
QRHMATOOIKONOMIKA MAJHMATIKA I

E' EXAMHNO

ASKHSEIS

Did�skwn: Q. Kountz�khc

'Askhsh 1 Metoq  me shmerin  tim  S0 = 200, exelÐssetai sÔmfwna me montèlo mÐac periìdou pou apoteleÐtai
apì treic katast�seic tou kìsmou Ω = (u, m, d) kai axÐa aÔrio ST = (240, 225, 180). JewroÔme epÐshc ènan tra-
pezikì logariasmì epitokÐou r = 0.1 gia k�je qronik  perÐodo. 'Estw dikaÐwma agor�c me tim  ex�skhshc aÔrio
k = 225 kai fti�qnoume qartoful�kio me dÔo merÐdia metoq c kai mia jèsh anoikt c p¸lhshc tou dikai¸matoc.

1. Na brejoÔn ta risk-neutral metra pijanìthtac gia thn agor� pou apoteleÐtai apì th metoq  kai ton trapezikì
logariasmì.

2. ProsdiorÐste to sÔnolo twn non-arbitrage tim¸n tou qartofulakÐou me th bo jeia twn mètrwn aut¸n kai
diapist¸ste ìti sumpÐptei me to sÔnolo pou br kate me th mèjodo thc uper-antist�jmishc.

LÔsh:

1. 'Estw (p1, p2, p3) èna tètoio di�nusma pijanot twn. Gia na eÐnai risk-neutral mètro pijanìthtac, prèpei na
isqÔoun oi sqèseic

p1 + p2 + p3 = 1,

1.1p1 + 1.1p2 + 1.1p3 = 1.1,

240·1 +225·2 +180 · p3 = 200 · 1.1 = 220,

p1 > 0, p2 > 0, p3 > 0.

'Ara to grammikì sÔsthma pou dÐnei tic risk -neutral pijanìthtec eÐnai

p1 + p2 + p3 = 1,

240 · p1 + 225 · p2 + 180 · p3 = 220,

p1 > 0, p2 > 0, p3 > 0.

Jètontac p1 = u, p2 = v, p3 = t, oi lÔseic tou sust matoc ja brejoÔn wc ex c. ProkÔptei to sÔsthma

240u + 225v = 220 − 180t,

u + v = 1 − t.

LÔnontac èqoume −5+45t
15 , v = 20−60t

15 , all� tìte autì shmaÐnei ìti 0 < −5+45tt
15 < 1, 0 < 20−60t

15 < 1
kai tèloc profan¸c 0 < t < 1. H pr¸th anisìthta sunep�getai 1

9 < t < 4
9 . H deÔterh, sunep�getai

1
12 < t < 1

3 . Oi anisìthtec autèc sunalhjeÔoun sto ( 1
9 , 1

3 ). Epomènwc ta risk neutral mètra thc agor�c
eÐnai ta dianÔsmata

(
45t − 5

15
,
20 − 60t

15
, t), t ∈ (

1
9
,
1
3
).

Parathr¸ ìti an èqw to qartoful�kio C = (465, 450, 360), tìte

1
1.1

Ep(C) =
6675 − 675t

16.5
.

H el�qisth tim  èpitugq�netai gia t = 1
3 kai eÐnai Ðsh me 309.909 pou eÐnai Ðsh me thn tim  tou agorast 

ìpwc anamèname, en¸ h tim  tou pwlht  epitugq�netai gia t = 1
9 kai eÐnai Ðsh me 400. 'Olec oi non-arbitrage

timèc eÐnai sto anoiktì di�sthma

(inf{ 1
1.1

Ep(C)|p ∈ M}, sup{{ 1
1.1

Ep(C)|p ∈ M}),

ìpou M =( 45t−5
15 , 20−60t

15 , t), t ∈ ( 1
9 , 1

3 ) eÐnai to sÔnolo twn risk-neutral mètrwn.
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