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2 PERIEQ�OMENA



Kef�laio 1

Oi basikoÐ q¸roi.

1.1 To uperbolikì epÐpedo.

O q¸roc mac eÐnai to �nw hmiepÐpedo   uperbolikì epÐpedo, sumbolÐzoume

H = {x ∈ C : Im(x) > 0}.

Orismìc 1.1. Up�rqoun dÔo diaforetikoÐ tÔpoi uperbolik¸n gramm¸n, oi

opoÐec orÐzontai wc proc ta eukleÐdeia antikeÐmena tou C. O pr¸toc eÐnai h

tom  tou H me tic eujeÐec tou C k�jetec sto R. O �lloc tÔpoc eÐnai h tom 

tou H me touc eukleÐdeiouc kÔklouc me kèntro sto R.

Prìtash 1.1. Gia k�je zeÔgoc diakrit¸n shmeÐwn p, q tou H, up�rqei mo-

nadik  uperbolik  gramm , èstw l, pou pern� apì ta p, q.

Apìdeixh. DiakrÐnoume dÔo peript¸seic.

1. Re(p) = Re(q). Tìte l = L ∩ H, ìpou L = {z ∈ C : Re(z) = Re(p)}.
Parathr ste ìti h L eÐnai EukleÐdeia eujeÐa k�jeth sto R.

2. Re(p) ̸= Re(q).

JewroÔme thn EukleÐdeia eujeÐa Lpq pou pern�ei apì ta p kai q. H klÐsh

thc eÐnai

m =
Im(q)− Im(p)

Re(q)−Re(p)
.

An t¸ra S eÐnai h mesok�jetoc sthn Lpq, tìte h S èqei klÐsh −1/m.

'Ara h exÐswsh thc S eÐnai h

y =
Re(p)−Re(q)

Im(q)− Im(p)

[
x− 1

2
(Re(p)−Re(q))

]
,

3
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efìson pern� apì to shmeÐo p+q
2 . Me b�sh ta parap�nw, mporoÔme na

broÔme thn exÐswsh tou kÔklou.

Orismìc 1.2. DÔo uperbolikèc eujeÐec sto H lègontai par�llhlec ìtan den

tèmnontai.

Je¸rhma 1.1. An l eÐnai mÐa uperbolik  eujeÐa tou H kai p shmeÐo tou

H ektìc thc l, tìte up�rqoun �peirec diaforetikèc uperbolikèc eujeÐec pou

pernoÔn apì to p kai eÐnai par�llhlec me thn l.

Apìdeixh. DiakrÐnoume dÔo peript¸seic.

1. H l eÐnai tm ma eukleÐdeiac gramm c tou C.
Tìte, h L = {z ∈ H : Re(z) = Re(p)} eÐnai par�llhlh me thn l. Jewr¸

shmeÐo x sto R metaxÔ thc l kai L kai kataskeu�zw EukleÐdeio kÔklo me

kèntro x pou pern� apì to p. 'Enac tètoioc kÔkloc den tèmnei potè thn

l kai to komm�ti tou kÔklou pou an kei sto H eÐnai uperbolik  eujeÐa.

Dedomènou ìti mpor¸ na epilèxw �peira tètoia x, èqw �peirec tètoiec

uperbolikèc grammèc.

2. H l eÐnai komm�ti EukleÐdeiou kÔklou C kai p /∈ C. Gia na kataskeu�sou-

me mÐa �llh uperbolik  eujeÐa pou pern�ei apì to p kai eÐnai par�llhlh

sthn l, paÐrnoume èna shmeÐo x ston R an�mesa sta K kai L, kai è-

stw A o EukleÐdeioc kÔkloc me kèntro ston Re pou pern�ei apì ta

x kai p. GnwrÐzoume ìti up�rqei tètoioc EukleÐdeioc kÔkloc A, epeid 

Re(x) ̸= Re(p).

Apì thn kataskeu , o A qwrÐzetai apì to L, kai ètsi h uperbolik 

eujeÐa H ∩ A qwrÐzetai apì thn l. Autì shmaÐnei ìti h H ∩ A eÐnai mÐa

deÔterh uperbolik  eujeÐa pou pern�ei apì to p kai eÐnai par�llhlh sthn

l.

Kaj¸c up�rqoun �peira shmeÐa ston R metaxÔ twnK kai L, h kataskeu 

aut  mac dÐnei �peirec tètoiec uperbolikèc eujeÐec pou pernoÔn apì to p

kai eÐnai par�llhlec sthn l.
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1.2 H sfaÐra tou Riemann C.

'Estw S1 o monadiaÐoc kÔkloc sto C. 'Estw ξ : S1 \ {i} → R pou orÐzetai

wc ex c: to ξ(k) eÐnai to shmeÐo tom c thc eujeÐac pou pern�ei apì ta i kai k

me to R. H ξ lègetai stereografik  probol . H ξ eÐnai kal� orismènh, 1− 1

kai epÐ. Pr�gmati an ξ(x1) = ξ(x2) ⇒ x1 = x2, epeid  apì dÔo shmeÐa pern�ei

monadik  eujeÐa-EukleÐdeia eujeÐa. 'Ara aut  h eujeÐa èqei mÐa tom  me to S1.

MporoÔme na broÔme thn klÐsh thc Lk :

m =
Im(k)− 1

Re(k)
.

H exÐswsh thc eÐnai:

y − 1 =
Im(k)− 1

Re(k)
x.

To

ξ(k) =
Re(k)

1− Im(k)

(h tom  thc Lk me thn y = 0). H stereografik  probol  orÐzetai kai gia

megalÔterec diast�seic, p.q. S2 \ { bìreioc pìloc} → R2. H stereografik 

probol  mac lèei ìti mporoÔme na doÔme to R2 = (C) sa mÐa sfaÐra S2 qwrÐc

èna shmeÐo. To S2 = C ∪ {∞} = C lègetai sfaÐra tou Riemann. An sto

arqikì (ξ : S1 \ {i} → R) sumperil�bw to i, tìte k�nw to q¸ro mou sumpag 

(sumpagopoÐhsh), giatÐ ìlec oi eujeÐec katal goun sto i.

Sto C me thn EukleÐdeia metrik  mporoÔme na orÐsoume anoikt� kai kleist�

sÔnola wc ex c:

Orismìc 1.3. 'Ena sÔnolo X ⊂ C lègetai anoiktì an ∀z ∈ X up�rqei ϵ > 0

¸ste h perioq  Uϵ(z) := {y ∈ C : |y − z| < ϵ} ⊂ X.

Orismìc 1.4. 'Ena sÔnolo X ⊂ C lègetai kleistì sto C an to C \X eÐnai

anoiktì.

Orismìc 1.5. 'Ena sÔnolo X ⊂ C eÐnai fragmèno an up�rqei ϵ > 0 ¸ste

X ⊂ Uϵ(0).

H eikìna tou R mazÐ me to ∞ eÐnai ènac kÔkloc sto C.
MporoÔme na epekteÐnoume thn topologÐa tou C sto C, arkeÐ na orÐsoume

anoiktèc perioqèc Uϵ(z), ∀z ∈ C. 'Etsi, an z ∈ C èqoume Uϵ(z) = {y ∈ C :

|y− z| < ϵ} kai Uϵ(∞) = {y ∈ C : |y| > ϵ}∪{∞}. An ϵ mikrì, tìte h geitoni�

tou ∞ eÐnai meg�lh, (sqedìn ìloc o q¸roc) kai antÐstrofa, an ϵ meg�lo h

geitoni� mikr .
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Orismìc 1.6. 'Ena sÔnolo X eÐnai anoiktì sto C an ∀z ∈ X up�rqei ϵ > 0

¸ste h perioq  Uϵ(z) ⊂ X.

Par�deigma 1.1. ToH eÐnai anoiktì uposÔnolo tou C. Pr�gmati ∀z ∈ C∩H
epilègw ϵ me 0 < ϵ < Im(z). Tìte Uϵ(z) ⊂ H.

Par�deigma 1.2. To E = {z ∈ C : |z| > 1} ⊂ C eÐnai anoiktì uposÔnolo

tou C. Pr�gmati to E anoiktì sto C, �ra anoiktì kai sto C.

Par�deigma 1.3. To D = {z ∈ C : |z| > 1000} ∪ {∞} ∪ {z ∈ C : |z| < 1}
eÐnai anoiktì wc ènwsh anoikt¸n tou C. Autì diìti to {z ∈ C : |z| > 1000} ∪
{∞} eÐnai anoikt  perioq  tou ∞ kai to {z ∈ C : |z| < 1} eÐnai o anoiktìc

dÐskoc.

Prosoq ! To monosÔnolo {∞} den eÐnai anoiktì.

H sÔgklish sto C epekteÐnei th sÔgklish sto C. MÐa akoloujÐa {zn}n∈N
sto C sugklÐnei sto z ∈ C an ∀ϵ > 0, ∃n0 ∈ N ¸ste zn ∈ Uϵ(z), ∀n ≥ n0.

Sto C den epekteÐnetai h metrik  tou C, all� h topologÐa tou C. An paÐrnw

geitonièc gÔrw apì to z, me mikrìtero ϵ k�je for� kai up�rqei mÐa akoloujÐa

�peirwn ìrwn pou suneqÐzei na eÐnai ekeÐ, tìte up�rqei sÔgklish sto z.

Par�deigma 1.4. H 1/n me n ∈ N sugklÐnei sto C. 'Otan den emplèketai

to ∞ sumbaÐnei ìti  dh gnwrÐzoume, dhlad  1/n → 0.

Par�deigma 1.5. To ìrio thc akoloujÐac n me n ∈ N eÐnai to Ðdio me to

ìrio thc −n me n ∈ N sto C. H n me n ∈ N sugklÐnei sto �peiro, n → ∞
giatÐ ∀ϵ > 0 me n0 > ϵ to n ∈ Uϵ(∞). Parapèra an to n ∈ Uϵ(∞) tìte kai to

−n ∈ Uϵ(∞).

Sto C = C ∪ {∞} akoloujÐec, ìpwc an = n   bn = −n, me n ∈ N
sugklÐnoun.

Orismìc 1.7. 'Enac kÔkloc tou C eÐnai eÐte ènac EukleÐdeioc kÔkloc tou C,
eÐte ènwsh miac eujeÐac tou C me to ∞.

'Estw L mia eukleÐdeia gramm  L = L ∪ {∞} eÐnai kÔkloc tou C pou

perièqei thn L. To R = R ∪ {∞}. To sÔnolo twn kÔklwn tou C eÐnai to

sÔnolo twn lÔsewn exis¸sewn tou C thc morf c:

αzz + βz + βz + γ = 0, 1.1

ìpou α, γ ∈ R, α ̸= 0, β ∈ C.
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An �rw ton periorismì α ̸= 0, tìte h exÐswsh 1.1 gia α = 0 paÐrnei th

morf  thc exÐswshc thc eujeÐac

βz + βz + γ = 0.

Dhlad , an α = 0, èqoume eujeÐa, an α ̸= 0, èqoume kÔklo.

To ∞ apoteleÐ lÔsh thc parap�nw exÐswshc gia α = 0, lìgw sunèqeiac.

Pr�gmati, èstw (zn)n∈N akoloujÐa shmeÐwn tou C, pou ikanopoioÔn thn exÐsw-
sh βz+βz+γ = 0 kai zn → ∞. Jewr¸ thn akoloujÐa w0+n(w1−w0), n ∈ R,
ìpou w0, w1 lÔseic thc exÐswshc βz+βz+γ = 0. H akoloujÐa w0+n(w1−w0)

dÐnei lÔseic thc exÐswshc oi opoÐec teÐnoun sto �peiro.

Autì den isqÔei gia thn exÐswsh αzz + βz + βz + γ = 0, ìtan α ̸= 0 kai

zn → ∞. H exÐswsh gr�fetai:

α|z + β

α
|2 + γ − |β|2

α
= 0,

kai èqoume

lim
zn→∞

(αznzn + βzn + βzn + γ) = lim
zn→∞

(α|z + β

α
|2 + γ − |β|2

α
) = ∞.

'Omwc, ja èprepe to parap�nw ìrio na eÐnai 0 lìgw sunèqeiac. To ∞ den

mporeÐ na ikanopoieÐ thn exÐswsh tou kÔklou.

Orismìc 1.8. Mia sun�rthsh f : C → C eÐnai suneq c sto z ∈ C an

∀ϵ > 0, ∃δ > 0, ¸ste k�je w ∈ Uδ(z) ikanopoieÐ thn f(w) ∈ Uϵ(f(z)).

Dhlad , f(Uδ(z)) ⊂ Uϵ(f(z)). H f eÐnai suneq c sto C an eÐnai suneq c

∀z ∈ C.

Par�deigma 1.6. 'Estw h sun�rthsh J : C → C me

J(z) =


1/z , z ∈ C \ {0},
∞ , z = 0,

0 , z = ∞.

H J eÐnai suneq c sto C\{0}. Gia z = 0 kai ϵ = 5, U5(∞) = {z ∈ C : |z| > 5}.
An p�rw δ = 1

ϵ , tìte f(Uδ(0)) ⊂ Uϵ(∞), giatÐ an |w| < 1/δ, tìte J(w) > ϵ.

'Ara, h J eÐnai suneq c sto 0. Gia z = ∞, an epilèxw to δ < 1/ϵ, èqw

f(Uδ(∞)) ⊆ Uϵ(0).

Mia sun�rthsh eÐnai suneq c an kai mìno an sèbetai ta ìria twn akolou-

ji¸n. H f : C → C lègetai omoiomorfismìc, an h f eÐnai 1−1, epÐ kai suneq c

kai h f−1 suneq c. H J eÐnai omoiomorfismìc.
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Orismìc 1.9. To sÔnolo ìlwn twn omoiomorfism¸n f : C → C, sumbolÐze-
tai wc Homeo (C).

Homeo (C) eÐnai om�da me pr�xh th sÔnjesh sunart sewn. To oudètero

stoiqeÐo eÐnai h tautotik  f(x) = x. To antÐstrofo thc f eÐnai h f−1.

1.3 To ìrio tou apeÐrou tou H.

Orismìc 1.10. 'Enac dÐskoc D tou C eÐnai mia apì tic dÔo sunektikèc su-

nist¸sec tou sumplhr¸matoc enìc kÔklou tou C. An D eÐnai ènac dÐskoc tou

C, tìte anaferìmaste ston kÔklo A pou ton prosdiorÐzei.

ShmeÐwsh 1. K�je dÐskoc prosdiorÐzei monadik� ènan kÔklo. K�je kÔkloc

den prosdiorÐzei monadik� ènan dÐsko.

To H kajorÐzetai (ìqi monadik�) apì to R. To R eÐnai to sÔnoro tou H.

To sÔnoro miac uperbolik c gramm c l tou H eÐnai h tom  tou kÔklou tou C
pou perièqei thn l me ton R. To sÔnoro, dhlad , thc l eÐnai {0,∞}.

Genikìtera, mporoÔme na mil�me gia to sÔnolo uposunìlwn x tou H. Sto
H èqoume dÔo kathgorÐec par�llhlwn gramm¸n:

1. Autèc pou proèrqontai apì kÔklouc tou C pou tèmnontai, ektìc H
kai

2. Autèc pou proèrqontai apì kÔklouc tou C pou den tèmnontai.

Oi teleutaÐec lègontai ultraparallel.

Prìtash 1.2. 'Estw p ∈ H kai q ∈ R, tìte up�rqei monadik  uperbolik 

gramm  pou pern�ei apì ta p, q.

Apìdeixh. DiakrÐnoume dÔo peript¸seic.

1. Re(p) ̸= Re(q)

Tìte qrhsimopoioÔme thn parak�tw, gnwst  apì thn EukleÐdeia gewme-

trÐa, kataskeu . Fèrnoume th mesok�jeto tou eujÔgrammou tm matoc

pou orÐzoun ta p, q, h opoÐa tèmnei ton R sto shmeÐo m. O kÔkloc me

kèntro m kai aktÐna thn apìstash twn m, q pern� apì to shmeÐo p kai

orÐzei monadik  uperbolik  eujeÐa metaxÔ twn dÔo shmeÐwn p, q.
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2. Re(p) = Re(q)

Tìte h monadik  uperbolik  eujeÐa pou pern�ei apì ta p, q eÐnai h:

L = {z ∈ H : Re(z) = Re(p)}.

An to q = ∞, tìte qrhsimopoioÔme xan� thn L. To komm�ti thc para-

p�nw gramm c me arqikì shmeÐo to p ∈ H kai telikì to q ∈ R lègetai

uperbolik  aktÐna.
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Kef�laio 2

H genik  om�da twn Möbius.

2.1 H om�da twn Möbius metasqhmatism¸n.

'Estw HomeoC(C) to sÔnolo ìlwn twn omoiomorfism¸n tou C pou dia-

throÔn touc kÔklouc tou C. 'Eqoume:

HomeoC(C) = {f ∈ Homeo(C) | ∀A kÔklo tou C to f(A) kÔkloc}.

Prìtash 2.3. To stoiqeÐo f tou Homeo(C) me f(z) = pz + q, ìpou p ̸=
0, p, q ∈ C eÐnai kai stoiqeÐo tou HomeoC(C).

Apìdeixh. Xèroume ìti oi kÔkloi tou C dÐnontai apì thn exÐswsh:

αzz + βz + βz + γ = 0, α, γ ∈ R kai β ∈ C.

1. PerÐptwsh α = 0

O kÔkloc A èqei exÐswsh

βz + βz + γ = 0, β ∈ C, γ ∈ R 1.2

. H exÐswsh thc f(A) eÐnai:

f(βz + βz + γ) = f(0) (2.1)

p(βz + βz + γ) + q = q (2.2)

p(βz + βz + γ) = 0 (2.3)

βz + βz + γ = 0, (2.4)

(2.5)

11
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gia p ̸= 0. Diaforetik� jètw w = pz+ q, opìte z = (w− q)/p. Antika-

jist¸ to z sthn exÐswsh 1.2 ki èqw:

β
w − q

p
+ β

w − q

p
+ γ =

β

p
w +

β

p
w − β

p
q − β

p
q + γ.

EÐnai profanèc ìti èqoume kai p�li exÐswsh kÔklou.

2. Genik  perÐptwsh

Antikajist¸ntac to z = (w − q)/p kai k�nontac tic pr�xeic, prokÔptei

ìti:

α

pp
(w − q)(w − q) +

β

p
(w − q) +

β

p
(w − q) + γ = 0(2.6)

α

|p|2
|w − q|2 + β

p
(w − q) +

β

p
(w − q) + γ = 0(2.7)

α

|p|2

∣∣∣∣w +
βp

α
− q − βp

α

∣∣∣∣2 + βw

p
− βq

p
+

βw

p
− βq

p
+ γ = 0(2.8)

α

|p|2

∣∣∣∣w +
βp

α
− q

∣∣∣∣2 + γ − |β|2

α
= 0.

'Ara, ìla ta prwtob�jmia polu¸numa phgaÐnoun kÔklouc se kÔklouc.

Prìtash 2.4. H

J(z) =


1/z , z ∈ C \ {0},
∞ , z = 0,

0 , z = ∞.

eÐnai stoiqeÐo tou HomeoC(C).

Apìdeixh. H ... gia z = 1/w dÐnei:

α
1

w

1

w
+ β

1

w
+ β

1

w
+ γ = 0

α+ βw + βwγww = 0.

To teleutaÐo apoteleÐ exÐswsh kÔklou.
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Par�deigma 2.7. 'Estw A o kÔkloc me exÐswsh 2z + 2z + 3 = 0. Tìte o

J(A) èqei exÐswsh 2w+2w+3ww = 0. Epomènwc, k�je stoiqeÐo thc morf c

f ◦J ◦ f ◦J ◦ ...   J ◦ f ◦J ◦ f ◦ ... eÐnai stoiqeÐo tou HomeoC(C). 'Eqoume ìti

f ◦ J(z) = f(
1

z
) = p

1

z
+ q =

qz + p

z
, p ̸= 0,

J ◦ f(z) = J(pz + q) =
1

pz + q
, p ̸= 0,

f ◦ J ◦ f(z) = f(
1

pz + q
) = p

1

pz + q
+ q =

qpz + (p+ q2)

pz + q
, p ̸= 0,

f2◦J◦f1(z) = f2(
1

p1z + q1
) = p2

1

p1z + q1
+q2 =

q2p1z + p2 + q2q1
p1z + q1

, p1, p2 ̸= 0.

Orismìc 2.11. 'Enac metasqhmatismìc Möbius, eÐnai mia sun�rthsh m :

C → C me m(z) = (αz + β)/(γz + δ), ìpou α, β, γ, δ ∈ C kai αδ − βγ ̸= 0.

To sÔnolo ìlwn twn metasqhmatism¸n Möbius, sumbolÐzetai me Mob+.

To m(∞) upologÐzetai wc ex c:

m(∞) = lim
z→∞

αz + β

γz + δ
= lim

z→∞

α+ β
z

γ + δ
z

=
α

γ
, γ ̸= 0.

Gia γ = 0,m(∞) = ∞. To m(0) = β/δ, an δ ̸= 0 kai m(0) = ∞, an

δ = 0, β ̸= 0.

H perÐptwsh β = δ = 0 apokleÐetai, giatÐ αδ − βγ ̸= 0.

Prìtash 2.5. To sÔnolo Mob+ eÐnai om�da me pr�xh th sÔnjesh apeiko-

nÐsewn.

Apìdeixh. Gia m1(z) = (α1z+β1)/(γ1z+δ1), kai m2(z) = (α2z+β2)/(γ2z+

δ2), ìpou α1δ1 − β1γ1 ̸= 0 kai α2δ2 − β2γ2 ̸= 0, èqoume ìti

m1(m2(z)) =
α1(

α2z+β2

γ2z+δ2
) + β1

γ1(
α2z+β2

γ2z+δ2
) + δ1

=
α1α2z + α1β2 + β1γ2z + δ2β1
γ1α2z + γ1β2 + δ1γ2z + δ2δ1

(α1α2 + β1γ2)z + α1β2 + δ2β1
(γ1α2 + δ1γ2)z + γ1β2 + δ2δ1

,

ìpou

(α1α2 + β1γ2)(γ1β2 + δ2δ1)− (α1β2 + δ2β1)(γ1α2 + δ1γ2) ̸= 0. Parapèra,

m(z) = z = (z + 0)/(0z + 1) ∈ Mob+.

Je¸rhma 2.2. 'Estw Möbius, metasqhmatismìc m(z) = (αz+β)/(γz+δ),

ìpou α, β, γ, δ ∈ C kai αδ − βγ ̸= 0.
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1. An γ = 0, tìte

m(z) =
α

δ
z +

β

δ
.

2. An γ ̸= 0, tìte m(z) = f(J(g(z))), ìpou g(z) = γ2z + γδ, f(z) =

−(αδ − βγ)z + α/z, z ∈ C kai f(∞) = ∞ = g(∞).

Apìdeixh. An γ = 0, den èqw na deÐxw tÐpota.

An γ ̸= 0, tìte

m(z) =
αz + β

γz + δ
=

αγz + βγ

γ2z + δγ
=

αγz + αδ − (αδ − βγ)

γ2z + δγ

=
α

γ
− αδ − βγ

γ2z + δγ
= f(J(g(z))).

Pìrisma 2.1.

Mob+ ≤ HomeoC(C).

Orismìc 2.12. 'Estw g : C → C ènac omoiomorfismìc. 'Ena stajerì shmeÐo

tou g eÐnai èna shmeÐo z ∈ C tètoio ¸ste g(z) = z.

To er¸thma pou prokÔptei afor� sta stajer� shmeÐa twn Möbius meta-

sqhmatism¸n.

1. An γ = 0, tìte

m(z) =
α

δ
z +

β

δ
.

Upojètoume ìti o m den eÐnai h tautotik  apeikìnish. H exÐswsh

m(z) = z ⇔ α

δ
z +

β

δ
= z ⇔ z(

a

δ
− 1) = −β

δ
.

An α/δ = 1, tìte h exÐswsh eÐnai adÔnath, opìte o m den èqei kanèna

stajerì shmeÐo. Autì eÐnai profanèc, giatÐ an α = δ ⇒ m(z) = z +

β/δ ⇒ β ̸= 0, �ra to −β/δ ̸= 0. An α/δ ̸= 1, tìte

z =
−β

δ
α−δ
δ

,

ki h m(z) èqei akrib¸c èna stajerì shmeÐo (upì thn proôpìjesh ìti den

eÐnai h tautotik ).
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2. An γ ̸= 0, tìte

m(z) = z ⇔ αz + β

γz + δ
= z ⇔ αz+β = γz2+δz ⇔ γz2+(δ−α)z−β = 0.

H exÐswsh aut  eÐte èqei mia dipl  rÐza, eÐte èqei dÔo rÐzec sto C.

Je¸rhma 2.3. 'Estw m(z) ènac Möbius metasqhmatismìc me 3 stajer�

shmeÐa sto C. Tìte m(z) = z.

Par�deigma 2.8. BreÐte ta stajer� shmeÐa thc J(z) = 1/z. EÐmaste sthn

perÐptwsh ìpou γ ̸= 0. LÔnoume thn 1/z = z ⇔ z = ±1.

2.2 Idiìthtec metabatikìthtac twn Möb+.

MÐa apì tic basikèc idiìthtec twn Möb+ eÐnai ìti droun monadik�, tripl�

metabatik� ston C. Me autì, ennooÔme pwc dojèntwn dÔo tri�dwn shmeÐwn

(z1, z2, z3) kai (w1, w2, w3) apì diakrit� shmeÐa tou C, up�rqei èna monadikì

stoiqeÐo m twn Möb+ tètoio ¸ste

m(z1) = w1,m(z2) = w2,m(z3) = w3.

Prìtash 2.6. Oi Möbius metasqhmatismoÐ droun monadik� metabatik� stic

diakritèc tri�dec tou C.Dhlad , an (z1, z2, z3), (w1, w2, w3) dÔo diakritèc tri�-

dec tou C, tìte up�rqei monadikìc Möbius metasqhmatismìc m ¸ste

m(zi) = wi, ∀i = 1, 2, 3.

Ousiastik�, dedomènou ìti mÐa tri�da diakrit¸n shmeÐwn orÐzei monadik� èna

kÔklo, h parap�nw idiìthta deÐqnei ìti up�rqei Möbius metasqhmatismìc pou

na stèlnei ton kÔklo se opoiond pote �llo.

Apìdeixh. Ja deÐxw pr¸ta th monadikìthta. 'Estw ìti up�rqoun dÔo Möbius

metasqhmatismoÐ m1,m2 me mi(zj) = wj , ∀j = 1, 2, 3, i = 1, 2. Tìte

m1(zj) = wj ⇒ m1(zj) = m2(zj) ⇒ m−1
2 ◦m1(zj) = zj , j = 1, 2, 3,

dhladh m−1
2 ◦ m1 eÐnai o tautotikìc, diìti èqei trÐa stajer� shmeÐa, opìte

m2 = m1.

Ja deÐxoume sth sunèqeia ìti gia k�je diakrit  tri�da (z1, z2, z3), up�rqei

monadikìc Möbius metasqhmatismìc m, ¸ste: (z1, z2, z3)
m→ (0, 1,∞). Jew-

roÔme

m(z) =
(z − z1)(z2 − z3)

(z − z3)(z2 − z1)
.
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'Eqoume ìti m(z1) = 0,m(z2) = 1,m(z3) = ∞. Exet�zw an o m eÐnai Möbius

metasqhmatismìc:

m(z) =
(z2 − z3)z − (z2 − z3)z1
(z2 − z1)z − (z2 − z1)z3

.

EpÐshc, prèpei na elègxw to ex c

(z2 − z3)(−z3(z2 − z1))− (z2 − z1)(−z1(z2 − z3))

= −z3(z2 − z3)(z2 − z1) + z1(z2 − z1)(z2 − z3)

= (z2 − z1)(z2 − z3)(z1 − z3) ̸= 0.

'Ara, m(z) eÐnai Möbius metasqhmatismìc.

An (z1, z2, z3), (w1, w2, w3) dÔo diakritèc tri�dec, tìte

m1(z1, z2, z3) = (0, 1,∞) = m2(w1, w2, w3) ⇒ m−1
2 ◦m1(z1, z2, z3) = (w1, w2, w3).

Par�deigma 2.9. Na upologisteÐ o m pou phgaÐnei thn (2i, 1 + i, 3) sthn

(0, 2 + 2i, 4). O

m1(z) =
(z − 2i)(1 + i− 3)

(z − 3)(1 + i− 2i)
=

(2 + i)z + 2 + 4i

(1− i)z − 3 + 3i
,

phgaÐnei thn (2i, 1 + i, 3) sthn (0, 1,∞), kai o

m2(z) =
z(2 + 2i− 4)

(z − 4)(2 + 2i)
=

(−2 + 2i)z

(2 + 2i)z − 8− 8i
,

phgaÐnei thn (0, 2 + 2i, 4) sthn (0, 1,∞). Telik�,

m−1
2 ◦m1(z) =

(24 + 8i)z + 16− 48i

(6 + 6i)z + 4− 24i
.

Orismìc 2.13. Mia om�da G dra se èna sÔnolo X an up�rqei omomorfismìc

G → SX ìpou SX = { sÔnolo ìlwn twn 1− 1 kai epÐ apeikonÐsewn X → X}.
Dra, shmaÐnei ìti k�je stoiqeÐo thc om�dac antistoiqÐzetai se mia met�jesh

tou X.

Mia dr�sh tou G sto x lègetai metabatik  an ∀x, y ∈ X, up�rqei g ∈
G, ¸ste gx = y. An h dr�sh eÐnai h G

ϕ→ SX , tìte to (ϕ(g))(x) eÐnai ex'

orismoÔ to p¸c dra èna stoiqeÐo thc G se èna stoiqeÐo tou X. Aplopoi¸ntac

to sumbolismì gr�foume gx gia to (ϕ(g))(x). 'Etsi

(ϕ(g1g2))(x) = (ϕ(g1) ◦ ϕ(g2))(x) = ϕ(g1)(ϕ(g2))(x).

Idiìthtec thc dr�shc eÐnai ìti (g1g2)x = g1(g2)x kai 1x = x.
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Pìrisma 2.2. H Mob+ dra monadik� metabatik� sto sÔnolo twn diakekri-

mènwn tri�dwn tou C.

Pìrisma 2.3. H Mob+ dra metabatik� sto sÔnolo twn kÔklwn tou C.

Apìdeixh. Mia tri�da diakrit¸n shmeÐwn tou C orÐzei monadik� ènan kÔklo

tou C.

1. An ta trÐa shmeÐa den eÐnai suggrammik�, h kataskeu  eÐnai gnwst .

2. An ta shmeÐa eÐnai suggrammik�, tìte arkeÐ na p�roume sto C thn eujeÐa

pou orÐzetai apì ta trÐa shmeÐa. Sto C aut  eÐnai kÔkloc.

3. An ta dÔo shmeÐa eÐnai sto C kai to trÐto eÐnai sto ∞, h eujeÐa tou C
pou pern� apì ta dÔo shmeÐa sto C eÐnai kÔkloc pou pern�ei apì to ∞.

To sumpèrasma bgaÐnei apì to Pìrisma ....

ShmeÐwsh 2. To antÐstrofo den isqÔei! GiatÐ ènac kÔkloc den orÐzetai apì

mia tri�da, all� apì �peirec tri�dec. S' aut  thn perÐptwsh, h monadikìthta

den isqÔei. Me �lla lìgia up�rqoun polloÐ Möbius, metasqhmatismoÐ pou

phgaÐnoun ènan kÔklo se èna �llo. 'Ara, oi Mob+ de droun monadik� meta-

batik� sto sÔnolo twn kÔklwn tou C, diìti k�je kÔkloc orÐzetai apì �peirec

diaforetikèc tri�dec.

Pìrisma 2.4. Oi Mob+ droun metabatik� stouc dÐskouc tou C.

Apìdeixh. 'Estw D kai E dÔo dÐskoi sto C, ìpou o D prosdiorÐzetai apì ton

kÔklo CD sto C kai o E prosdiorÐzetai apì ton kÔklo CE sto C. Kaj¸c oi
Möb+ droun metabatik� sto sÔnolo C kÔklwn sto C, up�rqei ènac Möbius

metasqhmatismìc m pou ikanopoieÐ th sqèsh m(CD) = CE kai ètsi o m(D)

eÐnai ènac dÐskoc pou prosdiorÐzetai apì ton CE .

Wstìso, up�rqoun dÔo dÐskoi pou prosdiorÐzontai apì ton CE kai den

up�rqei trìpoc na gnwrÐzoume an m(D) = E   o m(D) eÐnai o �lloc dÐskoc

pou prosdiorÐzetai apì ton CE . E�n m(D) = E, èqoume telei¸sei.

E�n m(D) ̸= E, prèpei na broÔme ènan Möbius metasqhmatismì pou na

phgaÐnei ton CE ston eautì tou kai na antall�sei touc dÔo dÐskouc pou pros-

diorÐzontai apì ton CE .

H kataskeu  aut  den eÐnai idiaÐtera dÔskolh. Arqik� ergazìmaste me

ènan kÔklo sto C pou mporoÔme na katal�boume, kai sth sunèqeia qrhsimo-

poioÔme th metabatikìthta twn Möb+ sto sÔnolo twn kÔklwn ston C gia na
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metafèroume th lÔsh mac gia autìn ton sugkekrimèno kÔklo se opoiond pote

�llo kÔklo.

Gia ton kÔklo R, èqoume  dh brei thn ap�nthsh, h opoÐa brÐsketai ston

Möbius metasqhmatismì J(z) = 1
z . Kaj¸c J(0) = ∞, J(∞) = 0, kai J(1) =

1, parathroÔme ìti o J phgaÐnei to R ston eautì tou. Kaj¸c J(i) = 1
i =?i,

parathroÔme ìti o J den phgaÐnei tonH ston eautì tou, kai ètsi o J antall�sei

touc dÔo dÐskouc pou prosdiorÐzontai apì ton R.
T¸ra, èstw A opoiosd pote kÔkloc sto C kai n ènac Möbius metasqhma-

tismìc pou ikanopoieÐ th sqèsh n(A) = R. Tìte, o Möbius metasqhmatismìc

n−1 ◦ J ◦ n phgaÐnei ton A ston eautì tou kai antall�sei touc dÔo dÐskouc

pou prosdiorÐzontai apì ton A.

Sugkekrimèna, up�rqei ènacMöbius metasqhmatismìc p ètsi ¸ste p(CE) =

CE kai o p antall�sei touc dÔo dÐskouc pou prosdiorÐzontai apì ton CE . Wc

ek toÔtou, sthn perÐptwsh pou m(D) ̸= E, h sÔnjesh p ◦ m ikanopoieÐ th

sqèsh p ◦m(CD) = p(CE) = CE kai p ◦m(D) = E.

Par�deigma 2.10. JewreÐste touc dÐskouc:

D = {z ∈ C : |z| < 2}, E = {z ∈ C : |z − (4 + 5i)| < 1}.

Jèlw na brw ènan Möbius metasqhmatismì ¸ste na steÐlw ton D ston E.

PolloÐ diaforetikoÐ Möbius metasqhmatismoÐ phgaÐnoun ton E ston D.

Kataskeu�zoume ènan apì autoÔc.

'Estw m(z) = z− 4− 5i. Kaj¸c o E eÐnai o EukleÐdeioc dÐskoc me kèntro

4 + 5i kai aktÐna 1, èqoume ìti o m(E) eÐnai o EukleÐdeioc dÐskoc me kèntro

m(4+5i) = 0 kai aktÐna 1. E�n p�roume th sÔnjesh tou m me ton n(z) = 2z,

parathroÔme ìti n◦m(E) eÐnai o EukleÐdeioc dÐskoc me kèntro to 0 kai aktÐna

2, ètsi ¸ste n◦m(E) = D, ìpwc zhteÐtai. Gr�fontac leptomer¸c th sÔnjesh

n ◦m, paÐrnoume n ◦m(z) = n(z − 4− 5i) = 2z − 8− 10i.

An o D  tan o exwterikìc dÐskoc, pwc ja ton metatìpiza sto eswterikì

tou E; Me aut n pou èqoume, phgaÐnei to exwterikì sto exwterikì tou E,

ìmwc gia na to fèrw mèsa. Ja p�rw trÐa shmeÐa tou kÔklou E kai ja ta p�w

sto R mèsw thc G kai ja efarmìsw thn J(z) = 1/z kai met� ja ta gurÐsw

pÐsw mèsw thc σ−1. 'Ara, σ ◦ J ◦ σ ◦m ◦ n−1, eÐnai h apeikìnish.
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2.3 Taxinìmhsh twn Möbius metasqhmatism¸n.

Orismìc 2.14. DÔo Möbius metasqhmatismoÐ m1,m2 onom�zontai suzu-

geÐc, e�n up�rqei p metasqhmatismìc Möbius ètsi ¸ste:

m2 = p ◦m1 ◦ p−1.

ShmeÐwsh 3. ParathroÔme ìti

1. H dr�sh tou m1 sto C eÐnai h Ðdia me th dr�sh tou m2 sto p(C). H
dr�sh tou m2 sto p(C) = {p(z)|z ∈ C}, eÐnai

m2(p(z)) = (p ◦m1 ◦ p−1)(p(z)) = p(m1(z)).

2. E�n m2 = p◦m1◦p−1, tìte oi m1 kai m2 èqoun ton Ðdio arijmì stajer¸n

shmeÐwn.

Analutikìtera, èstw z eÐnai stajerì shmeÐo tou m1, dhlad  m1(z) = z.

Tìte, to p(z) eÐnai stajerì shmeÐo tou m2. Dhlad 

m2(p(z)) = p ◦m1 ◦ p−1(p(z)) = p(m1(z)) = p(z).

'Ara, h sun�rthsh ϕ : { stajer� shmeÐa tou m1} → { stajer� shmeÐa tou m2}
eÐnai amfimonos manth, dhlad  1− 1 kai epÐ.

Idèa Taxinìmhshc:

1. K�jeMöbius metasqhmatismìc eÐnai suzug c m' ènan se kanonik  morf .

2. Taxinìmhsh twn kanonik¸n morf¸n.

ShmeÐwsh 4. An xèroume pwc sumperifèretai ènac Möbius metasqhmati-

smìc se trÐa shmeÐa (sun jwc 0,∞, 1), xèroume ta p�nta gi' autìn.

Upojètoume ìti o m èqei èna stajerì shmeÐo x ∈ C, dhlad  m(x) = x.

'Estw y ∈ C \ {x} kai p o metasqhmatismìc pou stèlnei to x sto ∞, to y sto

0 kai to m(y) sto 1.

Exet�zoume ton p ◦m ◦ p−1. Opìte

p ◦m ◦ p−1(∞) = p(m(x)) = p(x) = ∞.

'Ara, o p ◦m ◦ p−1 af nei stajerì to ∞. Epomènwc, p ◦m ◦ p−1(z) = az + b,

me a ̸= 0. All� o p èqei mìno èna stajerì shmeÐo. 'Ara o p ◦m ◦ p−1(z) den
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mporeÐ na eÐnai h stajer  apeikìnish. Epomènwc, h exÐswsh az+b = z den èqei

lÔseic sto C. Autì sumbaÐnei, giatÐ den èqei kanèna stajerì shmeÐo sto C,
all� mìno èna stajerì sto C, to ∞. 'Ara a = 1 dhlad  p◦m◦p−1(z) = z+b.

To sumpèrasma pou prokÔptei, ìtan ènac Möbius metasqhmatismìc èqei

mìno èna stajerì shmeÐo eÐnai:

p ◦m ◦ p−1(z) = p(m(y)) = 1 ⇒ b = 1,

dhlad  eÐnai suzug c me ton n(z) = z + 1 ki onom�zetai parabolikìc.

Par�deigma 2.11. Ja doÔme p¸c douleÔei to parap�nw me èna sugkekri-

mèno par�deigma

m(z) =
z

z + 1
.

BrÐskw ta stajer� shmeÐa tou, dhlad  exet�zw

m(z) = z ⇒ z

z + 1
= z.

Opìte, z = 0 eÐnai stajerì shmeÐo, afoÔ m(0) = 0. Gia z ̸= 0 kai apaleÐfontac

to z èqoume,
1

z + 1
= 1 ⇒ 1 = z + 1 ⇒ z = 0,

pou eÐnai �topo. 'Ara, z = 0 eÐnai to monadikì stajerì shmeÐo.

EpÐshc, m(∞) = 1 ̸= ∞. Epomènwc, dialègw y = ∞ ∈ C \ {0} kai p o

metasqhmatismìc pou stèlnei to 0 sto ∞, to ∞ sto 0 kai to m(∞) = 1 sto

1.

O metasqhmatismìc ja eÐnai p(z) = (az + b)/(cz + d). 'Ara,

p(0) =
b

d
= ∞ ⇒ d = 0 (2.9)

p(∞) =
a

c
= 0 ⇒ a = 0 (2.10)

p(1) =
b

c
= 1 ⇒ b = c. (2.11)

Katal goume ìti p : C → C eÐnai o p(z) = 1/z. Parathr ste ìti p−1 :

C → C eÐnai h p−1(z) = 1/z.

p ◦m ◦ p−1(z) = p ◦m(
1

z
) = p ◦ (

1
z

1
z + 1

) =
1

(1 + z)−1
= 1 + z.
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Ac exet�soume t¸ra thn perÐptwsh pou o m èqei dÔo stajer� shmeÐa,

dhlad  m(x) = x,m(y) = y, x ̸= y. 'Estw q Möbius metasqhmatismìc ètsi

¸ste: q(x) = 0, q(y) = ∞. Tìte,

m
′
(∞) = q ◦m ◦ q−1(∞) = q(m(y)) = q(y) = ∞ ⇒ a

c
= ∞ ⇒ c = 0,

m
′
(0) = q ◦m ◦ q−1(0) = q(m(x)) = q(x) = 0 ⇒ b

d
= 0 ⇒ b = 0

kai epomènwc

m
′
(z) =

az + b

cz + d
⇒ m

′
(z) =

a

d
z.

'Ara,

q ◦m ◦ q−1(0) = az, a ∈ C \ {0, 1}.

To a lègetai pollaplasiast c tou m.

Par�deigma 2.12. Exet�zw thn m(z) = (2z + 1)/(z + 1). Arqik�, brÐ-

skoume ta stajer� shmeÐa. 'Eqw

m(z) = z ⇒ 2z + 1

z + 1
= z ⇒ 2z + 1 = z2 + z ⇒ z =

1±
√
5

2
.

'Ara x = 1+
√
5

2 , x = 1−
√
5

2 ta dÔo stajer� shmeÐa, dhlad 

q(z) =
z − x

z − x
, q(x) = 0, q(x) = ∞.

O pollaplasiast c a upologÐzetai apì thn isìthta

q ◦m ◦ q−1(1) = a.

Opìte, q−1(1) = z tètoio ¸ste

q(z) = 1 ⇒ z − x

z − x
= 1 ⇒ z − x = z − x,

pou den èqei lÔseic, dhlad  z = ∞. 'Ara,

q ◦m ◦ q−1(1) = q(m(∞)) = q(2) =
2− x

2− x
=

3−
√
5

3 +
√
5
= a.

To er¸thma pou prokÔptei eÐnai kat� pìso to a exart�tai apì to q.

Par�deigma 2.13. 'Estwm(x) = x,m(y) = y kai n1(x) = 0 = n2(x), n1(y) =

∞ = n2(y). DeÐxte ìti o pollaplasiast c thc n1 ◦m ◦ n−1
1 eÐnai Ðsoc me ton

pollaplasiast  thc n2 ◦m ◦ n−1
2 .
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Apìdeixh. Xèroume ìti

n−1
1 (0) = x = n−1

2 (0) n−1
1 (∞) = y = n−1

2 (∞).

Jètoume

n−1
1 (z) =

a1z + b1
c1z + d1

, n−1
2 (z) =

a2z + b2
c2z + d2

.

'Ara,

n−1
1 (0) =

b1
d1

=
b2
d2

= n−1
2 (0) n−1

1 (∞) =
a1
c1

=
a2
c2

= n−1
2 (∞),

kai m(z) = (kz + l)/(rz + s).

Xèroume epÐshc ìti,

n1 ◦m ◦ n−1
1 (z) = az ⇒ m(n−1

1 (z)) = n−1
1 (az) ⇒ kn−1

1 (z) + l

rn−1
1 (z) + s

=
a1az + b1
c1az + d1

⇒
k a1z+b1
c1z+d1

+ l

r a1z+b1
c1z+d1

+ s
=

a1az + b1
c1az + d1

⇒ k(a1z + b1) + l(c1z + d1)

r(a1z + b1) + s(c1z + d1)
=

a1az + b1
c1az + d1

⇒ (ka1 + lc1)z + (kb1 + ld1)

(ra1 + sc1)z + (rb1 + sd1)
=

a1az + b1
c1az + d1

⇒ ∃w1 : w1a1a = ka1 + lc1, kb1 + ld1 = w1b1

w1c1a = ra1 + sc1, rb1 + sd1 = w1d1 ⇒

a =
1

w1
(
ka1 + lc1

a1
) =

1

w1
(k + l

c1
a1

), w1 =
kb1 + ld1

b1
= k + l

d1
b1

.

Gia to n2 ◦m ◦ n−1
2 katal goume ìti

b =
1

w2
(k + l

c2
a2

), w2 = k + l
d2
b2

.

Parapèra w1 = w2 ⇒ a = b, �ra oi pollaplasiastèc eÐnai Ðdioi.

ShmeÐwsh 5. DÔo Möbius metasqhmatismoÐ eÐnai Ðsoi an kai mìno an eÐnai

an�logoi.
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Par�deigma 2.14. 'Estw sMöbius metasqhmatismìc me s(x) = ∞, s(y) =

0 kai J : C → C me J(z) = 1/z. Tìte, gia t = J ◦s èqoume t(x) = J(s(x)) = 0

kai t(y) = J(s(y)) = ∞. Epiplèon t−1 = s−1 ◦ J−1 = s−1 ◦ J. Xèroume ìti

(t ◦m ◦ t−1)(z) = az ⇔ J ◦ s ◦m ◦ s−1J−1(z) = az ⇒ J ◦ s ◦m ◦ s−1(
1

z
) = az

⇒ s ◦m ◦ s−1(
1

z
) = J−1(az) ⇒ s ◦m ◦ s−1(

1

z
) =

1

az
,

gia k�je z. Gia w = 1/z èqoume s ◦ m ◦ s−1(w) = w/a. S' aut  thn

perÐptwsh, o pollaplasiast c eÐnai 1/a, a ∈ C\{0, 1}. 'Ara, o pollaplasiast c
orÐzetai me akrÐbeia antistrìfou, dhlad  o pollaplasiast c tou m eÐnai o a  

o 1/a.

Anakefalai¸nontac, mporoÔme na poÔme ìti ènacMöbius metasqhmatismìc

m me dÔo stajer� shmeÐa eÐnai suzug c me ton metasqhmatismì n(z) = az,

ìpou a eÐnai o pollaplasiast c tou m. Eidikìtera, o pollaplasiast c tou m

mporeÐ na eÐnai a   1/a.

Sthn perÐptwsh tou J(z) = 1/z, o suzug c tou n wc proc to J (  diafo-

retik� o J suzug c tou n) eÐnai o

J ◦ n ◦ J(z) = J(n(
1

z
)) = J(

a

z
) =

z

a
.

E�n |a| = 1 ⇒ a = e2iθ. Tìte h

q ◦m ◦ q−1(z) = e2iθz,

eÐnai strof  gÔrw apì to kèntro twn axìnwn me gwnÐa 2θ, θ ∈ (0, π) kai o m

lègetai elleiptikìc. Dhlad , o m eÐnai elleiptikìc an kai mìno an |a| = 1 ki

o m èqei dÔo stajer� shmeÐa (0,∞.)

E�n |a| ̸= 1 kai q ◦m ◦ q−1(z) = p2ze2iθ eÐnai h sÔnjesh

1. miac smÐkrunshc (p < 1)   megèjunshc (p > 1) me lìgo p2 kai

2. miac (pijanìn tetrimmènhc) strof c me gwnÐa 2θ.

S' aut n thn perÐptwsh, o m lègetai loxodromikìc.

Telik� an o m èqei

1. stajerì shmeÐo tìte q ◦m ◦ q−1(z) = z + 1, parabolikìc,

2. stajer� shmeÐa tìte q ◦ m ◦ q−1(z) = ze2iθ, θ ∈ (0, π) elleiptikìc,  

q ◦m ◦ q−1(z) = p2ze2iθ, θ ∈ [0, π) loxodromikìc.
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2.4 Apeikìnish me pÐnakec.

'Estw m(z) = (az + b)/(cz + d) kai n(z) = (αz + β)/(γz + δ).

(m◦n)(z) = m(n(z)) =
an(z) + b

cn(z) + d
= ... =

a(αz + β) + b(γz + δ)

c(αz + β) + d(γz + δ)
=

(aα+ bγ)z + (aβ + bδ)

(cα+ dγ)z + (cβ + dδ)
.

'Ara an antistoiqÐsoume k�je Möbius metasqhmatismì me ènan 2× 2 pÐnaka me

mh mhdenik  orÐzousa tìte

m →

(
a b

c d

)
, n →

(
α β

γ δ

)
,

�ra (
a b

c d

)(
z

1

)
=

(
az + b

cz + d

)
kai m ◦ n eÐnai to ginìmeno twn pin�kwn(

a b

c d

)(
α β

γ δ

)
=

(
aα+ bγ aβ + bδ

cα+ dγ cβ + dδ

)
.

ShmeÐwsh 6. K�je Möbius metasqhmatismìc kajorÐzei ènan 2× 2 pÐnaka.

ShmeÐwsh 7. E�n Am eÐnai o pÐnakac tou m kai An o pÐnakac tou n, tìte

Am ·An eÐnai o pÐnakac thc m ◦ n.

ShmeÐwsh 8. Epeid  o m eÐnai antistrèyimoc, tìte Am−1 = A−1
m kai su-

nep¸c o Am eÐnai antistrèyimoc 2 × 2 pÐnakac, �ra detAm ̸= 0 kai up�rqei

Möbius metasqhmatismìc m, tètoioc ¸ste Am = A.

UpenjÔmizoume ìti e�n A =

(
a b

c d

)
tìte A−1 = (ad− bc)−1

(
d −b

−c a

)
.

Orismìc 2.15. 'Estw m metasqhmatismìc Möbius kai Am o 2× 2 pÐnakac

tou m. Tìte, det(A) onom�zetai h orÐzousa tou m. Dhlad , e�n m(z) = az+b
cz+d ,

h orÐzousa tou m eÐnai ad− bc ̸= 0.

Par�deigma 2.15. m(z) = az+b
cz+d , tìte Am =

(
a b

c d

)
kai detAm =

ad − bc. AntÐstoiqa, an θ ̸= 0 kai n(z) = θaz+θb
θcz+θd , tìte An =

(
θa θb

θc θd

)
kai det(An) = θ2(ad− bc).
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'Estw m(z) = az+b
cz+d , ad− bc ̸= 0, isoÔtai me

m(z) =

az√
ad−bc

+ b√
ad−bc

cz√
ad−bc

+ d√
ad−bc

,

me det(Am) = 1. OrÐzoume kanonikopoÐhsh tou m na eÐnai m(z) = az+b
cz+d me

ad− bc = 1.

To Ðqnoc enìc pÐnaka Tr(

(
a b

c d

)
) = a+ d kai isqÔoun ta akìlouja

1. Tr(A+B) = Tr(A) + Tr(B)

2. Tr(rA) = rTr(A)

3. Tr(AB) = Tr(BA) kai sunep¸c Tr(BAB−1) = Tr(A).

Oi idiìthtec autèc mporoÔn na apodeiqtoÔn me aplèc pr�xeic.

Orismìc 2.16. E�n m metasqhmatismìc Möbius kai Am =

(
a b

c d

)
, tìte

to Ðqnoc tou m eÐnai to

τ(m) = (a+ d)2 = (Tr(Am))2,

ìtan o m eÐnai kanonikopoihmènoc.

ShmeÐwsh 9. 'Estw m(z) = az+b
cz+d ènac kanonikopoihmènoc Möbius me-

tasqhmatismìc, dhlad  ad − bc = 1. All� kai o m(z) = −az−b
−cz−d eÐnai ka-

nonikopoihmènoc miac kai (−a)(−d) − (−b)(−c) = 1. Prosèxte tìte ìti

(−a− d)2 = (a+ d)2, �ra to Ðqnoc tou m eÐnai kal� orismèno.

Prìtash 2.7. τ(n ◦m) = τ(m ◦ n) kai sunep¸c τ(q ◦m ◦ q−1) = τ(m).

Apìdeixh. 'Estw ìti o n ki o m eÐnai kanonikopoihmènoi metasqhmatismoÐ

Möbius me pÐnakec An kai Am antÐstoiqa. Tìte

An◦m = AnAm

kai

Am◦n = AmAn.

T¸ra

τ(n◦m) = (Tr(An◦m))2 = (Tr(AnAm))2 = (Tr(AmAn))
2 = (Tr(Am◦n))

2 = τ(m◦n).

'Ara suzugeÐc pÐnakec èqoun to Ðdio Ðqnoc.



26 KEF�ALAIO 2. H GENIK�H OM�ADA TWN MÖBIUS.

E�n m parabolikìc, tìte q ◦m ◦ q−1(z) = z + 1. Epomènwc,

τ(m) = τ(q ◦m ◦ q−1) = (1 + 1)2 = 4.

Aq◦m◦q−1 =

(
1 1

0 1

)
kai fusik� kai τ(tautotik c) = 4.

ShmeÐwsh 10. τ(n ◦m) ̸= τ(n)τ(m).

E�n m elleiptikìc   loxodromikìc, gr�foume n(z) = p ◦ m ◦ p−1(z) =

a2z, a ∈ C \ {0, 1} me An =

(
a2 0

0 1

)
kai detAn = a2 ̸= 1. K�nontac kanoni-

kopoÐhsh èqoume A′
n =

(
a 0

0 1/a

)
.

'Ara, h kanonikopoihmènh tou morf  eÐnai n(z) = az
1/a = az

a−1 . 'Ara, τ(n) =

(a+ a−1)2.

PROSOQH. Gia na p�roume to Ðqnoc enìcMöbius metasqhmatismoÔ prèpei

o m na eÐnai se kanonikopoihmènh morf .

Sthn pr¸th perÐptwsh tou elleiptikoÔ tÔpou, èqoume |a| = 1 kai a =

eiθ, a−1 = e−iθ. 'Ara, a = eiθ = cos θ + i sin θ kai a−1 = e−iθ = cos θ− i sin θ.

Prosjètontac autèc tic dÔo sqèseic, prokÔptei to ex c apotèlesma a+a−1 =

2 cos θ, opìte τ(m) = (a+ a−1)2 = 4(cos θ)2, θ ∈ (0, π).

Sth deÔterh perÐptwsh tou loxodromikoÔ èqoume a = peiθ, a−1 = p−1e−iθ.

'Ara, a+ a−1 = peiθ + p−1e−iθ kai

τ(m) = (a+ a−1)2 = (peiθ + p−1e−iθ)2

= p2e2iθ + 2 + p−2e−2iθ

= p2[cos(2θ) + i sin(2θ)] + p−2[cos(2θ)− i sin(2θ)] + 2

= cos(2θ)(p2 + p−2) + i sin(2θ)(p2 − p−2) + 2.

Gia p ̸= 1, èqoume Im(τ(m)) ̸= 0 gia θ ̸= 0, θ ̸= π/2. Gia θ = 0, èqoume

Im(τ(m)) = 0 kai τ(m) = p2 + p−2 + 2. Gia θ = π/2, èqoume Re(τ(m)) = 0

kai τ(m) = −(p2 + p−2 + 2). Opìte, Im(τ(m)) = sin(2θ)(p2 − p−2). Epeid 

p ̸= 1, sunep�getai p2 ̸= p−2 ki e�n θ ̸= 0, θ ̸= π/2 sunep�getai ìti sin(2θ) ̸=
0. Epomènwc, Im(τ(m)) ̸= 0.

L mma 2.1. 'Estw f : (0,∞) → R, f(x) = x2 + x−2, tìte f(x) ≥ 2 kai

f(x) = 2, an kai mìno an x = 1.
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Apìdeixh. H f ′(x) = 2x−2x−3. BrÐskoume ta krÐsima shmeÐa thc f(x). Opìte,

f ′(x) = 0 ⇒ 2x − 2/x3 = 0 ⇒ x4−1
x3 = 0 ⇒ x4 = 1 ⇒ x = 1, giatÐ x > 0.

E�n x < 1, x4 < 1 ⇒ x4−1
x3 < 0 ⇒ f

′
(x) < 0, opìte f fjÐnousa. E�n

x > 1, f ′(x) > 0, opìte f aÔxousa. Sto x = 1 èqoume apìluto el�qisto. 'Ara,

f(x) ≥ f(1) = 2, gia k�je x ∈ (0,∞) kai f(x) = 2, isodÔnama x = 1.

Prìtash 2.8. 'Estw m Möbius metasqhmatismìc diaforetikìc tou tauto-

tikoÔ. Tìte

1. O m parabolikìc an kai mìno an τ(m) = 4.

2. O m elleiptikìc an kai mìno an τ(m) ∈ [0, 4), τ(m) = 4(cos θ)2.

3. O m loxodromikìc an kai mìno an eÐte Im(τ(m)) ̸= 0, eÐte τ(m) ∈ R
kai τ(m) ∈ (−∞, 0) ∪ (4,∞)

Gia θ = 0, τ(m) = (p2+p−2)+2 > 4. Gia θ = π/2, τ(m) = −(p2+p−2+2) < 0.

Par�deigma 2.16. 'Estw m(z) =
1√
2
z+ 1√

2
1√
2
z+ 3√

2

. Parathr¸ ìti o m eÐnai se

kanonikopoihmènh morf . Tìte, τ(m) = ( 1√
2
+ 3√

2
)2 = ( 4√

2
)2 = 16/2 = 8.

'Ara, m eÐnai loxodromikìc. Ti mporoÔme na poÔme gia ton pollaplasiast 

tou? O m eÐnai suzug c me ton n(z) = a2z kai

τ(m) = (a+ a−1)2 = a2 + a−2 + 2

⇔ τ(m) = a2 + 1/a2 + 2 ⇒ a4 + (2− τ(m))a2 + 1 = 0

⇒ a2 =
(τ(m)− 2)±

√
(2− τ(m))2 − 4

2
=

τ(m)− 2±
√

4− 4τ(m) + (τ(m))2 − 4

2

=
τ(m)− 2±

√
−4τ(m) + (τ(m))2

2
.

'Ara, a2 = 6±
√
64−32
2 = 6±

√
32

2 = 6±4
√
2

2 = 3± 2
√
2, opìte a2 = 3+2

√
2 >

1.

Par�deigma 2.17. DeÐxte ìti e�n m ∈ Mob+ me èna stajerì shmeÐo x ̸=
∞, tìte

m(z) =
(1 + px)z − px2

pz + 1− px
.
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Apìdeixh. 'Estw m(z) = (az + b)/(cz + d) kai èqoume ìti èqei mìno èna

stajerì shmeÐo x ̸= ∞. Autì shmaÐnei c ̸= 0. EpÐshc, h exÐswsh m(z) = z,

èqei monadik  lÔsh. Dhlad ,

az + b

cz + d
= z ⇔ az + b = cz2 + dz ⇔ cz2 + (d− a)z − b = 0.

Gia na èqei monadik  lÔsh prèpei ∆ = (d − a)2 + 4cb = 0 kai h lÔsh eÐnai

x = −d−a
2c . 'Ara, èqoume tic exis¸seic

(d− a)2 + 4cb = 0

x = −d− a

2c
⇒ −(d− a) = 2cx

ad− bc = 1.

Apì tic ... kai ... èqoume ìti b = −cx2 kai b�sh thc teleutaÐac kai thc ...

èqoume ìti a = 2cx+ d kai

(2cx+d)d+c2x2 = 1 ⇒ d2+2cxd+c2x2−1 = 0 ⇒ d =
−2cx±

√
4

2
⇒ d = 1−cx.

Tìte, a = 2cx+1− cx = 1+ cx. Jètoume c = p kai m(z) = (1+px)z−px2

pz+1−px .

Par�deigma 2.18. 'Estw m ∈ Mob+ me dÔo stajer� shmeÐa x, y me x ̸=
∞ ̸= y. Tìte

m(z) =

x−ya
x−y z + xy(a−1)

x−y

1−a
x−yz +

xa−y
x−y

,

ìpou a o pollaplasiast c tou m.

Apìdeixh. 'Estw m =

(
r s

v w

)
. Up�rqei q =

(
α β

γ δ

)
me αδ − βγ = 1

ètsi ¸ste q(x) = 0, q(y) = ∞ kai q ◦ m ◦ q−1(z) = az. Epeid  q(x) = 0

sunep�getai αx + β = 0 ⇒ x = −β
α , α ̸= 0 ki epeid  q(y) = ∞ sunep�getai

γy + δ = 0 ⇒ y = −δ
γ , γ ̸= 0. Opìte q−1 =

(
δ −β

γ α

)
.

'Ara q ◦m ◦ q−1(z) = αz ⇒ m ◦ q−1(z) = q−1(αz). 'Eqoume ìti

m ◦ q−1 =

(
r s

v w

)(
δ −β

−γ α

)
=

(
rδ − sγ −βr + sα

vδ − wγ −βv + wα

)
kai

q−1(αz) =
δaz − β

−γαz + α
→

(
δα −β

−γα α

)



2.4. APEIK�ONISH ME P�INAKES. 29

Epomènwc

rδ − sγ = δαk (2.12)

vδ − wγ = −γαk (2.13)

−βr + sα = −βk (2.14)

−βv + wα = −αk. (2.15)

ApaleÐfoume to k ki èqoume to apotèlesma.

'EstwM2(C) to sÔnolo ìlwn twn 2×2 pin�kwn. MeGL2(C) sumbolÐzoume
touc 2× 2 antistrèyimouc pÐnakec. Sugkekrimèna

GL2(C) = {A ∈ M2(C) : detA ̸= 0} = {A ∈ M2(C) : A antistrèyimoc }.

Me SL2(C) to sÔnolo SL2(C) = {A ∈ M2(C) : detA = 1}. Ta prohgoÔmena
mac deÐqnoun ìti èqoume mia sun�rthsh F : GL2(C) → Mob+. H antistoiqÐa

A =

(
a b

c d

)
→ mA, ìpou mA(z) =

az+b
cz+d mac dÐnei mia sun�rthsh SL2(C) →

Mob+. 'Eqoume ìti F (A) = mA. O pur nac thc F eÐnai ta A ∈ GL2(C), ètsi
¸ste F (A) = id ⇒ mA = id ⇒ az+b

cz+d = z gia k�je z ∈ C,⇒ a = k, b =

0, c = 0, d = k ⇒

(
a b

c d

)
=

(
k 0

0 k

)
= kI. 'Ara, ker(F ) = {kI : k ̸= 0} kai

h F ep�gei ènan epimorfismì GL2(C)/ker(F )
∼=→ Mob+. H PGL2(C) eÐnai h

probolik  genik  grammik  om�da. Sth sunèqeia, ja upologÐsoume to kèntro

thc GL2(C),
dhlad  to sÔnolo Z = {X ∈ GL2(C) : XA = AX, ∀A ∈ GL2(C)}.

'Estw X =

(
r s

v w

)
. Tìte

(
r s

v w

)(
1 1

0 1

)
=

(
1 1

0 1

)(
r s

v w

)
⇒

(
r r + s

v v + w

)
=

(
r + v s+ w

v w

)
⇒ v = 0, r = w.

'Ara, X =

(
r 0

0 r

)
= rI, r ∈ C. 'Omoia,

(
r s

0 r

)(
1 0

1 1

)
=

(
1 0

1 1

)(
r s

0 r

)
⇒ s = 0.

Epomènwc, Z = {aI : a ∈ C} = kerF.



30 KEF�ALAIO 2. H GENIK�H OM�ADA TWN MÖBIUS.

2.5 Anakl�seic.

'Oson afor� stic anakl�seic, orÐzoume C : C → C, me C(z) =


 z , z ̸= ∞,

∞ , z = ∞,

0 , z = ∞.


Prìtash 2.9. O C eÐnai omoiomorfismìc tou C.

Apìdeixh. 'Oti eÐnai 1− 1 kai epÐ eÐnai profanèc. Mènei h sunèqeia. Parath-

roÔme ìti C−1 = C. 'Ara, arkeÐ na deÐxoume th sunèqeia gia na deÐxoume ìti

eÐnai omoiomorfismìc tou C.

ShmeÐwsh 11. O C den an kei stouc Mob+. Sugkekrimèna, an m(z) =
az+b
cz+d = z gia k�je z, tìte m(r) = r gia k�je r ∈ R ⇒ m = 1. 'Atopo!

H genik  om�daMöbius (sumbolÐzoumeMöb ) eÐnai h upo-om�da twnHomeo(C)
pou par�getai apì to Mob+ kai to C. 'Ara, k�je stoiqeÐo thc gr�fetai

p = mk+1 ◦ C ◦mk ◦ C ◦mk−1 ◦ . . . ◦ C ◦m1, ìpoumi ∈ Mob+.

'Olec oi idiìthtec tou Mob+ metafèrontai sto Mob. Sugkekrimèna,

- Metajètei tic tri�dec diakrit¸n stoiqeÐwn tou C.
- Metajètei touc kÔklouc sto C.
- Metajètei touc dÐskouc sto C.
- De dra monadik� stic tri�dec. [C(r) = r gia k�je r ∈ R kai c ̸= 1].

SumbolÐzoume me HomeoC = {h ∈ Homeo(C) : h(kÔkloc) = kÔkloc}.
Xèroume ìti Mob+ ⊂ HomeoC(C). 'Enac kÔkloc A apoteleÐtai apì ta z ∈ C
me A = z : |z − a| = r, ìpou a = kèntro, r = aktÐna. To C(A) eÐnai o kÔkloc

me |C(z) − a| = |z − a| = |z − a| = |z − a|. Epomènwc, h C apeikonÐzei ton

kÔklo A ston kÔklo z : |z − a| = r. 'Ara, Mob ⊂ HomeoC(C).

Prìtash 2.10. K�je stoiqeÐo tou Mob eÐnai thc morf c

m(z) =
az + b

cz + d

 

n(z) =
az + b

cz + d
/, , ad− bc ̸= 0.

Gewmetrik�, h dr�sh tou C eÐnai an�klash wc proc ton R = R∪∞, dhlad 

eÐte gia k�je z ∈ R, C(z) = z, eÐte gia k�je z /∈ C \ R = C \ R, ìpou R eÐnai

h mesok�jetoc tou eujÔgrammou tm matoc me �kra to z kai to C(z). To R
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eÐnai kÔkloc sto C. Me dedomèno to C mporoÔme na orÐsoume an�klash wc

proc opoiod pote kÔklo A sto C. Xèroume ìti up�rqei m ∈ Mob+ ètsi ¸ste

m(R) = A. OrÐzoume thn an�klash wc proc to A na eÐnai CA = m ◦C ◦m−1.

Par�deigma 2.19. A = S1 = {z ∈ C : |z| = 1},m : R → S1, (0, 1,∞) →

(i, 1,−i) me m(z) =
1√
2
z+ i√

2
i√
2
z+ 1√

2

. Opìte, h an�klash wc proc ton kÔklo A eÐnai

CA(z) = m ◦ c ◦m−1 = 1
z = z

|z|2 . 'Ara,
1
z = 1

a−bi =
a+bi
a2+b2

= a
a2+b2

+ i b
a2+b2

.

T¸ra, an n : (0, 1,∞) → (1,−1, i), tìte n(z) =
1−i√

2
z+ i√

2
1+i√

2
z+ i√

2

kai n◦c◦n−1(z) = 1
z .

Eidikèc peript¸seic.

1. 'EstwA ènac EukleÐdeioc kÔkloc me kèntro a kai aktÐna r. Tìte CA(z) =
r2

z−a + a.

2. 'Estw A mia EukleÐdeia gramm  pou pern�ei apì to a kai sqhmatÐzei

gwnÐa θ me to R. Tìte CA(z) = e2iθ(z − a) + a.

Par�deigma 2.20. A = S1, CA(z) = 1
z = z

|z|2 . O A eÐnai o EukleÐdeioc

kÔkloc kèntrou a kai aktÐnac p. 'Estw p ∈ Mob+, ¸ste p(S1) = A, dhlad 

p(z) = pz+a. 'Estw z ∈ S1. Tìte |z| = 1. Epomènwc, |p(z)−a| = |pz+a−a| =
|pz| = p|z| = p ⇒ p(z) ∈ A.(

p a

0 1

)−1

=

(
1/p −a/p

0 1

)

p−1(z) = (1/p)z − a/p. 'Ara,

CA = p ◦ Ccircp−1(z) = p ◦ C(
1

p
z − a/p) = p

 1
1
pz − a/p

 = p

(
p

z − a

)

=
p2

z − a
+ a =

p2 + a(z − a)

z − a
=

az + (p2 − |a|2)
z − a

.

An A eÐnai EukleÐdeia gramm  pou perièqei to a ∈ C kai sqhmatÐzei gwnÐa

θ me to R. Tìte p ∈ Mob+, p(R) = A, p(z) = eiθz + a. 'Eqoume(
eiθ a

0 1

)−1

=

(
e−iθ −ae−iθ

0 1

)
kai
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CA(z) = p ◦ C ◦ p−1(z) = p ◦ C(e−iθz − ae−iθ) = p(e−iθz − ae−iθ)

= p(eiθz− aeiθ) = eiθ(eiθz− aeiθ)+ a = e2iθ(z− a)+ a = e2iθz+(a− e2iθa).

Prìtash 2.11. K�je stoiqeÐo tou Mob mporeÐ na grafeÐ wc sÔnjesh pepe-

rasmènou arijmoÔ anakl�sewn wc proc kÔklouc.

Apìdeixh. Kaj¸c o Möb par�getai apì touc Möb+ kai C(z) = z, kai kaj¸c

o Möb+ par�getai apì touc J(z) = 1
z kai m(z) = az + b me a, b ∈ C, a ̸= 0,

to mìno pou qreiazìmaste eÐnai na diaforopoi soume thn prìtash gia autoÔc

touc metasqhmatismoÔc.

Apì ton orismì, o C eÐnai an�klash ston R. MporoÔme na ekfr�soume

ton J wc th sÔnjesh tou C(z) = z kai thc an�klashc c(z) = 1
z ston S1.

ArkeÐ na gr�youme tic sunart seicm(z) = az+b wc sÔnjesh anakl�sewn.

Opìte CA(z) = p2

z−a + a = az+(p2−|a|2)
z−a kai CA

′ (z) = e2iθ(z − a) + a =

e2iθz + (a− e2iθa). 'Eqoume, loipìn, CA(z) =
p2

z−a + a,CB(z) =
σ2

z−b
+ b kai

CA ◦ CB(z) = CA(
σ2

z − b
+ b) =

p2

σ2

z−b + b− a
+ a

=
p2(z − b)

σ2 + (b− a)(z − b)
+ a =

p2z − (p2)b

(b− a)z + (σ2 − (b− a)b)
+ a.

Opìte b = a, σ = 1 kai CA ◦ CB(z) = (p2)z − (p2)a + a, p2 ∈ R, a >

0, a ̸= 1, a = b
1−p2

,m = CA ◦ CB. 'Ara CA
′ (z) = e2iθ(z − a) + a,CB

′ (z) =

e2iϕ(z − b) + b kai

C ′
A ◦ C ′

B(z) = C ′
A(exp 2iϕ(z − b) + b) = e2iθe2iϕ(z − b) + (b− a) + a

= e2iθ(e−2iϕ(z − b) + b− a) + a = e2i(θ−ϕ)(z − a) + a

= e2i(θ−ϕ)z − a(e2i(θ−ϕ) − 1).

'Omwc, |a| = 1, a = e2i(θ−ϕ), θ ̸= ϕa = b
1−e2i(θ−ϕ kai m = CA′ ◦ CB′ . 'Ara

m(z) = az + b sunep�getai   a > 0   |a| = 1.

Genik�, a ∈ C \ {0}, a = |a|eiθ. 'Eqoume m1(z) = pz,m2(z) = eiθz + b

kai m = m2 ◦ m1. H m eÐnai sÔnjesh anakl�sewn, epeid  m1 kai m2 eÐnai

sunjèseic anakl�sewn. An a = 1, θ = 0, tìte CA
′ (z) = z + a − a = z +

2iIm(a),m(z) = z + b. E�n b ∈ iR, telei¸same, giatÐ m = CA′ ◦ C. Opìte,
CA′ ◦ C(z) = CA′(z) = z + 2iIm(a), b = 2iIm(a).
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Je¸rhma 2.4. Mob = HomeoC(C).

Apìdeixh. 'Hdh deÐxame ìti oi Mob diathroÔn touc kÔklouc. 'Ara, Mob ⊂
HomeoC(C). To antÐstrofo eÐnai polÔ dÔskolo. DÐnoume apl� mia geÔsh thc

apìdeixhc. 'Estw f ∈ HomeoC(C). 'Estw p ∈ Mob+ kai (f(0), f(1), f(∞)) →
(0, 1,∞). Tìte, p ◦ f : (0, 1,∞) → (0, 1,∞). EpÐshc, p ◦ f ∈ HomeoC(C) ⇒
p ◦ f(R) = R (giatÐ diathreÐ to R kai stèlnei to ∞ sto ∞). 'Ara, eÐte

p ◦ f(H) = H eÐte p ◦ f(H) = −H.

Sthn pr¸th perÐptwsh, jètoume m = p kai sth deÔterh m = C ◦ p. ètsi
èqoume m ∈ Mob,mf(0, 1,∞) → (0, 1,∞) kai mf(H) = H. Ja deÐxoume ìti

mf = 1C ⇒ f = m−1 ∈ Mob. Gia na deÐxoume ìti m ◦ f = 1H, arkeÐ na

deÐxoume ìti m ◦ f(q) = q, gia k�je q ∈ Q. Epeid  m ◦ f suneq c, èqoume

m ◦ f(z) = limn→∞mf(zn) = lim→∞ zn = z.

'Estw Z = {z ∈ C : m ◦ f(z) = z} kai Z ̸= ∅, giatÐ 0, 1,∞ ∈ Z. Epeid 

m ◦ f(∞) = ∞ kai m ◦ f ∈ HomeoC(C) shmaÐnei ìti h m ◦ f stèlnei EukleÐ-

deiec grammèc se EukleÐdeiec grammèc ki EukleÐdeiouc kÔklouc se EukleÐdeiouc

kÔklouc.

'Estw X,Y dÔo EukleÐdeiec grammèc pou tèmnontai sto z0. E�n mf(X) =

X,mf(Y ) = Y, tìte mf(z0) = z0. Gia s ∈ R, v(s) eÐnai h k�jeth gram-

m  pou perièqei to s kai H(is) eÐnai h orizìntia gramm  pou perièqei to is.

'Estw H orizìntia. Epeid  mf(R) = R kai R ∩ H = ∅, sunep�getai ìti
mf(R) ∩ mf(H) = ∅ ⇒ mf(H) eÐnai orizìntia gramm . All� H,mf(H)

eÐnai orizìntiec grammèc, eÐte ki oi dÔo sto H, eÐte ki oi dÔo sto −H.

'Estw A me kèntro 1/2 ki aktÐna 1/2,mf(v(0)) h efaptìmenh sto mf(0)

tou mf(A) kai mf(v(1)) eÐnai h efaptìmenh sto mf(1) tou mf(A). Tìte,

v(0), v(1) eÐnai par�llhlec kai sunep�getai ìti mf(v(0)),mf(v(1)) eÐnai pa-

r�llhlec. Dhlad  mf(v(0)) = v(0),mf(v(1)) = v(1) ⇒ mf(A) = A. Autì

de shmaÐnei ìti A ⊂ Z.

MporoÔme na k�noume to Ðdio gia ticH(i/2) kaiH(−i/2).Opìte,mfH(i/2) =

H(i/2),mfH(−i/2) = H(−i/2). AntÐstoiqa, H(i/2) ∩ v(0) = i/2 ∈ Z kai

H(i/2) ∩ v(1) = 1 + i/2 ∈ Z. 'Omoia, −i/2 ∈ Z kai 1− i/2 ∈ Z.

K�je zeÔgoc shmeÐwn sto Z orÐzei mia eujeÐa, h opoÐa antistoiqeÐ ston

eautì thc. K�je tri�da mh-suneujeiak¸n shmeÐwn sto Z orÐzoun ènan kÔklo

pou antistoiqeÐ ston eautì tou. Oi tomèc aut¸n mac dÐnoun shmeÐa sto Z

ki oÔtw kajex c. 'Etsi fti�qnoume èna puknì uposÔnolo tou C sto Z kai

telei¸same.
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2.6 Diat rhsh tou H.

Orismìc 2.17. Mob(H) = {m ∈ Mob : m(H) = H}.

O m ∈ Mob eÐnai sÔmmorfh sun�rthsh, dhlad  h m diathreÐ gwnÐec eÐte

metaxÔ kÔklwn, eÐte metaxÔ eujei¸n, eÐte metaxÔ kÔklwn ki eujei¸n.

Je¸rhma 2.5. E�n m ∈ Mob(H), tìte to m apeikonÐzei uperbolikèc gram-

mèc se uperbolikèc grammèc.

Apìdeixh. O m stèlnei kÔklouc k�jetouc sto R se kÔklouc k�jetouc ston

R   se eujeÐec k�jetec ston R. To Ðdio kai me tic eujeÐec k�jetec ston R.
'Eqoume ìti,

Mob(H) = {m ∈ Mob : m(H) = H}

kai

Mob+(H) = {m ∈ Mob+ : m(H) = H < Mob(H).

Dhlad , Mob+(H) = Mob+ ∩ Mob(H), kai H eÐnai o dÐskoc sto C me

sÔnoro to R. Opìte, Mob(R) = m ∈ Mob : m(R) = R.
An m ∈ Mob, tìte eÐte m(z) = az+b

cz+d , eÐte m(z) = az+b
cz+d , ad − bc ̸=

0. Jèloume na broÔme th sqèsh metaxÔ twn a, b, c, d ètsi ¸ste m(R) = R.
Xèroume ìti C(R) = R. 'Ara, mporoÔme na upojèsoume ìti m(z) = az+b

cz+d me

ad− bc = 1. Opìte, m(∞) = a/c,m−1(∞) = −d/c,m−1(0) = −b/a an koun

sto R.
Upojètoume ìti a ̸= 0, c ̸= 0. Tìte, a/c,−d/c,−b/a an koun sto R. Ja

ekfr�soume ìlouc touc ìrouc qrhsimopoi¸ntac to c ki èqoume a = m(∞)c, b =

−m−1(0)a = −m−1(0)m(∞)c, d = −m−1(∞)c. Tìte

m(z) =
m(∞)cz −m−1(0)m(∞)c

cz −m−1(∞)c
,

me 1 = ad− bc = c2[−m(∞)m−1(∞) +m−1(0)m(∞)]. 'Ara, c ∈ R   c ∈ iR,
ètsi ¸ste c2 ∈ R. Dhlad , ìloi oi suntelestèc eÐnai eÐte pragmatikoÐ eÐte

kajar� fantastikoÐ arijmoÐ (ètsi ¸ste na eÐnai h orÐzousa Ðsh me 1).

An c = 0, a ̸= 0, tìte m(z) = az + b. 'Eqoume m−1(0) = −b/a,m(1) =

a + b, me a, b na an koun sto R. Opìte, b = −am−1(0), b = m(1) − a. An

c ̸= 0, a = 0, tìte m(z) = b
cz+1 me m(1) = b

c+1 ,m
−1(∞) = −1/c ∈ R.

Opìte, b = m(1)(c + 1) me b, c ∈ R. E�n a, b, c, d ∈ R   a, b, c, d ∈ iR,
tìte m(0),m(∞),m−1(∞) eÐnai ìloi sto R ki �ra paÐrnoun to R ston eautì

tou.
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Je¸rhma 2.6. O m ∈ Mob(R) èqei th morf 

1. m(z) = az+b
cz+d , ad− bc = 1, a, b, c, d ∈ R   a, b, c, d ∈ iR,

2. m(z) = az+b
cz+d , ad− bc = 1, a, b, c, d ∈ R   a, b, c, d ∈ iR.

'EstwA ⊂ C eÐnai ènac kÔklocMob(A) = {m ∈ Mob : m(A) = A}. 'Estw
p ∈ Mob kai p(R) = A kai m ∈ Mob(A). Tìte p−1 ◦m ◦ p = n ∈ Mob(R).
Autì giatÐ n(R) = p−1 ◦m ◦ p(R) = p−1m(A) = p−1(A) = R. 'Ara,

Mob(A) = p ◦ n ◦ p−1 : n ∈ Mob(R).

M1 = p ◦ n ◦ p−1 : n ∈ Mob(R)

eÐnai Ðso me to sÔnolo

M2 = q ◦ n ◦ q−1 : n ∈ Mob(R).

Xèroume ìti p(R) = A = q(R) ⇒ p−1q(R) = R ⇒ p−1 ◦ q = t ∈
Mob(R) ⇒ q = p ◦ t, me t ∈ Mob(R). Gia n ∈ Mob(R), èqoume q ◦ n ◦ q−1 =

p ◦ t ◦m ◦ (p ◦ t)−1 ∈ M1 to opoÐo isoÔtai me p ◦ t ◦m ◦ t−1 ◦ p−1 an kei sto

Mob(R). 'Ara, M2 ⊂ M1. 'Omoia mporoÔme na deÐxoume ìti M1 ⊂ M2, opìte

M1 = M2.

Par�deigma 2.21. UpologÐste to Mob(S1), ìpou S1 = {z ∈ C : |z| = 1}.
'Estw

m(z) =

1√
2
z + i√

2
i√
2
z + 1√

2

,m(R) = S1,

me pÐnaka (
1√
2

i√
2

i√
2

1√
2

)
,

An

(
a b

c d

)
, o pÐnakac enìc tuqaÐou stoiqeÐou tou Möb tìte h

m−1(z) =

1√
2
z − i√

2

− i√
2
z + 1√

2

,

me pÐnaka (
1√
2

−i√
2

−i√
2

1√
2

)
.
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(
1√
2

i√
2

i√
2

1√
2

)(
a b

c d

)(
1√
2

−i√
2

−i√
2

1√
2

)
=

1

2

(
1 i

i 1

)(
a b

c d

)(
1 −i

−i 1

)

=
1

2

(
a+ ic b+ id

ai+ c bi+ d

)(
1 −i

−i 1

)
=

1

2

(
a+ ic− bi− d −ai+ c+ b+ id

ai+ c+ b− di a− ic+ bi+ d

)
=

1

2

(
a− d+ i(c− b) c+ b− i(a− d)

c+ b+ i(a− d) a+ d− i(c− b)

)

K�je stoiqeÐo tou Mob(R) eÐte af nei analloÐwtouc touc dÔo dÐskouc

pou orÐzei to R, eÐte touc enall�ssei. Gia na prosdiorÐsoume ti akrib¸c

sumbaÐnei, upologÐzoume thn eikìna enìc shmeÐou pou den an kei sto R. 'Ara,
m ∈ Mob(H) isodÔnama Im(m(i)) > 0.

1. 'Estw a, b, c, d ∈ R,m(z) = az+b
cz+d ,m ∈ Mob(R). Tìte

m(i) =
ai+ b

ci+ d
=

(b+ ai)(d− ic)

d2 + c2
=

(bd+ ac) + i(ad− bc)

d2 + c2
=

(bd+ ac) + i

d2 + c2
.

Opìte, Im(m(i)) = 1
d2+c2

> 0.

2. 'Estw a, b, c, d ∈ R, tìte m(z) = az+b
cz+d , opìte

m(i) =
−ai+ b

−ci+ d
=

(b− ai)(d+ ci)

d2 + c2
=

(bd+ ac) + i(cb− ad)

d2 + c2
.

Opìte, Im(m(i)) = −1
d2+c2

< 0, �ra den an kei sthn Mob(H).

3. 'Estw a, b, c, d ∈ iR, ad − bc = 1,m(z) = az+b
cz+d = iαz+iβ

iγz+iδ , α, β, γ, δ ∈ R.
Tìte

m(i) =
−α+ iβ

−γ + iδ
=

(−α+ iβ)(−γ − iδ)

γ2 + δ2
.

Opìte, Im(m(i)) = −βγ+αδ
γ2+δ2

= −1
γ2+δ2

< 0, �ra den an kei sthn Mob(H).

4. 'Estwm(z) = az+b
cz+d kai k�nontac pr�xeic katal goume sto ìti den an kei

sto Mob(H).

SunoyÐzontac ìla ta parap�nw, prokÔptei to parak�tw je¸rhma.

Je¸rhma 2.7. E�n m ∈ Mob(H), tìte eÐte

1. m(z) = az+b
cz+d , a, b, c, d ∈ R, ad− bc = 1 eÐte

2. m(z) = az+b
cz+d , a, b, c, d ∈ iR, ad− bc = 1.

Pìrisma 2.5. E�n m ∈ Mob+(H), tìte m(z) = az+b
cz+d , me a, b, c, d ∈ R, kai

ad− bc = 1.
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Par�deigma 2.22. Xèroume ìti h Mob(H) par�getai apì touc m(z) =

az + b, a > 0, b ∈ R, ton k(z) = −1/z, kai ton B(z) = −z. Gia na fti�xoume

thn kathgorÐa a) tou Jewr matoc, paÐrnoume th sÔnjesh twn m(z) kai k(z).

Dhlad  k◦m(z) = −1
az+b . Opìte, n◦k◦m(z) = c −1

az+b+d = adz+(db−c)
az+b , n(z) =

cz + d, me a, b, c, d ∈ R kai c > 0. 'Ara, mporoÔme na kataskeu�soume ìla ta

m(z) = az+b
cz+d , me a, c, d ∈ R, c > 0 kai k◦m(z) = −

cz+daz + b = (−c)z−d
az+b , a ∈ R.

Opìte kataskeu�same ìlec tic sunart seic thc kathgorÐac a tou Jewr matoc.

Gia thn kathgorÐa b) tou Jewr matoc, èqoume k ◦ B(z) = 1/z = i/iz =

B ◦ k(z). Opìte m ◦ B(z) = −az + b = −aiz+bi
i , B ◦ m(z) = −az + b =

−az − b = −aiz−bi
i . 'Ara

a
1

z
+ b =

a+ bz

z
=

biz + ai

iz
=

cbiz + cai

ciz
.

Fti�xame, loipìn, thn kathgorÐa ii) tou Jewr matoc gia d ̸= 0.

MporoÔme na kataskeu�soume m(z) = aiz+bi
ciz . 'Eqoume k ◦m(z) = −ciz

aiz+bi .

'Ara, kataskeu�same n(z) = aiz
ciz+di . An m◦n(z) = r aiz

ciz+di +s = raiz+sciz+sdi
ciz+di .

Prìtash 2.12. H antan�klash wc proc ènan kÔklo tou C eÐnai kal� ori-

smènh.

Apìdeixh. E�n m ∈ Mob(R), tìte c ◦ m = m ◦ c. E�n m(z) = az+b
cz+d , tìte

c ◦ m(z) = az+b
cz+d , kai m ◦ c(z) = m(z) = az+b

cz+d . T¸ra, an m(z) = az+b
cz+d , me

a, b, c, d ∈ iR tìte c ◦m(z) = −az−b
−cz−d = az+b

cz+d = m ◦ c(z).
Oi m,n an koun sto Mob kai m(R) = n(R) = A (o kÔkloc me ton opoÐo

arqÐsame), sunep�getai n−1 ◦ m ∈ Mob(R), n−1 ◦ m = p, p ◦ c = c ◦ p kai

m = np. 'Ara m ◦ c ◦m−1 = n ◦ p ◦ c ◦ p−1 ◦ n−1 = n ◦ c ◦ n−1.

Par�deigma 2.23. 'Estw m ∈ Mob, me m(i) = i. Tìte m(i) = i ⇒
ai+b
ci+d = i ⇒ ai + b = −c + di ⇒ a = d, b = −c me a, b, c, d ∈ R kai

ad − bc = 1 ⇒ a2 + b2 = 1. 'Ara up�rqei gwnÐa θ ∈ [0, π) tètoia ¸ste

a = cosθ, b = sinθ kai o m èqei pÐnaka Rθ =

(
cos θ − sin θ

sin θ cos θ

)
.

'Estw t¸ra ìti m(z) = αiz+βi
γiz+δi , me α, β, γ, δ ∈ R, kai αδ − βγ = −1. H

m(i) = i ⇒ αi(−i)+βi
γi(−i)+δi = i ⇒ α+βi

γ+δi ⇒ α = −δ, β = γ kai αδ − βγ = −1 ⇒
(α)2 + (β)2 = 1.

2.7 Idiìthtec metabatikìthtac sto Möb(H).

Prìtash 2.13. O Mob(H) dra metabatik� sto H.
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Apìdeixh. ArkeÐ na deÐxoume ìti gia k�je w ∈ H up�rqei m ∈ Mob(H) tètoio

¸ste m(w) = i. 'Estw w = a+ bi me a, b ∈ R, b > 0. Pr¸ta ja metakin soume

to w ston jetikì fantastikì hmi�xona. 'Estw p(z) = z − a. Tìte o p ∈
Mob(H) kai p(w) = bi. Sth sunèqeia, orÐzw q me q(z) = z

b . O q ∈ Mob(H) kai

q(bi) = i. 'Ara, gia m = q ◦p, èqoume ìti m ∈ Mob(H) kai m(w) = q ◦p(w) =
q(bi) = i. Idiaitèrwc o m ∈ Mob+(H).

Pìrisma 2.6. O Mob(H) dra metabatik� stic uperbolikèc grammèc.

Apìdeixh. Xèroume ìti oMöb(H) stèlnei uperbolikèc grammèc se uperbolikèc

grammèc. Epiplèon, ta stoiqeÐa thc Möb(H) droun metabatik� sta shmeÐa.

'Ara mac arkeÐ na kataskeu�soume èna stoiqeÐo tou M’́ob(H) pou na apei-

konÐzei thn tuqaÐa uperbolik  gramm  l sto jetikì hmi�xona I tou H. ArkeÐ

dhlad  na broÔme stoiqeÐo tou M’́ob(H) pou na phgaÐnei ta oriak� shmeÐa thc

l sta 0 kai ∞. Pr�gmati, an x, y ∈ R me y < x, tìte o m(z) = z−x
z−y ikanopoieÐ

tic m(x) = 0,m(y) = ∞ kai efìson h orÐzousa tou m eÐnai h x − y > 0,

èqoume ìti to m ∈ Ḿ'ob
+
(H).

'Eqoume dei  dh ìti èna stoiqeÐo m ∈ Mob(H) èqei dÔo morfèc:

1. m(z) = az+b
cz+d , me a, b, c, d ∈ R, kai ad− bc = 1,

2. m(z) = αz+β
γz+δ , me α, β, γ, δ ∈ iR kai αδ − βγ = 1.

Sth sunèqeia, skopìc mac eÐnai na doÔme p¸c dra èna stoiqeÐo thc M'́ob(H)

sto H. ArqÐzoume melet¸ntac t� stajer� shmeÐa tou.

'Estw ìti m(z) = az+b
cz+d , me a, b, c, d ∈ R kai ad− bc = 1. Y�qnoume z ∈ C

¸ste m(z) = z ⇔ az+b
cz+d = z ⇔ p(z) = cz2 + (d− a)z − b = 0.

An c = 0, tìte cz2 + (d − a)z − b = 0 ⇒ c + d−a
z − b

z2
= 0, opìte to ∞

eÐnai stajerì shmeÐo. An epipleìn d − a = 0, dhlad  d = a, tìte m(z) = z,

dhlad  o m eÐnai h tautotik , h opoÐa èqei �peira stajer� shmeÐa. An c = 0

kai d ̸= a, tìte z = b
d−a .

'Ara, an c = 0, tìte eÐte èqoume èna stajerì shmeÐo, to ∞ ∈ R, eÐte dÔo
stajer� shmeÐa, to ∞ kai to b

d−a ∈ R.
An c ̸= 0, tìte z = 1

2c [(a − d) ±
√

(d− a)2 + 4bc], èqoume dÔo stajer�

shmeÐa, ektìc e�n ∆ = (d − a)2 + 4bc = 0, opìte èqoume akrib¸c mÐa rÐza.

S' aut  thn perÐptwsh, (d − a)2 + 4bc = 0 ⇔ d2 + a2 − 2ad + 4bc = 0 ⇔
a2+d2+2ad−4ad+4bc = 0 ⇔ (a+d)2−4(ad− bc) = 0 ⇔ (a+d)2−4 = 0.

An èqw dÔo pragmatikèc rÐzec, tìte (d−a)2+4bc > 0 ⇔ (a+d)2−4 > 0.

An èqw dÔo migadikèc rÐzec, tìte (d − a)2 + 4bc < 0 ⇔ (a + d)2 − 4 < 0.
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An o m èqei stajerì shmeÐo sto H, tìte o m eÐnai elleiptikìc. An o m èqei

èna stajerì shmeÐo sto R, tìte eÐnai parabolikìc. Tèloc, an o m èqei dÔo

stajer� shmeÐa sto R, tìte m loxodromikìc.

1. An o m eÐnai elleiptikìc kai �ra èqei èna stajerì shmeÐo sto H, tìte h

dr�sh tou sto H eÐnai strof  gÔrw apì to stajerì shmeÐo. Lìgw thc

metabatik c dr�shc tou Mob(H) sto H, k�je elleiptikì stoiqeÐo eÐnai

suzugèc me ton m(z) = zcosθ+sinθ
−zsinθ+cosθ gia θ ∈ R.

Prosoq ! O m den eÐnai h sunhjismènh EukleÐdeia strof . Gia par�-

deigma, gia θ = π
2 , to m(1 + i) = −1

2 + 1
2 i.

2. An m parabolikìc, tìte èqei èna stajerì shmeÐo sto R. Qrhsimopoi¸n-
tac to gegonìc ìti oi Mob(H) droun tripl� metabatik� sto R, tìte o
m eÐnai suzug c me ton n(z) = z+1. O m pou eÐnai parabolikìc ki èqei

stajerì shmeÐo to x ∈ R diathreÐ k�je kÔklo tou H∪R efaptìmeno sto

x. Prosoq ! Sto Mob+(H) h dr�sh sto R den eÐnai tripl� metabatik ,

�ra to parap�nw den isqÔei.

3. An m loxodromikìc, tìte o m èqei dÔo stajer� shmeÐa sto R. Lìgw
thc metabatikìthtac twn Mob(H) sta zeÔgh twn pragmatik¸n, o m eÐnai

suzug c me ton n(z) = λz, λ ∈ R. H uperbolik  eujeÐa pou en¸nei ta

dÔo stajer� shmeÐa lègetai �xonac thc loxodromik c m. O �xonac thc

n(z) = λz eÐnai o jetikìc hmi�xonac twn migadik¸n. O �xonac mènei

analloÐwtoc apì thn n, kaj¸c kai ta dÔo hmiepÐpeda A,B pou orÐzei.

Dhlad , ja metakin sei to x p�nw - k�tw λz forèc, afoÔ n(z) = λz,

all� de ja tou all�xei hmiepÐpedo. To Ðdio sumbaÐnei kai gia k�je �llh

loxodromik  me �xona pou pern� apì ta x, y.

Je¸rhma 2.8. 'Estw m(z) = az+b
cz+d , me a, b, c, d ∈ R kai ad− bc = 1. Tìte

isqÔei èna akrib¸c apì ta parak�tw:

1. O m eÐnai o tautotikìc.

2. O m èqei akrib¸c dÔo stajer� shmeÐa sto R, eÐnai loxodromikìc kai

suzug c sto Mob(H) me ton n(z) = λz, ìpou λ > 0, λ ∈ R.

3. O m èqei èna stajerì shmeÐo sto R. 'Ara, eÐnai parabolikìc kai sto

Mob(H) eÐnai suzug c me ton q(z) = z + 1.
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4. Om èqei èna stajerì shmeÐo stoH, �ra eÐnai elleiptikìc. StoMob+(H)

eÐnai suzug c me ton q(z) = zcosθ+sinθ
−zsinθ+cosθ .

'Estw m loxodromikìc me stajer� shmeÐa x, y ∈ R,m ∈ HomeoC(C).
Epeid  o m diathreÐ to H, diathreÐ tic gwnÐec kai ta hmiepÐpeda pou orÐzei o

�xon�c tou. Opìte, o m diathreÐ to A ∩H, ìpou A kÔkloc tou C pou pern�

apì ta x, y. Aut� isqÔoun gia ta stoiqeÐa tou Mob+(H).

Par�deigma 2.24. 'Estw q(z) = iz+2i
iz+i . Na brejoÔn ta stajer� shmeÐa.

An z = ∞, tìte q(z) =
i+ 2i

z

i+ i
z

= 1 ̸= ∞. 'Ara, to ∞ den eÐnai stajerì

shmeÐo. T¸ra, q(z) = iz+2i
iz+i = z ⇒ iz + 2i = z(iz + i) ⇔ −2Im(z) +

i(|z|2 − 2) = 0. 'Ara, Im(z) = 0, dhlad  z ∈ R kai den up�rqoun stajer�

shmeÐa tou q(z) sto H. Epiplèon |z|2 = 2 ⇔ z = ±
√
2. O q paÐrnei thn

uperbolik  gramm  l pou prosdiorÐzoun ta ±
√
2 kai thn p�ei ston eautì thc.

[! Kanèna stoiqeÐo thc l∩H de stajeropoieÐtai]. AntÐjeta me th loxodromik ,

dra san antan�klash sta dÔo hmiepÐpeda pou orÐzei o �xon�c thc. H q lègetai

olisjaÐnousa an�klash.

QwrokÔkloi tou H eÐnai oi kÔkloi tou H ∪ R pou ef�ptontai sto R sto

shmeÐo x.

'Estw m(z) ∈ Mob(H) \Mob+(H) ⇔ m(z) = αz+β
γz+δ , me α, β, γ, δ ∈ iR kai

αδ − βγ = 1, α = ai, β = bi, γ = ci, δ = di, a, b, c, d ∈ R, ad − bc = −1 kai

m(z) = az+b
cz+d . JewroÔme m(z) = z ⇔ c|z|2 + dz − az − b = 0.

'Estw z = x+ iy stajerì shmeÐo an kei sto H. PaÐrnw

cx2 + cy2 + (d− a)x− b+ i(d+ a)y = 0 (1)

kai (d+ a)y = 0. All� apì upìjesh y > 0, afoÔ y ∈ H ⇒ d = −a ⇒

ad− bc = −d2 − bc = −1 (2).

'Ara, h (1), lìgw thc (2) gÐnetai cx2+cy2+2dx−b = 0, dhlad  ta stajer�

shmeÐa ikanopoioÔn thn parap�nw exÐswsh.

An c = 0 ⇒ 2dx = b kai den èqw periorismì gia to y. To x eÐnai mÐa sugke-

krimènh tim  kai to y mporeÐ na p�rei opoiad pote tim . 'Ara, ta stajer� shmeÐa

tou m eÐnai ìla ta shmeÐa thc uperbolik c eujeÐac {z ∈ H : Re(z) = b
2d},

diìti d ̸= 0 apì to −d2 = −1, afoÔ c = 0. H parap�nw eujeÐa stajeropoieÐtai

apì ton m shmeÐo proc shmeÐo.

'Estw rl h an�klash wc proc thn l kai jewreÐste thn rl ◦ m. Efìson

m ∈ M'́ob(H) \ M'́ob
+
(H), èqoume ìti rl ◦ n,m ∈ Mob+(H). 'Omwc, h rl ◦



2.7. IDI�OTHTES METABATIK�OTHTAS STO MÖB(H). 41

m stajeropoieÐ perissìtera apì dÔo shmeÐa tou H kai sugkekrimèna ìla ta

shmeÐa thc l. 'Ara, h rl ◦m = id, �ra m = rl eÐnai an�klash.

An c ̸= 0, diairoÔme me c kai paÐrnoume x2+ y2+ 2d
c x− b/c = (x+ d/c)2+

y2− d2+bc
c2

= (x+ d/c)2+ y2− 1/c2 = 0. Autìc eÐnai kÔkloc kèntrou −d/c ki

aktÐnac 1/|c|. 'Opwc kai prin, h m eÐnai an�klash wc proc uperbolik  eujeÐa

pou orÐzei o A. Prosoq ! 'Olec oi parap�nw peript¸seic isqÔoun an kai mìno

an up�rqoun stajer� shmeÐa sto H.

Ac upojèsoume ìti den up�rqoun stajer� shmeÐa sto H. Jèlw shmeÐa sto

C pou na ikanopoioÔn th sqèsh cx2+cy2+(d−a)x−b+i(d+a)y = 0. Y�qnw

gia stajer� shmeÐa sto R. 'Ara, y = 0. Anagìmaste sthn cx2+(d−a)x−b = 0.

An c = 0, tìte c + d−a
x − b/x2 = 0 kai kaj¸c to x teÐnei sto ∞, sum-

peraÐnoume ìti to ∞ eÐnai stajerì shmeÐo. EpÐshc, (d − a)x = b ⇒ x =
b

d−a , d − a ̸= 0, giatÐ ad − bc = −1 kai ja prèpei a2 = −1 pou de gÐnetai,

giatÐ eÐmaste stouc pragmatikoÔc arijmoÔc. 'Ara, èqoume dÔo stajer� shmeÐa

ta b
d−a kai ∞.

O �xonac thc m eÐnai o {z ∈ H : Re(z) = b
d−a}, o opoÐoc eÐnai suzug c,

lìgw thc metabatikìthtac twn Möbius, metasqhmatism¸n me ton iz+2i
iz+i , pou

sunep�getai ìti o m eÐnai glide reflection. O m gr�fetai wc sÔnjesh miac

an�klashc ki enìc loxodromikoÔ metasqhmatismoÔ me �xona ton l.

Ac doÔme èna par�deigma. 'Estw B(z) = −z. Ston C, èqw B(i) =

−(−i) = i, B(−i) = −(i) = −i, B(ix) = −(−ix) = ix,B(ix + 1) = −(1 −
ix) = −1+ ix, dhlad  eÐnai an�klash. T¸ra prokÔptei to er¸thma, an autìc

eÐnai Möbius, metasqhmatismìc. Gr�fetai −z+0
0z+1 , me ad − bc = −1. Opìte,

B(z) = −iz
i = −z ∈ Mob(H) \Mob+(H).

'Ara

q(z) = (m ◦B)(z) = m(B(z)) = m(−z) =
−az + b

−cz + d
∈ Mob+,

o opoÐoc eÐnai loxodromikìc kai sunep�getai

m(z) = q(z) ◦B−1(z) = q(z) ◦B(z),

ìpou q(z) loxodromikìc kai B−1(z) an�klash.

An c ̸= 0, èqoume cx2+(d−a)x−b = 0. Oi lÔseic eÐnai x = 1/2c[(a−d)±√
(d− a)2 + 4bc] = 1/2c[(a − d) ±

√
(a+ d)2 + 4]. 'Eqei p�nta dÔo lÔseic,

dhlad  èqei p�nta dÔo stajer� shmeÐa sto R. 'Ara, h m(z) eÐnai p�nta glide

reflection. 'Eqoume, loipìn, deÐxei to parak�tw.
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Je¸rhma 2.9. 'Estw n(z) = az+b
cz+d ∈ Mob(H)\Mob+(H), dhlad  a, b, c, d ∈

iR kai ad− bc = 1. Tìte isqÔei èna apì ta parak�tw:

1. H n stajeropoieÐ shmeÐo tou H. Tìte, up�rqei l uperbolik  gramm  tou

H pou mènei analloÐwth ki h n dra san an�klash wc proc l.

2. H n de stajeropoieÐ shmeÐo sto H. Tìte, p�nta stajeropoieÐ dÔo shmeÐa

tou R kai dra san olisjaÐnousa an�klash wc proc ton �xon� thc, dhlad 

thn uperbolik  gramm  pou orÐzetai apì ta dÔo stajer� shmeÐa.

Par�deigma 2.25. BreÐte ta stajer� shmeÐa thc q(z) = −z + 1.

H q(z) gr�fetai wc q(z) = −z+1
0z+1 = −iz+i

i ∈ Mob(H) \Mob+(H). Gia ta

stajer� shmeÐa, prèpei na lÔsw thn q(z) = z, dhlad 

−z + 1 = z ⇔ −(Re(z)− iIm(z)) + 1 = Re(z) + iIm(z)

⇔ −(Re(z) + iIm(z) + 1 = Re(z) + iIm(z) ⇔ 2Re(z) = 1 ⇔ Re(z) =
1

2

'Ara q(z) eÐnai an�klash me �xona {z ∈ H : Re(z) = 1/2}.

Par�deigma 2.26. BreÐte ta stajer� shmeÐa thc q(z) = 2iz−i
3iz−2i ∈ Mob(H)\

Mob+(H).

Parat rhsh! AfoÔ q(z) ∈ Mob(H)\Mob+(H), perimènw na eÐnai an�kla-

sh   olisjaÐnousa an�klash. Dokim�zw q(z) = z ⇔ 3i|z|2−2i(z+z)+ i = 0.

Jètw z = x+iy, antikajist¸ kai x2− 4
3x+

1
3+y2 = 0 ⇔ (x− 2

3)
2+y2− 1

9 = 0,

h opoÐa eÐnai exÐswsh kÔklou aktÐnac 1
3 kai kèntrou (23 , 0). 'Ara, èqw dÔo sta-

jer� shmeÐa sto R, to 1 kai to 1
3 . Opìte, eÐnai olisjaÐnousa an�klash.

Prosoq ! Den mporeÐ na èqei stajer� shmeÐa sthn l, giatÐ ja s maine pwc

èqei stajer� shmeÐa sto H, all� br kame pwc eÐnai olisjaÐnousa an�klash.

Par�deigma 2.27. EÐdame ìti h q(z) = iz+2i
iz+i eÐnai olisjaÐnousa an�klash.

Gr�yte thn q(z) sa sÔnjesh loxodromik c ki an�klashc.

Ta stajer� shmeÐa eÐnai ta ±
√
2 (apì prohgoÔmeno par�deigma). 'Ara, h

m(z) = 2
z eÐnai an�klash wc proc ton �xona l. 'Ara, h p(z) = m ◦ q(z) = 2z+2

z+2

eÐnai loxodromik  me stajer� shmeÐa ±
√
2 kai sunep�getai q(z) = p(z) ◦

m−1(z) = (p ◦m)(z) (afoÔ m eÐnai an�klash).



Kef�laio 3

M koc kai Apìstash sto H.

3.1 Monop�tia kai stoiqeÐa tou Arc-length.

Mia sun�rthsh f : [a, b] → R2 lègetai C1 monop�ti, e�n h f eÐnai suneq c

kai diaforÐsimh sto (a, b) me suneq  par�gwgo.

H f èqei mia parametrikopoÐhsh f(t) = (x(t), y(t)), ìpou oi x(t), y(t) eÐnai

suneqeÐc sunart seic kai oi x′(t), y′(t) up�rqoun kai eÐnai epÐshc suneqeÐc. H

eikìna enìc diast matoc mèsw thc f lègetai kampÔlh tou R2.

EÐnai gnwstì ìti to EukleÐdeio m koc miac kampÔlhc tou R2 dÐnetai apì

ton tÔpo

L(f) =

∫ b

a

√
((x′(t))2 + (y′(t))2)dt.

H posìthta
√

((x′(t))2 + (y′(t))2)dt eÐnai to stoiqei¸dec m koc tìxou sto

R2.

Par�deigma 3.28. 'Estw f : [0, 2] → R2, me f(t) = (1 + t, t2/2). H

parametrikopoÐhsh thc f dÐnetai apì tic x(t) = 1 + t me x′(t) = 1 kai y(t) =

t2/2 me y′(t) = t. Opìte

L(f) =

∫ 2

0

√
1 + t2dt =

1

2

[
t
√

1 + t2 + ln |t+
√

1 + t2|
]2
0
=

√
5+

1

2
ln(2+

√
5|,

ìpou t = tan θ, me −π/2 < θ < π/2.

Prokeimènou na aplopoi soume ton sumbolismì, orÐzoume wc f : [a, b] → C,
me f(t) = x(t) + iy(t). Tìte

|f ′(t)| =
√
(x′(t))2 + (y′(t))2.

43



44 KEF�ALAIO 3. M�HKOS KAI AP�OSTASH STO H.

'Ara,

L(f) =

∫ b

a
|f ′(t)|dt =

∫
f
|dz|,

ìpou |dz| to stoiqei¸dec m koc tìxou sto C.
O parap�nw sumbolismìc mac bohj� na orÐsoume to ex c. 'Estw p : C → R

suneq c. To olokl rwma monopatioÔ thc ρ kat� m koc thc f orÐzetai∫
f
p(z)|dz| =

∫ b

a
p(f(t))|f ′(t)|dt.

Orismìc 3.18. 'Estw f : [a, b] → C mia C1 kampÔlh. To m koc thc f wc

proc to stoiqeÐo m kouc - tìxou p(z)|dz| eÐnai to olokl rwma

Lρ(f) =

∫
f
p(z)|dz| =

∫ b

a
p(f(t))|f ′(t)|dt.

Par�deigma 3.29. 'Estw p(z) = 1
1+|z|2 > 0. 'Estw r > 0 kai f : [0, 2π] →

C, f(t) = reit. Parathr ste ìti h f apoteleÐ mia parametrikopoÐhsh tou Eu-

kleÐdeiou kÔklou kèntrou O kai aktÐnac r. Tìte

Lρ(f) =

∫
f
p(z)|dz| =

∫ b

a
p(f(t))|f ′(t)|dt

me p(f(t)) = 1
1+|f(t)|2 = 1

1+r2
. Opìte f ′(t) = ireit ⇒ |f ′(t) = r|, �ra

Lρ(f) =

∫ 2π

0

1

1 + r2
rdt =

2πr

1 + r2
.

To stoiqei¸dec m koc tìxou p(z)|dz| lègetai sÔmmorfh strèblwsh tou sun -

jouc stoiqei¸douc m kouc tìxou |dz| sto C.

H f : [a, b] → C lègetai kat� mèrh C1, e�n up�rqoun a = a0 < a1 < ... <

an = b ètsi ¸ste h f |[ai,ai+1] eÐnai C
1, gia k�je i = 0, ..., n− 1.

Par�deigma 3.30. 'Estw f : [−1, 1] → C, me f(t) = 1 + i|t|. H f ′(0) den

up�rqei, all� oi f |[−1,0] kai f |[0,1] eÐnai C1. S' aut  thn perÐptwsh orÐzoume

Lp(f) =

∫ a1

a0

p(f(t))f ′(t)dt+ ...+

∫ an

an−1

p(f(t))f ′(t)dt.

'Estw p(z) = 1
1+|z|2 kai f(t) = 1 + i|t|. Opìte

Lp(f) =

∫ 0

−1
p(f(t))f ′(t)dt+

∫ 1

0
p(f(t))f ′(t)dt,
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me p(f(t)) = 1
1+|f(t)|2 = 1

2+t2
. 'Otan −1 < t < 0, tìte f(t) = 1− it ⇒ f ′(t) =

−i ⇒ |f ′(t)| = 1 kai ìtan 0 < t ≤ 1, f(t) = 1 + it ⇒ f ′(t) = i ⇒ |f ′(t)| = 1.

'Ara,

Lp(f) =

∫ 0

−1

1

2 + t2
dt+

∫ 1

0

1

2 + t2
dt =

∫ 1

−1

1

2 + t2
dt =

1

2

∫ 1

−1

dt

1 + (t/
√
2)2

=

√
2

2

[
arctan

(
t√
2

)]1
−1

Par�deigma 3.31. 'Estw h : [α, β] → [a, b] kat� mèrh C1 kai epÐ sun�rth-

sh, f : [a, b] → C kat� mèrh C1 kai g : [α, β] → C, ìpou g = f ◦h. SusqetÐste
ta Lp(f) kai Lp(g).

Lp(f) =

∫ b

a
p(f(t))|f ′(t)|dt

kai

Lp(g) =

∫ β

α
p(g(t))|g′(t)|dt =

∫ β

α
p(f ◦ h(t))|f ′(h(t))h′(t)|dt.

1. E�n h′(t) ≥ 0∀t ∈ [α, β], tìte

Lp(g) =

∫ β

α
p(f(h(t))|f ′(h(t))h′(t)|dt

Me antikat�stash s = h(t), èqoume

Lp(g) =

∫ h(β)

h(α)
p(f(s))|f ′(s)|ds =

∫ b

a
p(f(s))|f ′(s)|ds = Lp(f).

2. E�n h′(t) ≤ 0∀t ∈ [α, β], tìte

Lp(g) =

∫ β

α
p(f(h(t))|f ′(h(t))|(−h′(t))dt.

Me antikat�stash s = h(t), h(α) = b, h(β) = a, èqoume

Lp(g) =

∫ a

b
p(f(s))|f ′(s)|ds =

∫ b

a
p(f(s))|f ′(s)|ds = Lp(f).

S' aut  thn perÐptwsh, f ◦ h onom�zetai anaparametrikopoÐhsh thc f

(reparamentation). 'Ara deÐxame to parak�tw.

Prìtash 3.14. Lp(f ◦ h) ≥ Lp(f) me isìthta an kai mìno an f ◦ h eÐnai

anaparametrikopoÐhsh thc f.
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Orismìc 3.19. 1. 'Estw X ⊂ C. Mia parametrikopoÐhsh tou X eÐnai

mia kat� mèrh C1 sun�rthsh f : [a, b] → C, ètsi ¸ste f([a, b]) = X.

2. To f : [a, b] → C kat� mèrh C1 monop�ti, onom�zetai aplì e�n h f eÐnai

1− 1.

3. 'Estw f parametrikopoÐhsh tou X ⊂ C. E�n to f eÐnai aplì, tìte ono-

m�zetai apl  parametrikopoÐhsh tou X.

4. To f : [c, d] → C kat� mèrh C1 monop�ti eÐnai sqedìn aplì, e�n f = h◦g
ètsi ¸ste to h : [a, b] → C eÐnai èna aplì monop�ti kai h g : [c, d] → [a, b]

eÐnai mia kat� mèrh C1 sun�rthsh, ètsi ¸ste g′ na mhn all�zei prìshmo.

5. 'Estw f mia parametrikopoÐhsh tou X ⊆ C pou eÐnai sqedìn apl . Tìte,

h f onom�zetai sqedìn apl  parametrikopoÐhsh.

6. H X ⊂ C onom�zetai apl  kleist  kampÔlh, e�n up�rqei parametriko-

poÐhsh f tou X me f |[a,b), 1− 1 kai f(a) = f(b).

Par�deigma 3.32. 1. g : [0, 4π] → C, g(t) = cost+ isint eÐnai parame-

trikopoÐhsh tou monadiaÐou kÔklou S1.

2. f : [−1, 1] → C, f(t) = 1 + i|t| aplì, en¸ g : [0, 4π] → C, g(t) =

cost+ isint den eÐnai g(pi2 ) = g(5π/2).

3. EpÐshc, g : [0, 2π] → C, g(t) = eit eÐnai o S1.

3.2 To stoiqeÐo tou m kouc kampÔlhc tou H.

'Estw p : H → R suneq c mh mhdenik  sun�rthsh. Tìte

Lp(f) =

∫
f
p|dz| =

∫ b

a
p(f(t))|f ′(t)|dt.

H fr�sh {to m koc eÐnai analloÐwto k�tw apì th dr�sh thc Möb(H)}

shmaÐnei ìti gia k�je kat� mèrh C1 monop�ti f stoH kai gia k�je γ ∈ Möb(H),

èqoume Lp(f) = Lp(γf), ìpou Lp(f) ìpwc sth ... kai

Lp(γf) =

∫ b

a
p(γ ◦ f(t))|(γ ◦ f)′(t)|dt.
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'Ena m ∈ Möb mporoÔme, ìpwc èqoume dei na ton jewr soume wc mia

sun�rthsh m : C → C. Me autìn ton trìpo mporoÔme na orÐsoume thn m
′

kat� ta sunhjismèna

m
′
(z) = lim

n→z

m(w)−m(z)

w − z
,

an to ìrio autì up�rqei.

Me ton trìpo autì, mia kanonikopoihmènh m ∈ Möb+ èqei m
′
(z) =

frac1(cz + d)2. Tètoiec sunart seic suqn� onom�zontai olìmorfec. Dustu-

q¸c me ton trìpo autì h m
′
gia ta stoiqeÐa m ∈ Möb \Möb+ den orÐzetai.

Gia to lìgo autì, jewroÔme touc metasqhmatismoÔc Möbius wc sunart seic

dÔo metablht¸n oi opoÐec apeikonÐzoun anoiqt� uposÔnola tou R2 se anoiqt�

uposÔnola tou R2. Apì ton Apeirostikì Logismì xèroume ìti oi par�gwgoi

tètoiwn sunart sewn eÐnai mia grammik  apeikìnish kai pio sugkekrimèna o

2× 2 pÐnakac twn merik¸n parag¸gwn.

GurÐzontac pÐsw kai sundu�zontac (1.6) = (1.7), èqoume∫ b

a
(p(f(t)))− p((γ ◦ f(t)))(|γ′

(f(t))|)|f ′
(t)|dt = 0

gia k�je C1 monop�ti f : [a, b] → H kai γ ∈ Möb+(H). 'Ara, gia k�je

γ ∈ Möb+(H) èqoume∫
f
µγ(z)|dz| =

∫ b

a
|γ (f(t))|f ′

(t)|dt = 0,

ìpou µγ(z) = p(z)− p(γ(z))|γ′
(z)|. 'Ara h sunj kh sto p(z) metatrèpetai se

sunj kh sto µγ(z). Kaj¸c h p(z) eÐnai suneq c kai h γ olìmorfh, èqoume ìti

h µγ(z) eÐnai suneq c gia k�je γ ∈ Möb+(H).

To pleonèkthma tou parap�nw eÐnai ìti h sunj kh sto µγ(z) eÐnai euko-

lìtera anagnwrÐsimh apì aut  sto p(z). Gia na to doÔme autì jewroÔme to

parak�tw.

L mma 3.2. 'Estw D ⊂ C anoiqtì, µ : D → R suneq c kai upojètoume ìti∫
f µ(z)|dz| = 0 gia k�je kat� mèrh C1 monop�ti f : [a, b] → D. Tìte µ ≡ 0,

gia k�je z.

Apìdeixh. Ja akolouj soume th mèjodo thc eic �topo apagwg . 'Estw z ∈
D, me µ(z) ̸= 0. An qreiasteÐ antikajistoÔme thn µ apì thn −µ ki upojètoume

ìti µ(z) > 0. Epeid  h µ eÐnai suneq c gia k�je ϵ > 0, up�rqei δ > 0, me
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Uδ(z) ⊂ D kai w ∈ Uδ(z) sunep�getai ìti µ(w) ∈ Uϵ(µ(z)), ìpou Uδ(z) =

{u ∈ C : |u− z| < δ}, Uϵ(t) = {s ∈ R : |s− t| < ϵ}.
'Estw ϵ = |µ(z)|

3 , tìte up�rqei δ > 0, w ∈ Uδ(z), ¸ste µ(w) ∈ Uϵ(µ(z)).

'Ara |µ(w)−µ(z)| < µ(z)
3 ⇒ 0 < µ(z)− µ(z)

3 < µ(w) < µ(z)+ µ(z)
3 ⇒ µ(w) >

0. (Dhlad  up�rqei δ > 0 ètsi ¸ste gia k�je w ∈ Uδ(z), µ(w) > 0).

Tìte µ(f(t)) > 0 gia k�je t ∈ [0, 1], miac kai to f(t) ∈ Uδ(z) gia k�je

t ∈ [0, 1]. 'Ara ∫
f
µ(z)|dz| > 0,

to opoÐo fusik� eÐnai �topo.

To L mma ... mac dÐnei thn plhroforÐa ìti to m koc eÐnai analloÐwto

apì th dr�sh thc γ ⇔ µγ(z) ≡ 0∀z ∈ H, ∀γ ∈ Mob+(H). Exet�zoume pwc

sumperifèretai h µγ sth sÔnjesh stoiqeÐwn tou Möb+(H). 'Eqoume

µγ◦ϕ(z) = p(z)−p(γ◦ϕ)(z)|(γ◦ϕ′)(z)| = p(z)−p(γ◦ϕ(z))|(γ(ϕ′(z)))|(ϕ′(z))|

= p(z)− p(ϕ(z))|(ϕ′(z))|+ p(ϕ(z))|(ϕ′(z))− p(γ ◦ ϕ)(z)|(γ(ϕ′(z)))|(ϕ′(z))|

= µϕ(z) + |(ϕ′(z))|(p(ϕ(z)))− p(γ(ϕ(z)))− p(γ(ϕ(z)))|(γ(ϕ′(z)))|

= µϕ(z) + |(ϕ′(z))|µγ(ϕ(z)).

E�n µϕ = µγ = 0 ⇒ µγ◦ϕ = 0. 'Ara, e�n µγ = 0 gia k�je genn tora thc

Mob+(H), tìte µγ = 0, ∀γ ∈ Mob+(H).

To sÔnolo twn gennhtìrwn thc Mob(H) eÐnai oi m(z) = az + b, a, b ∈
R, a > 0, h k(z) = −1

z kai c(z) = −z /∈ Mob+(H).

Ac dokim�soume arqik� touc genn torec thc morf c γ(z) = z + b, b ∈ R.
Tìte (γ(z))

′
= 1,∀z ∈ H. Opìte 0 = µγ(z) = p(z) − p(γ(z))|(γ′(z))| =

p(z)− p(z + b), gia k�je z ∈ H kai k�je b ∈ B.
Autì shmaÐnei ìti to p(z) exart�tai mìno apì to y = Im(z) tou z = x+iy.

Pr�gmati, an z, z′ ∈ H, me Im(z) = Im(z′). 'Estw z = x + iy, z′ = x′ + iy′.

Tìte ρ(z) = ρ(x+ iy) = ρ(x+ iy + (x′ − x)) = ρ(x′ + iy) = ρ(z′).

Sunep¸c mporoÔme na doÔme thn ρ san mÐa pragmatik  sun�rthsh mÐac

pragmatik c metablht c y = Im(z). Pio sugkekrimèna, èstw r : (0,∞) →
(0,∞) kai r(y) = ρ(iy), ρ(z) = r(Im(z)).

T¸ra gia touc genn torec thc morf c γ(z) = az, a > 0 'Eqoume (γ(z))′ =

a. Tìte 0 = µγ(z) = ρ(z)−ρ(γ(z))|(γ(z))′| = ρ(z)−aρ(az) gia k�je z ∈ H kai

a > 0. 'Ara ρ(z) = aρ(az). Eidikìtera r(y) = ar(ay) gia k�je y > 0, a > 0.
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Diair¸ntac me a èqoume r(ay) = 1
ar(y). Gia y = 1 autì dÐnei r(a) = 1

ar(1),

�ra h r kajorÐzetai pl rwc apì thn tim  thc sto 1. JumhjeÐte ìti h ρ(z) =

r(Im(z)) = c
Im(z) gia k�poia jetik  stajer� c.

Gia k(z) = −1
z èqoume k′(z) = 1

z2
. Opìte µk(z) = ρ(z)− ρ(k(z))|k′(z)| =

ρ(z)− ρ(−1
z )(k

′(z)).

'Ara an

z = x+ iy ⇒ 1

z
=

1

x+ iy
=

x− iy

(x+ iy)(x− iy)
=

x

x2 + y2
− y

x2 + y2
i.

Tìte

Im(−1

z
) =

y

x2 + y2
=

Im(z)

|z|2

kai

µk(z) =
c

Im(z)
− c|z|2

Im(z)
| 1
z2

| = 0.

Tèloc gia ton genn tora B(z) = −z èqoume ìti den eÐnai olìmorfh su-

n�rthsh. 'Estw f : [a, b] → H kat� mèrh C1 monop�ti kai

Lρ(B ◦ f) =
∫ b

a
ρ(B ◦ f(t))|(B ◦ f)′(t)|dt.

Apì ton orismì B(f(t)) = −f(t) kai ρ(B(f(t))) = c

Im(−f(t))
= c

Im(f(t)) .

'Estw f(t) = x(t)+ iy(t), tìte B(f(t)) = −(x(t)− iy(t)) = −x(t)+ iy(t) kai

(B ◦ f)′(t) = −x′(t) + iy′(t) kai |(B ◦ f)′(t)| =
√

(x′(t))2 + (y′(t))2 = |f ′(t)|.
Opìte, to Lρ mènei analloÐwto apì th dr�sh thc B, afoÔ

Lρ(B ◦ f) =
∫ b

a
ρ(f(t))|f ′(t)|dt = Lρ(f).

Sunep¸c, e�n ρ : H → R, ρ(z) = c
Im(z) , ìpou c stajer�, tìte to Lρ

mènei analloÐwto wc proc th dr�sh thc Mob(H). Gia to H kai gia eukolÐa ja

jewroÔme p�nta ìti c = 1 kai ρ(z) = 1
Im(z) .

Je¸rhma 3.10. Gia k�je jetikh stajer� c, to stoiqei¸dec m koc tìxou
c

Im(z) |dz| sto H eÐnai analloÐwto k�tw apì th dr�sh thc Möb(H). 'Ara gia

k�je kat� mèrh C1 monop�ti f : [a, b] → H kai gia k�je γ ∈ Möb(H)

Lρ(f) = Lρ(γ ◦ f).

Par�deigma 3.33. BreÐte to m koc wc proc ρ(z) = c
Im(z) tou eujÔgrammou

tm matoc Aλ pou en¸nei dÔo shmeÐa tou H.
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H f : [−1, 1] → H, f(t) = t+λi eÐnai mia parametrikopoÐhsh tou Aλ. Tìte

Lρ(f) =

∫ 1

−1
p(f(t))|(f ′(t)|dt, p(f(t)) = c

Im(f(t))
=

c

λ
,

opou f ′(t) = 1, kai |f ′(t)| =
√
1.

'Ara

Lρ(f) =

∫ 1

−1

c

λ
dt =

2c

λ
.

Gia c = 1, èqoume Lρ(f) =
2
λ kai to EukleÐdeio m koc eÐnai 2.

'Estw Bλ to uperbolikì eujÔgrammo tm ma pou en¸nei ta dÔo shmeÐa.

O kÔkloc èqei exÐswsh (x − c)2 + y2 = r2 ki epeid  ta dÔo shmeÐa eÐnai

ston kÔklo, èqoume (−1 − c)2 + (λ)2 = r2 kai (1 − c)2 + (λ)2 = r2. Opìte,

sunep�getai ìti (−1− c)2 = (1− c)2 ⇒ 1+ 2c+ c2 = 1− 2c+ c2 ⇒ c = 0 kai

r2 = (λ)2 + 1 ⇒ r =
√
(λ)2 + 1. Tìte, θ = arcsin( λ√

(λ)2+1
) eÐnai mia apl 

parametrikopoÐhsh tou Bλ.

'Estw f : [θ, π − θ] → H, me f(t) = r cos t+ ir sin t, opìte

f ′(t) = −r sin t+ ri cos t, |f ′(t)| = r,

kai

ρ(f(t)) =
c

Im(f(t))
=

c

r sin t
.

Sunep¸c

Lρ(f) =

∫ π−θ

θ

c

r sin t
rdt = c

∫ π−θ

θ

dt

sin t
= c

∫ π−θ

θ

sin t

sin2 t
dt = c

∫ π−θ

θ

sin t

1− cos2 t
dt

= −c

∫ π−θ

θ

du

1− u2
=

c

2

∫
du

u− 1
− c

2

∫
du

u+ 1
=

c

2
ln |u−1|− c

2
ln |u+1| = c

2
ln |u− 1

u+ 1
|

=
c

2

[
ln |cos t− 1

cos t+ 1
|
]π−θ

θ

=
c

2
ln

∣∣∣∣∣−(
√
λ2 + 1)−1 − 1

−(
√
λ2 + 1)−1 + 1

∣∣∣∣∣− c

2
ln

∣∣∣∣∣(
√
λ2 + 1)−1 − 1

(
√
λ2 + 1)−1 + 1

∣∣∣∣∣
= c ln

∣∣∣∣∣
√
λ2 + 1 + 1√
λ2 + 1− 1

∣∣∣∣∣
ìpou sth deÔterh gramm  k�name thn allag  metablht c cos t = u kai

qrhsimopoi same ìti cos θ = (
√
λ2 + 1)−1.
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3.3 MetrikoÐ q¸roi.

Orismìc 3.20. 'Estw f : [α, β] → H èna kat� mèrh C1 monop�ti. Tìte

LH(f) =

∫
f

1

Im(z)
dz =

∫ β

α

1

Im(f(t))
|f ′

(t)|dt.

H dH : HxH → R me dH(x, y) = inf{LH : f C1kat� mèrh monop�ti mef(α) =

x, f(β) = y}. H dH eÐnai metrik  kai o (H, dH) metrikìc q¸roc.

Mac eÐnai  dh gnwstì ìti o (R2, d) eÐnai gewdaisiakìc metrikìc q¸roc, en¸

o (R2 \ 0, d) den eÐnai gewdaisiakìc metrikìc q¸roc. Autì pou de gnwrÐzoume

eÐnai ìti kai o (H, dH) eÐnai epÐshc gewdaisiakìc metrikìc q¸roc, dhlad  gia

k�je x, y ∈ H up�rqoun monop�tia kat� mèrh C1, ta opoÐa ulopoioÔn thn

apìstash tou x apì to y. Analutikìtera, up�rqei f : [α, β] → H kat� mèrh

C1 ¸ste f(α) = x, f(β) = y, dhlad 

LH(f) = dH(x, y).

EpÐshc, gia k�je γ ∈ Möb(H), isqÔei

dH(x, y) = dH(γ(x), γ(y)), ∀x, y ∈ H.

'Estw x, y ∈ H. Up�rqei p�nta uperbolik  eujeÐa pou pern� apì ta x, y.

Xèroume ìti up�rqei γ ∈ Möb(H) ¸ste h parap�nw uperbolik  eujeÐa na

apeikonÐzetai ston hmi�xona twn kajar� migadik¸n arijm¸n.

Ja up�rqoun, dhlad , k, λ > 0 ¸ste γ(x) = ki kai γ(y) = λi. Analutikì-

tera, ja èqoume

dH(x, y) = dH(ki, λi) = dH(γ(x), γ(y)).

Dhlad , up�rqei f : [λ, k] → H me f(λ) = λi, f(k) = µi ⇒ f(t) = ti.

Lìgw thc teleutaÐac sqèshc, èqoume ìti

dH(x, y) =

∫ k

λ

1

Im(f(t))
|f ′

(t)|dt =
∫ k

λ

1

t
dt = |ln(k

λ
)|

Par�deigma 3.34. 'Estw x = 2+ i, y = −3+ i. Na upologisteÐ h dH(x, y).

Ta x, y brÐskontai p�nw se kÔklo kèntrou −1
2 kai aktÐnac

√
29
2 . O kÔkloc

autìc tèmnei to R sta shmeÐa −1+
√
29

2 , −1−
√
29

2 . Tìte o γ(z) = z−p
z−q , me γ(p) =

0, γ(q) = ∞. Xèroume ìti dH(x, y) = dH(γ(x), γ(y)). Opìte èqoume

γ(2 + i) =
2 + i− p

2 + i− q
=

p− q

(2− q)2 + 1
i
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γ(−3 + i) =
−3 + i− p

−3 + i− q
=

p− q

(3− q)2 + 1
i

Opìte

dH(x, y) = dH(γ(x), γ(y)) = |ln
p−q

(2−q)2+1
p−q

(3+q)2+1

| = |ln(2− q)2 + 1

(3 + q)2 + 1
| = ln(

58 + 10
√
29

58− 10
√
29

).

Genikìtera, èstw z1, z2 ∈ H me z1 = x1 + iy1, z2 = x2 + iy2. DiakrÐnoume

dÔo peript¸seic

1. An x1 = x2, tìte dH(z1, z2) = |ln(y1y2 )|.

2. 'Estw x1 ̸= x2, x1 > x2 kai θi ∈ [0, π). Jèloume èna monop�ti f :

[θ1, θ2] → H me f(t) = c + reit, pou eÐnai mia parametrikopoÐhsh tou

monopatioÔ apì to z1 sto z2.

'Ara

LH(f) = dH(z1, z2)

LH(f) =

∫ θ2

θ1

1

sin(t)
dt = ln|csc(θ2)− cot(θ2)

css(θ1)− cot(θ1)
|.

GnwrÐzoume ìti csc(θi) =
r
yi
, cot(θi) =

xi−c
yi

. Me antikat�stash katal -

goume ìti

dH(z1, z2) = ln|(x1 − c− r)y2
y1(x2 − c− r)

|.

ShmeÐwsh 12. An x2 > x1, tìte

dH(z1, z2) = ln|(x2 − c− r)y1
y2(x1 − c− r)

|.

'Ara, o genikìteroc tÔpoc eÐnai

dH(z1, z2) = |ln|(x1 − c− r)y2
y1(x2 − c− r)

||.

Par�deigma 3.35. Up�rqei jetikìc akèraioc s ètsi ¸ste

dH(−s+ i, i) = dH(i, s+ i) = dH(−s+ i, s+ i);

Ta −s+i, s+i brÐskontai p�nw ston kÔklo kèntrou O kai aktÐnac
√
s2 + 1.

Opìte

dH(−s+ i, s+ i) = ln[

√
s2 + 1 + s√
s2 + 1− s

] 1.
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Ta i kai s + i brÐskontai p�nw se kÔklo kèntrou s
2 kai aktÐnac

√
s2

4 + 1.

'Ara

dH(i, s+ i) = ln[

√
s2 + 4 + s√
s2 + 4− s

] 2.

Prèpei 1. = 2. 'Atopo! Den up�rqei isoskelèc trÐgwno me korufèc ston

qwrokÔklo H = {z ∈ H : Im(z) = 1}, dhlad  qwrokÔkloc me kèntro to ∞.

Par�deigma 3.36. 'Estw (z1, z2), (w1, w2) dÔo diaforetik� shmeÐa tou H.

DeÐxte ìti up�rqei q ∈ Mob(H) me q(z1) = w1 kai q(z2) = w2 an kai mìno an

dH(z1, z2) = dH(w1, w2).

1. 'Estw ìti up�rqei q ∈ Mob(H) me q(z1) = w1 kai q(z2) = w2. Tìte

dH(z1, z2) = dH(q(z1), q(z2)) = dH(w1, w2).

2. Epilègw p1 ∈ Möb(H) ¸ste p1(z1) = i kai p1(z2) = edH(z1,z2)
i.

'Omoia, epilègw p2 ∈ Möb(H) ¸ste p2(w1) = i kai p2(w2) = edH(w1,w2)
i.

'Omwc, edH(z1,z2)
i = edH(w1,w2)

i ⇒ p−1
2 ◦ p1 = p.

Orismìc 3.21. Mia isometrÐa eÐnai mia apeikìnish f : X → X (ìpou X

metrikìc q¸roc) pou diathreÐ thn apìstash.

ShmeÐwsh 13. H isometrÐa f eÐnai 1− 1 kai suneq c.

1. 'Estw x1, x2 ∈ X me x1 ̸= x2. Tìte

0 ̸= d(x1, x2) = d(f(x1), f(x2)) ⇒ f(x1) ̸= f(x2).

2. Apì ton orismì thc metrik c èqoume ìti d(x, y) = 0 an kai mìno an

x = y. Gia k�je ϵ > 0, up�rqei δ > 0 ¸ste f(S(x0, δ)) ⊂ S(f(x0), ϵ).

Sthn isometrÐa h sunèqeia diathreÐtai gia δ = ϵ.

Parat rhsh: Oi isometrÐec den eÐnai p�nta epÐ.

Par�deigma 3.37. 'Estw o Z me th diakrit  metrik . 'Estw f(x) = 2x.

1. An x = y, tìte d(f(x), f(y)) = d(2x, 2x) = 0.

2. An x ̸= y, tìte d(f(x), f(y)) = d(2x, 2y) = 1.

'Ara, eÐnai isometrÐa, all� den eÐnai epÐ.
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An orÐsoume mia isometrÐa f : x → f(x), tìte aut  eÐnai omoiomorfismìc.

Par�deigma 3.38. An (C, d) me d(x, y) = |x − y|, tìte h g : C → C me

g(z) = az eÐnai isometrÐa;

d(z1, z2) = d(az1, az2)

isodÔnama

|z1 − z2| = |az1 − az2| = |a||z1 − z2|.

Ja prèpei

|z1 − z2| = |a||z1 − z2|

an kai mìno an |a| = 1.

Prìtash 3.15. 'Estw x, y, z diakrit� shmeÐa touH. Tìte isqÔei h trigwnik 

anisìthta

dH(x, y) + dH(y, z) = dH(x, z)

an kai mìno an to y an kei sthn uperbolik  eujeÐa pou en¸nei ta x, z.

Je¸rhma 3.11. 'Estw Isom(H, dH) h om�da twn isometri¸n tou uperboli-

koÔ epipèdou. Tìte Isom(H, dH) = Möb(H).

Apìdeixh. Xèroume ìti dH(x, y) = dH(p(x), p(y)), p ∈ Möb(H) Gia k�je x, y ∈
H, èqoume ìti

Möb(H) ⊂ Isom(H, dH).

'Estw f ∈ Isom(H, dH) kai p, q ∈ H. 'Estw lpq to uperbolikì eujÔgrammo

tm ma pou pern� apì ta p, q. Apì prohgoÔmenh prìtash, prokÔptei ìti f(lpq) =

lf(p)f(q).

'Estw l h mesok�jetoc sthn lpq, dhlad 

l = {z ∈ H|dH(z, p) = dH(z, q)}.

Tìte f(l) = {z ∈ H|dH(z, f(p)) = dH(z, f(q))} eÐnai h mesok�jetoc tou

lf(p)f(q).

'KanonikopoioÔme' thn f, dhlad  dialègoume èna zeÔgoc shmeÐwn x, y ston

jetiko hmi�xona I tou H (twn kajar� fantastik¸n) kai γ ∈ Möb(H,) ¸ste

γ(f(x)) = x, γ(f(y)) = y. Tètoioc γ up�rqei apì tic idiìthtec twn M’́ob(H)

kai apì to gegonìc ìti dH(x, y) = dH(f(x), f(y)). O γ ◦ f stajeropoieÐ ta

shmeÐa x, y kai �ra upoqrewtik� apeikonÐzei to I sto I, diìti ta x, y èqoun

epilegeÐ tuqaÐa   qrhsimopoi¸ntac tic apost�seic.
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Upojètoume ìti h γ diathreÐ ta hmiepÐpeda sta opoÐa diathreÐ to I sto H.

(Diaforetik�, antikajistoÔme to γ me B ◦ γ).
'Estw z shmeÐo tou I. Tìte to z prosdiorÐzetai monadik� apì tic dH(z, x), dH(z, y).

Oi apost�seic autèc diathroÔntai kai apì thn γ ◦ f.
'Estw w ∈ H, w /∈ I. 'Estw h mesok�jetoc enìc tuqaÐou eujÔgrammou

tm matoc thc I. H γ ◦ f stajeropoieÐ ìlh thn I, gegonìc pou sunep�getai ìti

stajeropoieÐ kai to shmeÐo tom c kai apeikonÐzei th mesok�jeto se mesok�-

jeto, dhlad  thn apeikonÐzei ton eautì thc. Epeid  γ ◦ f stajeropoieÐ to z,

èqoume ìti

dH(z, w) = dH(γ ◦ f(z), γ ◦ f(w)) = dH(z, γ ◦ f(w))

kai ta hmiepÐpeda diathroÔntai, dhlad  γ◦f(w) = w ⇒ γ◦f = idH ⇒ (γ)−1 =

f ⇒ f ∈ Möb(H) ⇒ Isom(H, dH) ⊂ Möb(H).
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Kef�laio 4

Kurtìthta.

Orismìc 4.22. 'Ena uposÔnolo X ⊂ H lègetai kurtì an gia k�je x, y ∈ X,

to kleistì uperbolikì eujÔgrammo tm ma lxy ∈ X.

Wc sunèpeia, loipìn, oi Möb(H) diathroÔn thn kurtìthta (efìson diath-

roÔn tic uperbolikèc grammèc). Gnwst� kurt� sÔnola eÐnai oi uperbolikèc

eujeÐec, oi uperbolikèc aktÐnec, ta uperbolik� eujÔgramma tm mata.

Par�deigma 4.39. H tom  kurt¸n sunìlwn eÐnai kurtì sÔnolo (H1∩H2∩
... ∩Hn ∩ ...).

Par�deigma 4.40. K�je uperbolik  eujeÐa l qwrÐzei to H se dÔo hmiepÐ-

peda. An den perièqoun thn l lègontai anoiqt� hmiepÐpeda. An thn perièqoun

lègontai kleist�. Ta kleist� hmiepÐpeda eÐnai kurt�.

Autì apodeiknÔetai eÔkola. 'Estw I o hmi�xonac twn fantastik¸n kai

èstw U = {z ∈ H|Re(z) > 0}.

1. An Re(x), Re(y) > 0, tìte lxy ∈ U, diìti gia k�je z ∈ lxy, èqoume ìti

Re(z) > 0.

2. 'Omoia an Re(x) > 0, Re(y) = 0.

3. An Re(x) = Re(y) = 0, tìte lxy ⊂ I.

Gia to tuqaÐo hmiepÐpedo A pou orÐzei h tuqaÐa l, arkeÐ na brw γ ∈ Möb(H)

¸ste γ(A) = U, γ(l) = I. Tètoio γ up�rqei p�nta, lìgw thc dr�shc twn

Möb(H).

EpÐshc, kai ta anoiqt� hmiepÐpeda eÐnai kurt�.

57
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ShmeÐwsh 14. Genik�, ta hmiepÐpeda eÐnai kurt�. H ènwsh kurt¸n, ìmwc,

den eÐnai kurtì uposÔnolo tou H.

Prìtash 4.16. 'Estw X kleistì, kurtì uposÔnolo tou H kai z ∈ H \X.

Tìte up�rqei monadikì x ∈ X me dH(z,X) = infdH(z, x)|x ∈ X.

'Estw Y ⊂ H. O kurtìc q¸roc tou Y (conv(Y )) eÐnai h tom  ìlwn twn

kurt¸n uposunìlwn tou H pou perièqoun to Y . O conv(Y ) eÐnai o mikrìteroc

kurtìc upìqwroc tou H me Y ⊂ conv(Y ). An x, y ∈ conv(Y ), sunep�getai

ìti lxy ⊂ conv(Y ).

ShmeÐwsh 15. 'Estw Y = x, y, x ̸= y, tìte conv(Y ) = lxy.

Orismìc 4.23. 'Estw H = {Ha}a∈A sullog  hmiepipèdwn sto H kai gia

k�je a ∈ A to la eÐnai h uperbolik  eujeÐa pou prosdiorÐzei toHa. HH lègetai

topik� peperasmènh an gia k�je z ∈ H, up�rqei ϵ > 0 ¸ste mìno peperasmènec

la, a ∈ A tèmnoun thn Uϵ(z). An |A| peperasmèno, tìteH topik� peperasmènh.

Orismìc 4.24. 'Ena uperbolikì polÔgwno eÐnai èna kleistì kurtì uposÔ-

nolo tou H pou mporeÐ na ekfrasteÐ wc tom  topik� peperasmènhc sullog c

kleist¸n hmiepipèdwn.

Orismìc 4.25. 'Ena uperbolikì polÔgwno me mh kenì eswteriko lègetai

mh ekfulismèno. Diaforetik� lègetai ekfulismèno.

ShmeÐwsh 16. 'Ena uperbolikì polÔgwno mporeÐ na èqei perissìterec apì

mÐa ideatèc korufèc.

Orismìc 4.26. 'Estw X uposÔnolo tou H. To uperbolikì embadìn dÐnetai

wc ex c

areaH(X) =

∫
X

1

(Im(z))2
dxdy =

∫
X

1

y2
dxdy.

Par�deigma 4.41. 'Estw X h uperbolik  perioq  pou prosdiorÐzetai apì

ta

H1 = {z ∈ H|Re(z) = −1}

H2 = {z ∈ H|Re(z) = 1}

H3 = {z ∈ H|Im(z) = 1}

Na upologÐsete to uperbolikì embadìn.

'Eqoume

areaH(X) =

∫
X

1

y2
dxdy =

∫ 1

−1

∫ ∞

1

1

y2
dxdy =

∫ 1

−1
dx = 2.
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ShmeÐwsh 17. IsqÔei ìti

areaH(X) = areaX(P (X))

gia k�je p ∈ Möb(H). Dhlad  oi Möbius diathroÔn analloÐwto to embadìn.

Par�deigma 4.42. 'Estw P èna uperbolikì trÐgwno me mÐa ideat  koru-

f  (toul�qiston) v1 ki �llec dÔo korufèc v2, v3. BrÐskw γ ∈ Möb(H) ¸ste

γ(v1) = ∞ kai γ(l23) sthn uperbolik  gramm  pou perièqetai ston monadiaÐo

kÔklo ¸ste v2 = eiϕ, v3 = eiθ, 0 ≤ θ ≤ ϕ ≤ π. Poiì eÐnai to embadìn tou

arqikoÔ trig¸nou;

'Eqoume

areaH(P ) = areaH(γ(P )) =

∫
γ(P )

1

y2
dxdy =

∫ cosϕ

cosθ

∫ ∞

√
1−x2

1

y2
dxdy = ... = ϕ−θ = π−(a2+a3).

Je¸rhma 4.12. 'Ena uperbolikì trÐgwno me mÐa toul�qiston ideat  koruf 

v1 èqei embadìn

areaH(P ) = π − a2 − a3,

ìpou a2, a3 oi gwnÐec pou sqhmatÐzontai stic korufèc v2, v3.

Pìrisma 4.7. K�je ideatì trÐgwno èqei embadìn π.

Par�deigma 4.43. TÐ gÐnetai an to P den èqei ideatèc korufèc; 'Estw P1

to trÐgwno me korufèc x, v1, v2. Opìte, èqoume

areaH(P1) = π − (π − a1 − δ) = a1 − δ.

'Estw P2 to trÐgwno me korufèc x, v2, v3. Opìte

areaH(P2) = π − (a2 + δ)− a3.

'Ara

areaH(P ) = areaH(P2)−areaH(P1) = π−(a2+δ)−a3−a1+δ = π−a2−a3−a1.

O teleutaÐoc eÐnai gnwstìc wc TÔpoc Gauss - Bonnet.

ShmeÐwsh 18. Se èna uperbolikì trÐgwno to �jroisma twn gwni¸n eÐnai

< π.
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Par�deigma 4.44. UpologÐste to embadìn tou trig¸nou sto H me korufèc

i, 4 + i, 2 + 2i.

An C1, C2 dÔo kÔkloi kèntrou c1, c2 kai aktÐnac r1, r2 (antÐstoiqa), tìte

an x to shmeÐo tom c, h gwnÐa sto x eÐnai θ me

cosθ =
r21 + r22 − |c1 − c2|2

2r1r2
.

Sthn perÐptws  mac o kÔkloc C12 pou orÐzetai apì tic v1, v2 èqei kèntro
9
2

kai aktÐna
√
65
4 . An�loga upologÐzoume to kèntro kai thn aktÐna twn kÔklwn

C13, C23.

AntÐstoiqa, h gwnÐa tou C12 me ton C13 eÐnai cos(a) = 18√
325

, opìte a ≈
0, 0555. 'Omoia, b ≈ 0, 0555, c ≈ 0, 2487. 'Ara

areaH(P ) = π − (a+ b+ c) ≈ 2, 7819.

Orismìc 4.27. 'Ena polug¸no P tou H lègetai �logikì� polÔgwno an den

perièqei anoiqt� hmiepÐpeda.

'Estw P logikì polÔgwno me korufèc v1, ..., vn kai ai oi eswterikèc gwnÐec

stic vi. Tìte

areaH(P ) = (n− 2)π −
n∑

k=1

ak.

Prìtash 4.17. Gia k�je n ≥ 3 kai gia k�je a ∈ (0, n−2
n π), up�rqei sum-

pagèc kanonikì uperbolikì n−gwno me eswterik  gwnÐa a.


