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1. MporoÔme na anarwthjoÔme giatÐ oi sunart seic paragwg c q = f(k, l), k > 0, l > 0 onom�zontai kai
sunart seic teqnologÐac, en¸ den upodeiknÔoun genik� ton trìpo me ton opoÐo epidr� h qr sh twn mèswn
paragwg c sthn paragwg  twn q mon�dwn proðìntoc thc oikonomÐac.

2. Ton trìpo me ton opoÐo mporeÐ na diereunhjeÐ aut  h epÐdrash ereÔnhse o oikonomolìgoc Robert Solow to
1957.

3. Upojètoume ìti h oikonomÐa apofasÐzei na par�gei sto sunduasmì (k, l). Sto sunduasmì autìn kai gia
k�poio epÐpedo onomastikoÔ misjoÔ w ìpwc epÐshc kai gia k�poio epÐpedo tim¸n p, to epÐpedo apasqìlhshc
eÐnai bèltisto gia tic epiqeir seic. Dhlad  eÐnai

∂f(k, l)
∂l

dl =
w

p
.

'Ara gia k�poia mikr  metabol  sthn apasqìlhsh dl p�nw   k�tw apì to epÐpedo apasqìlhshc l, h antÐstoiqh
metabol  sto proðìn ja eÐnai

dq =
∂f(k, l)

∂l
dl =

w

p
dl,

dhlad  h sqetik  metabol  pou pragmatopoi jhke sto proðìn ex aitÐac thc metabol c tou suntelest 
ergasÐa, eÐnai

gql
=

dq

q
=

w

p

l

q

dl

l
=

w · l
p · q

dl

l
.

4. To phlÐko w·l
p·q eÐnai to merÐdio thc amoib c thc ergasÐac sth sunolik  qrhmatik  axÐa thc paragwg c kai to

sumbolÐzoume me a. Dhlad  eÐnai gql
= a · dl

l .

5. An metablhjeÐ mìno o suntelest c kef�laio kat� dk, tìte h metabol  tou proðìntoc ja eÐnai

dq =
∂f(k, l)

∂l
dk,

en¸ h antÐstoiqh sqetik  metabol  pou pragmatopoieÐtai sto proðìn mìno ex aitÐac thc metabol c tou
kefalaÐou eÐnai

gqk
=

dq

q
= (1− a)

dk

k
.

6. Tèloc h olik  metabol  pou ofeÐletai kai sth metabol  tou kefalaÐou kai sthn pijan  metabol  thc
apasqìlhshc eÐnai

dq =
∂f(k, l)

∂l
dk +

∂f(k, l)
∂l

dl.

7. O antÐstoiqoc suntelest c sqetik c metabol c pou ofeÐletai sthn apì koinoÔ metabol  kai twn dÔo parag-
wgik¸n suntelest¸n (kefalaÐou kai apasqìlhshc) eÐnai

gqk,l
=

dq

q
=

1
q
· (∂f(k, l)

∂l
dk +

∂f(k, l)
∂l

dl).
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8. O deÐkthc teqnologik c proìdou eÐnai Ðsoc me to upìloipo Solow kai eÐnai

gqk,l
− [agql

+ (1− a)gqk
].

9. To upìloipo Solow upologÐzei pìso epidr� h qr sh twn mèswn paragwg c kajeaut  sth sqetik  aÔxhsh
tou proðìntoc pèra apì th memonwmènh aÔxhsh twn ependÔswn kai th memonwmènh aÔxhsh thc apasqìlhshc.
Autìc eÐnai o lìgoc pou to upìloipo autì qarakthrÐzei tic sunart seic paragwg c wc proc thn teqnologÐa
pou anaparistoÔn.

10. Gia par�deigma an f(k, l) = kbl1−b, k > 0, l > 0, b ∈ (0, 1), tìte ∂f(k,l)
∂l = (1− b)kb

lb
, ∂f(k,l)

∂k = b l(1−b)

k(1−b) .

11. 'Ara gql
= w·l

p·q
dl
l = (1− b)kb

lb
dl
q .

12. AntÐstoiqa gqk
= (1− w·l

p·q )dk
k .

13. Tèloc, gqk,l
= 1

kbl1−b [(1− b)kb

lb
dl + b l(1−b)

k(1−b) dk].

14. Gia par�deigma an b = 1
2 , dk = dl = 1, k = l = 100, p = 20, w = 10 tìte q = 100 kai to sugkekrimèno

epÐpedo apasqìlhshc eÐnai bèltisto giatÐ w
p = ∂f(k,l)

∂l . Tìte gql
= a · dl

l = 1
2 ·

1
100 = 1

200 .

15. EpÐshc to Ðdio isqÔei gia to gqk
. Gia to gqk,l

kai gia to sugkekrimèno sunduasmì suntelest¸n paragwg c
(k, l) kai epipèdwn aÔxhshc twn suntelest¸n thc paragwg c dk, dl èqoume ìti gqk,l

= 1
100 . Dhlad  to

upìloipo Solow sthn prokeimènh perÐptwsh eÐnai mhdèn.
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