′

παt (z)+ n − π ′h̃−1αt (z)− n

= παt (z)+ n − t ′

παt (z)− π ′h̃−1αt (z)

Thus n = t ′ − t . Since 0 ≤ t, t ′ ≤ 1, it follows that either t = t ′ or t = 0 and t ′ = 1.
If t = t ′, then αt ′(z′) = αt (z′) = ζ 0αt (z) = αt (z) and so z = z′. If t = 0 and t ′ = 1,
then α1(z′) = Tα0(z) = ζ(z) and so z′ = α1ζ(z), so (z′, t ′) ∼ (z, t) in A. In both cases, it
follows that α is a diffeomorphism. Note that α and A are not independent of the choice of
h̃, but if h̃′ were chosen instead then h̃′ = ζ nh̃ for some n ∈ Z.

Also note that since for z ∈ A0, αt (z) lies in At , it follows that

παt (z) ≥ t ≥ π ′h̃−1αt (z).

Thus,

0 ≤ παt (z)− t

παt (z)− π ′h̃−1αt (z)
≤ 1.

This quantity is 0 when z ∈ X × {0} × I and it is 1 when z ∈ h̃(Y × {0}). ��
Points in A = A0 × I/ ∼ are denoted ((x, r, s), t) where (x, r, s) ∈ A0 ⊂ X × R × I .

Points in X × S1×I × I are denoted (x ′, r ′, s′, t ′).
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X0

h(Y )0

A 0

t

r

s

r'

t'

s'

A X × S × I × I
1

A few simple computations verify that α takes the floor and ceiling of A, respectively to
the floor and ceiling of X × S1 × I × I , as pictured above. Similarly, α takes the front and
back faces of A, respectively to the front and back faces of X × S1× I × I . Finally, consider
a point ((x, r, s), 0) on the left face of A, which is to be glued to the right face. Then,

α((x, r, s), 0) =
(

Eα0(x, r, s),
πα0(x, r, s)− 0

πα0(x, r, s)− π ′h̃−1α0(x, r, s)

)

=
(

E(x, r, s),
π(x, r, s)

π(x, r, s)− π ′h̃−1(x, r, s)

)

=
(

E(x, r, s),
r

r − π ′h̃−1(x, r, s)

)

This is drawn below for h relaxed:

t

r

s

r'

t'

s'

A X × S × I × I
1

We can adapt the construction above after scaling to obtain a relaxed space. Let

At =
(

1× 1

N
× 1

)

[

(X×[t,∞)× I )− h̃(Y×(Nt,∞))
]

A0 =
(

1× 1

N
× 1

)

[

(X×[0,∞)× I )− h̃(Y×(0,∞))
]

A′t =
(

1× 1

N
× 1

)

[

(X×[0,∞)× I )− h̃(Y×(Nt,∞))
]
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As above, we construct isotopies āt
T and ā′tT on X × R × I so that āt

0 = ā′t0 = id, and
āt

1(A
0) = A′t and ā′t1 (A′t ) = At .

Define α′t : A0 → At by α′t = ā′t1 āt
1. Define γ0 : A0 → A0 by γ0 = (1 × 1

N × 1) and

define γt : At → At by γt = α′tγ0α
−1
t . Let A′ = A0 × I/(z, 0) ∼ (α′−1

1 ζ ′(z), 1) where
ζ ′ = γ1ζγ

−1
0 . Define α′ : A′ → X × S1 × I × I by

α′(z, t) =
(

Eα′t (z),
πα′t (z)− t

πα′t (z)− π ′h̃−1α′t (z)

)

As above, α′ is a diffeomorphism. Finally, note that γ0 × I : A0 × I → A0 × I induces a
diffeomorphism γ : A→ A′.

Proposition 6.2 For h ∈ P(X×S1) there is an element n+(h) ∈ P(X×S1×I ) with the
following properties:

(1) n+(h)|X×S1×I×{1} is isotopic to n(h),
(2) n+(h) = 1 if and only if h is relaxed, and
(3) For any h, there is a N ∈ N so that n+(tr
(h)) = 1 for all 
 ≥ N.

Proof Define n+(h) : X × S1 × I × I → X × S1 × I × I by

n+(h) = α′γα−1.

This is a diffeomorphism since α, α′, and γ are. Note that on (Y × R) ∩ (X × R × {0}), h̃
is isotopic to the identity. After this isotopy, we have n+(h)(x, r, s, 0) = (x, r, s, 0). Thus
n+(h) is a pseudoisotopy. Tracing the image on X × S1× I × {1} shows that this is isotopic
to n(h) as defined previously.

If h happens to be relaxed, then we can choose N = 1. In this case, At = At and αt = α′t .
It follows that α = α′ and γ = id. Thus, n+(h) = 1 for h relaxed. From this, the comment
in the previous paragraph, and Proposition 4.3, it follows that n+(h) is trivial if and only if
h is relaxed, which is true if and only if n(h) is trivial.

For X compact, there is a value of N ∈ Z such that Y ⊂ X × [0, N ] × I ⊂ X × R× I .
For any 
 ≥ N , the transfer map tr
(h) is relaxed. Therefore, for any h ∈ P(X × S1) there
is a N ∈ Z so that for all 
 ≥ N , n+(tr
(h)) = 1. ��

Consider the suspension map� : P(X×S1)→ P(X×S1× I ) defined by�( f ) = f ×1I .
Extending the construction above to n+(h) easily gives us the following result:

Corollary 6.3 For h ∈ P(X × S1), n+(n+(h)) = �(n+(h)).
The construction of n+(h) was based on the h-cobordism A0 = X×[0,∞)×I − ĥ(Y×

(0,∞)). We could have chosen to work with the inverse of this cobordism instead, to construct
a different (but dual) nilpotent pseudoisotopy:

Proposition 6.4 For h ∈ P(X×S1) there is an element n−(h) ∈ P(X×S1×I ) such that

(1) n−(h)|X×S1×I×{1} is isotopic to n(h),
(2) n−(h) = 1 if and only if h is relaxed, and
(3) For any h, there is a N ∈ N so that n+(tr
(h)) = 1 for all 
 ≥ N.

Proof Let N ∈ N so h̃(Y × {0}) ⊂ (X × (0, N )× I ) and let

Bt = (X × (−∞, t] × I )− ĥ(Y × (−∞,−N + t))

B0 = (X × (−∞, 0] × I )− ĥ(Y × (−∞,−N ))

B ′t = (X × (−∞, t] × I )− ĥ(Y × (−∞,−N ))
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Choose ε > 0 so that X×[−ε, 0]×I ⊂ B0 and ε′ > 0 so that h̃(Y×[−N+t,−N+t+ε′]) ⊂
Bt . Define

bt
T (x, r, s) =

⎧

⎨

⎩

(

x, (1− T )r + T

(

−ε + t + ε
ε
(r + ε)

)

, s

)

, if − ε ≤ r ≤ 0

(x, r, s), if r < −ε.
and

b′tT h̃(y, r))

=

⎧

⎪

⎨

⎪

⎩

h̃

(

y, (1− T )r + T

(

−N + t + ε′

t + ε′ (r + N )

))

, if − N ≤ r ≤ −N + t + ε′

h̃(y, r), if r > −N + t + ε′.
As above, bt

0 = b′t0 = id, these maps can be extended to isotopies on X × R×I , and
bt

1(B0) = B ′t and b′t1(B ′t ) = Bt . Define βt isotopic to the identity on X×R×I by βt = b′t1bt
1

so βt (B0) = Bt . Define B = B0 × I/(z, 0) ∼ (β−1
1 ζ(z), 1). As above, there is a diffeomor-

phism β : B → X × S1 × I × I defined by

β(z, t) =
(

Eβt (z),
πβt (z)− t

πβt (z)− π ′h̃−1βt (z)

)

Let

Bt = (1× 1
N × 1)[(X × (−∞, t] × I )− ĥ(Y × (−∞, N (t − 1)))]

B0 = (1× 1
N × 1)[(X×(−∞, 0]×I )− ĥ(Y×(−∞,−N ))]

B ′t = (1× 1
N × 1)[(X × (−∞, t] × I )− ĥ(Y × (−∞,−N ))]

Choose δ > 0 so that (1 × 1
N × 1)(X × [−δ, 0] × I ) ⊂ B0 and δ′ > 0 so that (1 × 1

N ×
1)h̃([N (t − 1), N (t − 1)+ δ′]) ⊂ Bt . Define

b̄t
T (x, r, s)

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

(

1× 1

N
× 1

) (

x, (1− T )r + T

(

−δ + t + δ
δ
(r + δ)

)

, s

)

, if − δ ≤ r ≤ 0

(

1× 1

N
× 1

)

(x, r, s), if r < −δ.

and

b̄′tT
(

1× 1

N
× 1

)

h̃(y, r))

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(

1× 1

N
× 1

)

h̃(y, (1− T )r +T (N (t − 1)+ δ′

N + N (t − 1)+ δ′ (r + N )),

if − N ≤ r ≤ N (t − 1)+ δ′
(

1× 1

N
× 1

)

h̃(y, r), if r > N (t − 1)+ δ′.

Again, b̄t
0 = b̄′t0 = id, these maps can be extended to isotopies on X×R×I , and b̄t

1(B
0) = B ′t

and b̄′t1(B ′
t
) = Bt . Define β ′t isotopic to the identity on X × R×I by β ′t = b̄′t1b̄t

1 so
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β ′t (B0) = Bt . Define B ′ = B ′0 × I/(z, 0) ∼ (β ′−1
1 ζ ′(z), 1). As above, there is a diffeomor-

phism β ′ : B ′ → X × S1 × I × I defined by

β ′(z, t) =
(

Eβ ′t (z),
πβ ′t (z)− t

πβ ′t (z)− π ′h̃−1β ′t (z)

)

Define γ ′0 : B0 → B0 by γ ′0 = (1× 1
N × 1) and then define γ ′t : Bt → Bt by γ ′t = β ′tγ ′0β−1

t .
As above, γ ′0 × 1 extends to a diffeomorphism γ ′ : B → B ′.

Finally, define the pseudoisotopy

n−(h) = β ′γ ′β−1 : X × S1 × I × I → X × S1 × I × I

As above for n+(h), n−(h)|X×S1×I×{0} is isotopic to the identity and n−(h)|X×S1×I×{1} is
isotopic to n(h). If h is relaxed, n−(h) is trivial and so there exists N ∈ Z so that for all

 ≥ N , n−(tr
(h)) = 1. ��
Remark 6.5 Notice that the construction of the maps n± is related to the classical construc-
tion of the classical projections to the Nil-groups [3,23,24,27,28,32,33]. The construction of
n+ looks at the ‘restriction’ of the pseudoisotopy to the positive end and it uses the analogue
of mapping tori for the definition. The definition of n− is similar but it uses the restriction to
the negative end instead.

In general, for f ∈ P(Z × I ) with f |Z×I×{0} = 1 and f |Z×{i}×I = 1 for i = 0, 1, let
f1 = f |Z×I×{1} and note that f1 ∈ P(Z). The suspension map

� : P(Z)→ P(Z×I )

is defined as follows. The suspension of g ∈ P(Z) is defined to be �g = g× 1 ∈ P(Z × I )
after an isotopy so that �g = 1 on Z × {0, 1} × I . Let ψ : Z × I × I → Z × I × I be
defined by

ψ(z, s, t) = (z, s, 1− t).

This involution defines the conjugate of f ∈ P(Z × I ) as

f = ( f −1
1 × 1)ψ fψ ∈ P(Z × I )

Recall Hatcher, Wagoner, and Igusa’s identification [14,15,29,30]

P(Z) ∼= W h2(π1(Z))⊕W h1(π1(Z) : Z2 × π2(Z)),

if dim ≥ 7. Note that in this setting, [ f ] = (−1)n[ f ]
Lemma 6.6 For f ∈ P(Z × I ),

[� f1] = [ f ] + [ f ].
Proof The argument is modified from Lemma 5.3 of Part II of [15]. Define another involution
φ : Z × I × I → Z × I × I by

φ(z, s, t) = (z, 1− s, t).

Define f̂ = φψ( f −1
1 × 1) fψφ. Note that f̂ ∈ P(Z × I ) and f̂ is isotopic to ( f −1

1 × 1) f =
�( f −1

1 ) ◦ f by a rotation in I × I . Also note that f̂ differs from f by the involution φ.
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Since φ induces the identity on π∗(Z), it also induces the identity on P(Z × I ) in the
Hatcher–Wagoner–Igusa setting. Therefore, in this setting,

[ f̂ ] = [ f ] = (−1)n[ f ]
and thus

[�( f1)] = [ f1] = [ f ] − [ f̂ ] = [ f ] + (−1)n−1[ f ].
��

Corollary 6.7 In the Hatcher–Wagoner–Igusa setting, for any h ∈ P(X × S1),

[�(n(h))] = [n(h)] = [n+(h)] + (−1)n−1[n+(h)], and

[�(n(h))] = [n(h)] = [n−(h)] + (−1)n−1[n−(h)].
Proposition 6.8 For any h ∈ P(X × S1), n−(h) ◦ n+(h) is trivial.

Proof Define

B ∗ A = B ∪ A/X × {0} × I .

Note that for (x, 0, s) ∈ X × {0} × I , α−1
1 ζ(x, 0, s) = (x, 0, s) = β−1

1 ζ(x, 0, s), so B ∗ A
is well-defined. Recall that β : B → X × S1 × I × I takes (X × {0} × I ) × I ⊂ B0 × I
to X × S1 × I × {0} and h̃(Y × {−N }) × I ⊂ B0 × I to X × S1 × I × {1}. Define
β : B → X × S1 × I × I by β = ψ ◦ β.

We define a diffeomorphism β ∗ α : B ∗ A → X × S1 × I × I (with a rescaling in the
last I factor by 1

2 ):

β ∗ α(z) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

x, r, u, s,
t

2

)

if z ∈ B and β(z) = (x, r, s, t)
(

x, r, u, s,
t + 1

2

)

if z ∈ A and α(z) = (x, r, s, t).

Since β and α agree on (X × {0} × I ) × I ⊂ B ∪ A, β ∗ α is well-defined. Note that B0

and A0 are inverse cobordisms so there is a diffeomorphism of B0 ∪ A0/(X × {0} × I ) to
X × I × I . This induces a diffeomorphism

F : X × S1 × I × I → B ∗ A.

Then (β ∗ α)F : X × S1× I × I → X × S1× I × I is a diffeomorphism that is the identity
on X × S1 × I × {0} and is isotopic to a rotation by 2πN on X × S1 × I × {1}.

We define B ′ ∗ A′ and a diffeomorphism β ′ ∗ α′ : B ′ ∗ A′ → X × S1 × I × I similarly.
Note that again there is a diffeomorphism F ′ : X × S1 × I × I → B ′ ∗ A′. Then

(β ′ ∗ α′)F ′ : X × S1 × I × I → X × S1 × I × I

is a diffeomorphism that is the identity on X × S1 × I × {0} and is isotopic to a rotation by
2π on X × S1 × I × {1}.

Finally, define γ ′ ∗ γ : B ∗ A→ B ′ ∗ A′ by

γ ′ ∗ γ (z) =
{

γ ′(z), if z ∈ B
γ (z), if z ∈ A.
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Since γ ′(x, 0, y, s) = (1× 1
N ×1×1)(x, 0, y, s) = γ (x, 0, y, s), γ ′ ∗γ is also well-defined.

We can then define n−(h) ∗ n+(h) : X × S1 × I × I → X × S1 × I × I by

n−(h) ∗ n+(h) = (β ′ ∗ α′)(γ ′ ∗ γ )(β ∗ α)−1.

Note that for pseudoisotopies the product ∗ thus defined is isotopic to composition by [15].
Furthermore,

n−(h) ∗ n+(h) = F ′ ◦
(

1× 1

N
× 1× 1× 1

)

◦ F−1.

Thus, for any h ∈ P(X × S1), n−(h) ∗ n+(h) is trivial and so

n+(h) = −n−(h) ∈ P(X × S1 × I ).

��

Thus, in the Hatcher–Wagoner–Igusa setting, we have a duality formula for our nilpotent
pseudoisotopies:

[n+(h)] = (−1)n−1[n−(h)].

Proposition 6.9 �NP(X) = N+P(X)⊕N−P(X).

Proof Consider the commutative diagram below, where

d(n+(h), n−(h)) = [n+(h)] + (−1)n−1[n+(h)] = [�(n(h))]
= [n−(h)] + (−1)n−1[n−(h)] :

N+P(X)×N−P(X)

d

��
P(X × S1)

(n+,n−)
���������������

�n �� �NP(X)

If h ∈ Pb(X × S1) so that �n(h) is trivial, then n(h) must also be trivial and thus h is
relaxed. Then n+(h) and n−(h) are both isotopic to the identity so the map d is an injection.

Let �g ∈ �NP(X). Then

g ∈ Ker(r : P(X × S1)→ RP(X × S1)).

so r(g) is trivial. Therefore, g is isotopic to n(g) = d(n+(g), n−(g)). Thus, d is a bijection.
Since n(g) is trivial if and only if n+(g) is trivial if and only if n−(g) is trivial, �NP(X)
splits as the direct sum N+P(X)⊕N−P(X). ��

Summarizing, if P denotes the group of stable pseudoisotopies.

Theorem 6.10 For X a finite dimensional smooth manifold and dim(X) ≥ 7, there is a
splitting of groups

P(X×S1) ∼= P(X)⊕Pb(X⊕R)⊕N+P(X)⊕N−P(X).
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7 Pseudoisotopies and embeddings

We can identity the pseudoisotopy Nil-groups to sets of embeddings as in [6]. First, consider
the set

Emb(X × I, X × S1 × I ) = {g : X × I → X × S1 × I : g is an embedding}/ ≡
where the equivalence relation is given by isotopy. More precisely, two embeddings

gi : X × I → X × S1 × I, i = 0, 1,

are equivalent if there is an embedding

G : X × I × I → X × S1 × I

such that G|X×I×{0} = g0 and G|X×I×{1} = g1. We define g ∈ Emb(X × I, X × S1 × I ) to
be relaxed if

g(X×I )∩X×{0}×I = ∅,
after perhaps an isotopy.

For any such embedding, lift g to get an embedding to the infinite cyclic cover:

X × R× I

��
X × I

g
������������ g �� X × S1 × I

Let ζ denote the deck transformation on X × R× I and denote by

cEmb(X × I, X × S1 × I ) =
{g ∈ Emb(X × I, X × S1 × I ) : there is a diffeomorphism
g̃ : X × R× I → X × R× I, g̃|X×{0}×I = g, ζ ◦ g̃ = g̃ ◦ ζ },

again defined up to isotopy. Equivalently, the embeddings in this subset of Emb(X × I, X ×
S1× I ) are those which form an h-cobordism between X×{0}× I and g(X× I ) in X×R× I .

The transfer map in the S1-direction induces a transfer map:

trs : cEmb(X × I, X × S1 × I )→ cEmb(X × I, X × S1 × I ).

It is the lift of the embedding:

X × S1 × I

× s

��
X × I

trs (g)
������������ g �� X × S1 × I

We define a projection map

p : Pb(X × S1)→ cEmb(X × I, X × S1 × I ), by p(h) = h|X×{0}×I ,

so p(h) is the restriction of the pseudoisotopy h to a single fiber. Note that p(h) is the identity
on X × {0} × {0} and the region A ⊆ X × R× I between X × {0} × I and p(h)(X × I ) is
a h-cobordism.
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Proposition 7.1 For g, g′ ∈ cEmb(X × I, X × S1 × I ), let

g′ ∼ g ⇐⇒ g′(X × I ) ⊆ (X × S1 × I )− g(X × I ).

Then “∼” is an equivalence relation.

Proof Let g, g′ ∈ cEmb(X × I, X × S1 × I ). If g′(X × I ) ⊆ (X × S1 × I ) − g(X × I ),
then g(X × I ) ⊆ (X × S1 × I ) − g′(X × I ) so the relation is symmetric. We can use a
small isotopy on a collar neighborhood of g(X × I ) to push g(X × I ) off itself to see that
the relation is reflexive.

To see that the relation is transitive, consider embeddings g ∼ f and f ∼ h. Then

f (X × I ) = f̃ (X × {0} × I ) ⊆ (X × S1 × I )− g(X × I ) = g̃(X × (0, 1)× I ).

Thus there is an ε with 0 < ε < 1 so that:

f̃ (X × [0, ε)× I ) ⊆ g̃(X × (0, 1)× I ).

If h ∼ f , then h̃(X × {0} × I ) ⊆ f̃ (X × (0, 1) × I ). Then there is a δ with 0 < δ < 1 so
that h̃(X × {0} × I ) ⊆ f̃ (X × (0, δ) × I ). Note that there is an isotopy of the identity on
X × S1 × I taking X × (0, δ)× I to X × (0, ε)× I . Composing h with this isotopy to get
h′, we have

h̃′(X × {0} × I ) ⊆ f̃ (X × (0, ε)× I ) ⊆ g̃(X × (0, 1)× I )

and so h = h′ ∼ g. ��
Let

i : X × I → X × S1 × I, i(x, t) = (x, 0, t)

be the inclusion map.

Corollary 7.2 Let g ∈ cEmb(X × I, X × S1 × I ). Then g ∼ i if and only if g is relaxed.

Proof Note that g ∼ i , if and only if

g(X × I ) ⊆ X × (0, 1)× I ⊆ X × S1 × I.

The result follows from the definitions. ��
Let CEmb(X × I, X × S1 × I ) denote the subset cEmb(X × I, X × S1 × I )modulo this

equivalence relation. The transfer map on cEmb(X × I, X × S1× I ) induces a transfer map
on CEmb(X × I, X × S1 × I ), denoted by trs .

Corollary 7.3 Let g ∈ CEmb(X × I, X × S1 × I ). Then there is an N ∈ N such that
tr
(g) ∼ i for all 
 ≥ N. Thus tr
(g) is relaxed, for all 
 ≥ N.

Proof Let g ∈ CEmb(X × I, X × S1 × I ). The compactness of X×I implies that there is
N ∈ N, such that

g(X × I ) ⊆ X × [0, N ] × I ⊆ X × R× I.

Thus, tr
(g) ∼ i for any 
 ≥ N . ��
Theorem 7.4 For X a closed smooth manifold, we can identify CEmb(X × I, X × S1 × I )
with NP(X) ⊆ Pb(X × S1).
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Proof For g ∈ CEmb(X× I, X× S1× I ), we define n′(g) using g̃ as for n(h) for h ∈ P(X×
S1) by Proposition 4.3. Note that n(g) will not in general be a pseudoisotopy unless g|X×{0}
is the inclusion. It will, however, be a concordance, i.e., n′(g) : X × S1 × I → X × S1 × I
will be a diffeomorphism. We thus define n(g) = (g0× 1)−1n′(g) ∈ P(X × I ) to get a map

n : CEmb(X × I, X × S1 × I )→ NP(X) ⊆ P(X × S1).

We claim that n is well-defined. Let f ∼ g and consider n( f )n(g)−1 which is the element
of NP(X) defined by means of f̃ g̃−1. Since f ∼ g,

f̃ (X × {0} × I ) ⊆ g̃(X × (0, 1)× I ) �⇒
g̃−1(X × {0} × I ) ⊆ f̃ −1(X × (0, 1)× I ) �⇒
f̃ g̃−1(X × {0} × I ) ⊆ X × (0, 1)× I.

Therefore f̃ g̃−1 is in RP(X × S1) and so the corresponding element n( f g−1) ∈ NP(X) is
isotopic to 1X×S1×I . Thus n( f ) is isotopic to n(g) and the map n is well-defined.

We further claim that the maps p and n−1 are inverses and so NP(X) may be identified
with CEmb(X × I, X × S1 × I ). For g ∈ CEmb(X × I, X × S1 × I ),

p(n(g)−1) = n(g)−1|X×{0}×I .

By the construction of n(g), note that

g̃(X × {0} × I ) ⊆ n(g)−1(X × (0, 1)× I ).

Thus p(n(g)−1) ∼ g in CEmb(X× I, X×S1× I ). Next, consider h ∈˜Nil(X) ⊆ P(X×S1).
Since r(h) = h ◦ n(h)must be trivial, h is isotopic to n(h)−1. Note that n(h)−1 is defined by
means of h̃ while n−1(p(h)) is defined by h̃|X×{0}×I . These agree on each X × {i} × I , so h̃
and h̃|X×{0}×I give the same equivalence class in CEmb(X× I, X×S1× I ). Thus n−1(p(h))
is isotopic to h. Therefore, p and n are inverses, so CEmb(X × I, X × S1× I ) ≡ NP(X). ��
Remark 7.5 There is not an obvious geometric construction of a group operation on CEmb
(X × I, X × S1 × I ). That is why the above correspondence is just a bijection.

8 Pseudoisotopies in Top

Let X be a closed topological manifold. We recall a basic definition from [25]. Let B any
space and

pi : Ei → B, i = 0, 1,

be two maps. A controlled map from p0 to p1 is a map

g : E0×[0, 1)→ E1×[0, 1)

such that

(1) g is fiber preserving over [0, 1).
(2) The map ḡ : E0×[0, 1] → E1×[0, 1] defined by

ḡ(e, t) =
{

p1(pr)(g(e, t)), 0 ≤ t < 1,
p0(e), t = 1.

is continuous where pr is the projection of E1 × [0, 1) onto E1.
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We write gc : E0 → E1. Now we apply this definition to pseudoisotopies. Let X be a finite
dimensional manifold equipped with a map p : X → B. A controlled pseudoisotopy over B
is a controlled map from the identity to the projection map to B

hc : X×I → X×I

such that the restriction h|X×{0}×[0, 1) is the identity.
There is an alternate definition in [20]. The two definitions are equivalent when the base

space B is a compact metric space [25]. This will be the definition that we will use in the rest
of this paper. For ε > 0 and a control map p : X → B, a ε-pseudoisotopy is a diffeomorphism

h : X×I → X×I

such that

(1) h|X×{0} is the identity.
(2) d(pπh, pπ) < ε, where π is the projection to X .

A controlled pseudoisotopy is a diffeomorphism

h : X×I×[0,∞)→ X×I×[0,∞)
such that

(1) h|X×{0}×[0,∞) is the identity.
(2) There is an decreasing sequence {εi }∞i=0 of positive real numbers converging to 0 (the

controlling sequence of h) such that for each i ≥ 0,

h| : X×I×{u} → X×I×{u}
is a εi -pseudoisotopy whenever u ≥ i .

We write P top
c (X → B) for the subgroup of controlled pseudoisotopies.

The following sequence is split exact:

0→ P top(X × I )
i−→ P top

c (X × S1 → S1)
tr∞−−→ P top

b (X × R
1)→ 0.

This result is from [25], Sect. 1.5 (also [4,6]) for finite dimensional manifolds.
Using Lemma 3.1, we compare the relaxed and the controlled pseudoisotopy groups.

Proposition 8.1 There is an isomorphism

ρ : P top
c (X × S1 → S1)→ RP top(X×S1).

Proof Let ht : X × S1 × I → X × S1 × I , 0 ≤ t <∞, be a controlled pseudoisotopy over
S1. Let π2 denote the projection to S1. Let {εi }∞i=0 be the controlling sequence. Since {εi }∞i=0
converges to 0, there is an ε j <

1
4 . Then hu satisfies:

d(π2hu(x, s, t), s) < ε j <
1

4
, for all u > j.

Fix u > j . The claim is that hu is relaxed. To see this, notice that

hu(X×{1}×I ) ⊂ X×(−ε j , ε j )×I.

Define an isotopy

gr : X × S1 × I → X × S1 × I, by gr (x, s, t) = (x, s + 2ε j r, t).
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Then g0◦hu = hu and

g1(hu(X × {0} × I )) ⊂ X×(ε j , 3ε j )×I.

Thus g1(hu(X × {0} × I ) ∩ (X × {0} × I ) = ∅ and hu is relaxed. Define ρ(ht ) = hu . It
is immediate from the construction that any two choices of u give isotopic images. Also, ρ
does not depend on the isotopy class of ht .

Also, it is clear that the following diagram commutes:

0 −−−−→ P top(X×I )
i−−−−→ P top

c (X×S1 → S1)
tr∞−−−−→ P top

b (X×R) −−−−→ 0
⏐

⏐

�id

⏐

⏐

�

ρ

⏐

⏐

�id

0 −−−−→ P top(X×I )
i−−−−→ RP top(X×S1)

tr∞−−−−→ P top
b (X×R) −−−−→ 0

Then the result follows from the five lemma. ��

Remark 8.2

(1) The Squeezing Lemma or Sucking Principle implies that there is a number ε > 0 so
that if pseudoisotopies (or fibrations, or homotopy equivalences) are ε-controlled and
the control map has good local properties (being a bundle or just an approximate fibra-
tion) then the pseudoisotopy is controlled. There is a theme that appears in problems
‘over the circle’. In this case, the number ε seems to be equal to 2π , in other words
the length of the circumference. In other words, if the map to S1 does nor wrap around
the circle completely, then the pseudoisotopy is controlled over S1. The proof should
follow by pushing the pseudoisotopy to transverse shorter and shorter arcs. With that
in mind, a relaxed pseudoisotopy is controlled because it does not wrap around S1. We
could make these remarks precise and that is why the proof of Proposition 8.1 uses the
splittings of the controlled and the relaxed pseudoisotopy groups.

(2) If we combine the result of Proposition 5.1, Part (2), with Proposition 8.1 we get
the Sucking or Squeezing Principle for the pseudoisotopy groups. More precisely, it
states that given h ∈ P top(X×S1), tr
(h) is ‘more controlled’ in the S1-direction
than h. For large enough 
, the Sucking Principle implies that tr
(h) is controlled, i.e.,
tr
(h) ∈ P top

c (X×S1 → S1).

Using Theorem 5.4 and Proposition 8.1 we get the following.

Theorem 8.3 Let X be a closed finite dimensional topological manifold. Then

P top(X×S1) ∼= RP top(X×S1)⊕NP(X) ∼= P top
c (X×S1 → S1)⊕NP(X)

given by h = φ(r(h))+ n(h). Furthermore

P top(X×S1) ∼= P top(X×I )⊕P top
b (X×R)⊕NP(X).

The constructions in Sect. 6 work for both the smooth and the topological category.

Theorem 8.4 For X a finite dimensional topological manifold and dim(X) greater than or
equal to the stable range for topological manifolds [5], there is a splitting of groups

P
top(X×S1) ∼= P

top(X)×P
top
b (X×R)×N+P

top(X)×N−P
top(X).

123



288 Geom Dedicata (2010) 148:263–289

References

1. Anderson, D.R., Hsiang, W.-C.: The functors K−i and pseudoisotopies of polyhedra. Ann. Math.
105, 201–223 (1977)

2. Bass, H.: Algebraic K -Theory. W. A. Benjamin, New York, Amsterdam (1968)
3. Bass, H., Heller, A., Swan, R.: The whitehead group of a polynomial extension. Inst. Hautes Études Sci.

Publ. Math. 22, 61–79 (1964)
4. Burghelea, D.: On the decomposition of the automorphisms group of M×S1. Rev. Roumaine Math. Pures

Appl. 22, 17–30 (1977)
5. Burghelea, D., Lashof, R.: Stability of concordances and the suspension homomorphism. Ann.

Math. 105, 449–472 (1977)
6. Burghelea, D., Lashof, R., Rothenberg, M.: Groups of Automorphisms of Manifolds. Lecture Notes in

Math., no. 473, Springer Verlag, New York, (1975)
7. Chapman, T.A.: Lectures on Hilbert cube manifolds. C.B.M.S. Regional Conference Series in Mathemat-

ics 28, Am. Math. Soc. (1976a)
8. Chapman, T.A.: Concordances of Hilbert cube manifolds. Trans. Am. Math. Soc. 219, 253–268 (1976b)
9. Chapman, T.A.: Approximation results in Hilbert cube manifolds. Trans. Am. Math. Soc. 262,

303–334 (1980)
10. Chapman, T.A.: Approximation results in topological manifolds. Mem. Am. Math. Soc. 34, iii+64pp

(1981)
11. Chapman, T. A.: Controlled Simple Homotopy Theory and Applications. Springer Lecture Notes in Math.

1009, Springer, New York, (1983)
12. Farrell, F.T.: The obstruction to fibering a manifold over the circle. Indiana Univ. Math. J. 21,

315–346 (1971)
13. Grayson, D.: Higher algebraic K-theory II (after Daniel Quillen). In: Algebraic K-Theory, Proceedings

Conference on Northwestern Univ., Evanston, Ill., vol. 551, pp. 217–240, Lecture Notes in Math., Springer,
Berlin (1976)

14. Hatcher, A.: Concordance spaces, higher simple homotopy theory, and applications. In: Algebraic and
Geometric Topology (Proceedings Symposium on Pure Mathamatics, Standford Univ., Standford, Calif.
1976), Part 1, pp. 3–21, Proceedings Symposium on Pure Mathamatics, XXXII, Am. Math. Soc., Provi-
dence, R.I., (1978)

15. Hatcher, A., Wagoner, J.: Pseudo-isotopies of compact manifolds. Asterisque 6, Soc. Math. France, (1973)
16. Hsiang, W.C.: Decomposition formula of Laurent extension in algebraic K -theory and the role of codi-

mension 1 submanifold in topology. In: Algebraic K -Theory, II: “Classical” Algebraic K -Theory and
Connections with Arithmetic (Proceedings Conference on Seattle Research Center, Battelle Memorial
Inst., 1972), pp. 308–327. Lecture Notes in Math., vol. 342, Springer, Berlin, (1973)

17. Hughes, C.B.: Spaces of approximate fibrations on Hilbert cube manifolds. Compositio Math. 56,
131–151 (1985a)

18. Hughes, C.B.: Bounded homotopy equivalences of Hilbert cube manifolds. Trans. Am. Math.
Soc. 287, 621–643 (1985b)

19. Hughes, C.B.: Approximate fibrations on topological manifolds. Michigan Math. J. 32, 167–183
(1985c)

20. Hughes, C.B.: Delooping controlled pseudo-isotopies of Hilbert cube manifolds. Topol. Appl. 26,
175–191 (1987)

21. Hughes, C.B.: Controlled homotopy topological structures. Pac. J. Math. 133, 69–97 (1988)
22. Hughes, C.B.: Problem List, Workshop on Nil Phenomena in Topology. Vanderbilt University, April

14–15, http://www.math.vanderbilt.edu/~hughescb/Shanks2007/ProblemSession3.pdf (2007)
23. Hughes, C.B., Prassidis, S.: Control and relaxation over the circle. Mem. Am. Math. Soc. 145(691),

x+96pp (2000)
24. Hughes, C.B., Ranicki, A.: Ends of Complexes. Cambridge Tracts in Mathamatics, vol. 123, Cambridge

Univ. Press, Cambridge (1996)
25. Hughes, C.B., Taylor, L., Williams, E.B.: Bundle theories for topological manifolds. Trans. Am. Math.

Soc. 319, 1–65 (1990)
26. Hughes, C.B., Taylor, L., Williams, E.B.: Manifold approximate fibrations are approximate bun-

dles. Forum Math. 3, 309–325 (1991)
27. Hughes, C.B., Taylor, L., Williams, E.B.: Splitting forget control maps, preprint (2009)
28. Hütenmann, T., Klein, J., Vogell, W., Waldhausen, F., Williams, B.: The “fundamental theorem” of the

algebraic K -theory of spaces. I. J. Pure Appl. Algebra 160, 21–52 (2001)

123

http://www.math.vanderbilt.edu/~hughescb/Shanks2007/ProblemSession3.pdf


Geom Dedicata (2010) 148:263–289 289

29. Igusa, K.: What happens to Hatcher and Wagoner’s formulas for π0C(M)when the first Postnikov invari-
ant of M is nontrivial? Algebraic K -theory, number theory, geometry and analysis (Bielefeld, 1982),
104–172, Lecture Notes in Math., 1046, Springer, Berlin (1984)

30. Igusa, K.: The stability theorem for smooth pseudoisotopies. K -Theory 2, vi+355 pp (1988)
31. Kinsey, L.C.: Pseudoisotopies and submersions of a compact manifold to the circle. Topology 26,

67–78 (1987)
32. Prassidis, S.: The Bass–Heller–Swan formula for the equivariant topological Whitehead group.

K-Theory 5, 395–448 (1992)
33. Ranicki, A.: Lower K- and L-Theory. London Math. Soc. Lect. Notes Ser., vol. 178, Cambridge University

Press, New York (1992)
34. Siebenmann, L.C.: The obstruction to finding a boundary of an open manifold of dimension greater than

five. Thesis, Princeton University (1965)
35. Siebenmann, L.C.: A total whitehead torsion obstruction to fibering over the circle. Comment. Math.

Helv. 45, 1–48 (1970)
36. Weiss, M., Williams, B.: Automorphisms of Manifolds. Surveys on Surgery Theory, vol. 2, 165–220,

Ann. Math. Stud., 149, Princeton University Press, Princeton, NJ, (2001)

123


	A Bass--Heller--Swan formula for pseudoisotopies
	Abstract
	1 Introduction
	2 Preliminaries
	3 Splitting the relaxed subgroup
	4 The basic construction
	5 The transfer map and relaxation
	6 A splitting of NP(X)
	7 Pseudoisotopies and embeddings
	8 Pseudoisotopies in Top
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


