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Abstract. We investigate precise large deviations for heavy-tailed random sums. We prove a general asymptotic relation
in the compound renewal risk model for consistently varying-tailed distributions. This model was introduced in [Q. Tang,
C. Su, T. Jiang, and J.S. Zang, Large deviation for heavy-tailed random sums in compound renewal model, Stat. Probab.
Lett., 52:91-100, 2001] as a more practical risk model. The proof is based on the inequality found in [D. Fuk and
S.V. Nagaev, Probability for sums of independent random variables, Theory Probab. Appl., 16:600-675, 1971].
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1 INTRODUCTION

1.1 Heavy-tailed distributions

In this paper, we are interesting in probabilities of precise large deviations in the compound renewal risk
model. Let us consider a sequence {X,,, n > 1} of i.i.d. r.v.’s with common distribution function F and finite
mean pu. We write F'(x) = P(X < z) and denote the tail by F' = 1 — F. We suppose that the sequence is
independent of a nonnegative renewal counting process { N (¢), ¢t > 0} representing the claim arrival process.
We denote A(t) = EN(t) < oo forall 0 < ¢ < oo and assume that A(f) — oo as ¢ — co. We say that X (or
its distribution F’) is heavy tailed if it has no exponential moments. We recall some interesting subclasses of
subexponential distributions.

e The class R_,: A distribution function F' with support on [0, c0) belongs to R _, if

Flzy) 4
im ———= =y

oy >1,

for some o > 1. Such a distribution function F' is said to have a regularly varying tail.
e The class ERV: A distribution function F’ with support on [0, c0) belongs to ERV (—a, —f) if

F
y P < liminf 7(:cy) <y Y y>1,
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for some 0 < o < B < oo. In this case, the distribution function F is said to have an extended regularly
varying tail.

e The class C: A distribution function F' with support on [0, c0) belongs to C if
F(zy)

lim lim inf — =1
y\J1 z—00 F(g;)

or, equivalently,

F
lim lim sup 7(:cy) =1
v/l z—oo F(J))
Now the distribution function F' is said to have a consistently varying tail.
Some results on the class C can be found in [2, 4].

e The class D: A distribution function F' with support on [0, c0) belongs to D if

F(zy)

limsup ——* < o©
T—00 SL‘)

for any 0 < y < 1 (or, equivalently, for y = 1/2). Such a distribution function F' is said to have a
dominatedly varying tail.

The following inclusions are well known: forany 0 < o < v < 5 < 00,
R_, CERV(—a,—3) CC CD.

For heavy-tailed distributions, we refer to [5].
For two positive functions a(-) and b(-), we write

a(x)

a(x) <b(z) if0< lizn_l)ggf Z((g < li;n_}sgp bo)

a(r)

< 00,

a(z) < b(x) if limsup and

T—00 b(fE) S

a(z) > b(z) i lim inf 2

mint )

WV

1.

For a distribution function F', the upper Matuszewska index yr is defined as follows:

.. F(zy) : { log y(y) }
=1 f———, =infd ————:1y > 15.
1) o F(x) TEe=1m logy Y

For more information about the Matuszewska index, see in [1, 4].

1.2 The two risk models
1.2.1 The renewal risk model

This model has the following structure:

1. The individual claim sizes { X,,, n > 1} are i.i.d. nonnegative r.v.’s with common distribution function F’
and finite mean ¢ = EX;.
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2. The inter-arrival times {Y;,, n > 1} are i.i.d. nonnegative r.v.’s with finite mean EY; = 1/, independent
of {Xp, n>1}.
3. The number of claims in the interval [0, ¢] is denoted by

N(t)=sup{n>1:T, <t}, t=0,

where T, = > ", Y.

1.2.2 The compound renewal risk model

In [20], in relation to an application in insurance and finance, there was introduced a more realistic risk model,
called compound renewal model. It was noticed that, for every accident moment, it is natural to expect more
than one individual claim.

That risk model has the following structure:

1. The individual claim sizes {X,,, n > 1} are i.i.d. nonnegative r.v.’s with common distribution function
F and finite mean p = EX;.

2. The inter-arrival times for the accident {Y,,, n > 1} are i.i.d. nonnegative r.v.s with finite mean
EY; = 1/), independent of {X,,, n > 1}.
3. The number of accidents in the interval [0, ¢] is denoted by

7(t) = sup{n > 1: T,, < t}
for every t > 0 with E(7(t)) = v(¢t).
The number of individual claims caused by the nth accident is a nonnegative, integer-valued r.v. Z,,,

and {Z,, n > 1} constitutes a sequence of i.i.d. r.v.’s with common distribution function G and finite
mean 6, independent of { X,,, n > 1} and {Y,,, n > 1}. The total of claims up to time ¢ is given by

(1)
Nt =Y 7, t>0, (1.1)
i=1

with

7(t)
AMt)=E(N(t)) = E(Z Z,-) = Ou(t).

In catastrophe insurance, for instance, 7(¢) is the number of events that occur in the interval [0, ¢]. Such
events are natural catastrophe events like windstorms, earthquakes, etc. The sequence {Z,,, n > 1} represents
the number of individual claims caused by the nth catastrophic event.

1.3 Precise large deviations

We consider the asymptotic relation

P(S, —nu > x) ~nF(x) (1.2)
as n — oo, where
Sn =Y X (1.3)
i=1

denotes the nth partial sum of the sequence {X;, ¢ > 1}.
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We recall the following propositions established in the literature on precise large deviations for nonrandom
sums.

Proposition 1. (See [14, 15].) If F' € R_, with a > 1, then for any fixed v > 0, relation (1.2) holds uniformly
for x = yn.

Proposition 2. (See [3].) If F' € ERV(—a, =) with 1 < a < 8 < o0, then for any fixed vy > 0, relation (1.2)
holds uniformly for x > ~n.

Proposition 3. (See [16].) If F' € C, then for any fixed v > 0, relation (1.2) holds uniformly for x > ~n.

More results in the field of precise large deviations for nonrandom sums can be found in [8, 9, 7, 12, 13].
A very general treatment of large deviations for subexponentials can be found in [18].
Further, precise large deviations for random sums of the type

N(t)
Snw) = Z X, t>0, (1.4)
k=1

were investigated by many researchers, where the asymptotic relation (1.2) was transformed into
P(Sn@) — pA(t) > x) ~ A(t)F(z) (1.5)

as t — oo, uniformly for = > yA(¢).
In the sequel, we need the following well-known propositions.

Proposition 4. (See [10, Thm. 3.1].) Let F' € ERV(—a, —f3) for some 1 < a < [ < oo. Furthermore,
suppose that { N (t), t > 0} is an integer counting process satisfying

N(t
Assumption Ny: )\((t)) P
ast — oo and
Assumption No: Z (1+ e)kP(N(t) =k) =o(1)

k> (1+8)A(t)
ast — oo for any § > 0 and some sufficiently small ¢ > 0. Then, for any fixed v > 0, relation (1.5) holds
uniformly for x > y\(t).

Proposition 5. (See [20, Thm. 2.1].) Let F € ERV(—a, —f3) for some 1 < a < < oo. Furthermore,
suppose that { N (t), t > 0} is an integer counting process satisfying

Assumption A: E((N(t))pI(N(t)>(1+5))\(t))) = O()\(t))

ast — oo for some p > [ and all § > 0. Then, for any fixed v > 0, relation (1.5) holds uniformly for
x = yA(t).

Proposition 6. (See [16, Thm. 4.1].) Let F' € C and suppose that { N (t), t > 0} is an integer counting process
satisfying Assumption A for some p > vyp and all § > 0. Then, for any fixed v > 0, relation (1.5) holds
uniformly for x > y(t).

Proposition 7. (See [20, Thm. 2.3].) Suppose that Z; > 1, F' € ERV(—a, —f) for some 1 < o < f < o0,
and EZY < oo for some p > B+ 2. Then the compound renewal process { N (t), t > 0} is an integer counting
process satisfying Assumption A, and, consequently, for any fixed v > 0, (1.5) holds uniformly for x > yA(t).



Precise large deviations for consistently varying-tailed distributions 395

A nice review on recent developments on large deviations for random sums is given in [11]. In the case of
independent r.v.’s, the precise large deviation has been established in [17] and [19].

Remark 1. Assumption N; has the following equivalent formulation given in [10]: There exists a positive
function €(t) such that €(t) — 0 and

P[|N(t) = A(t)| > e(t)A(t)] = o(1).

2 MAIN RESULTS

Theorem 1. Let { Xy, k > 1} be a sequence of i.i.d. nonnegative r.v.’s with common distribution function
F € C and finite mean i, and let {Z;, i > 1} be a sequence of i.i.d. integer-valued rv.s with Z; > 1,
EZY < oo for some p > ~vp 4+ 2 and common distribution function G with finite mean 0. Also, let
{N(t), t = 0} be a compound renewal process driven by a sequence of i.i.d. nonnegative random variables
{Yy, k > 1} with finite mean. Suppose that the sequences { Xy, k > 1}, {Z;, i > 1}, and {Y}, k > 1} are
mutually independent. Then for any fixed v > 0, the asymptotic relation (1.5) holds uniformly for x > yA(t).

For the proof, we need the following lemmas.

Lemma 1. (See [16, Lemma 2.1].) For a distribution function F € D with finite expectation, we have 1 <
vr < o0, and, for any v > vp,

e " =0(F(z)) asxz— .
The next lemma presents a reformulation of the standard Fuk and Nagaev inequality.

Lemma 2. (See [16, Lemma 2.3].) Let { X, k > 1} be a sequence of i.i.d. nonnegative random variables with
common distribution function F' and finite expectation . Then, for all u > 0, x > 0 and n > 1, we have

P(S, > ) < nF<i> + <e’;”>u

Lemma 3. (See [20, Lemma 3.5].) Suppose that {N(t), t > 0} is a renewal counting process. Then, for any
positive 6 and m, we have

> K"P(N() > k) =o(1), t— o0

k>(14+6)A(t)

Remark 2. From [20, Thm. 2.3] we obtain that the compound renewal counting process satisfies Assump-
tion A, and from Theorem 2.1 in the same paper we get that Assumption A implies Assumption /N;. Hence,
the compound renewal counting process satisfies Assumption Nj.

3 THE PROOF

Let us observe that
P (Sn) — 1A(t) => P(Sk— pA(t) > 2)P(N(t) = k),
k=1

which we can split into three parts

oo+ 3 + S =4 h+, 3.1)

k<(1=8)A(t)  (1=0)AR)SES(IH)A®E)  k>(1+5)A(?)

where ¢ is arbitrarily chosen from the interval (0, /u).
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We have
L= Y P(Sp—uAt)>z)P(N(t) =k)
E<(1—8)A(t)

< Z P [5(1_5))\(,5) >x+ ,U)\(?f)]P(N(?f) = k)
k<(1—0)A(t)

= Y P[Su_spp — 1= OAOu >z + pA(t) — (1 = HABu]P(N ()

k< (1—8)A(t)

Combining this expression with the result in Proposition 3, we get

LS Y (A=O)AOF(z+ pA(t) — (1= §)AB)u)P(N(t) = k)
k<(1-30)A(t)
= Y (- OAOF (x4 opAt)P(N() = k)
k<(1—8)A(t)
SA-OANOF(@) S P(N({)=k)

k<(1—8)A(t)

(L= A F(2)P(N(t) < (1=0)A(t))
(1= A F(z)P(N(t) — A(t) < —dA(t)).

Now we use Assumption [Ny to get

L = o(A(t)F(x))

for every fixed 0 < § < v/pu.
Next, we deal with

I, = > P (S, — pA(t) > 2)P(N(t) = k)
(1=6)A(H) <K< (1+8)A(E)
N(t
P(S(1+5))\(t) - uA(t) > .1’)P (1 — (5) < )\((t)) < (1 + 5) .

Under Assumption N7, we have
I SP(Sarsne — L+ A >z + pA(t) — (1+ )N (H)u)
as t — co. Now we use the result of Proposition 3 to get
I S (14 OMEF [z 4+ pA(t) — (1+ 6)At)p].
Since

)
x+pA(t) — 1+ )A(t)pu > (1 - ’5)56 or, equivalently, x > yA(t),

m e anor|(i- %)

we get

(3.2)
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as t — oo. Also,

L= > P (S, — pA(t) > 2)P(N(t) = k)
(1=5)A() <k (148)A(t)
= P(S(l—é)/\(t) - M)\(t) > x)P((l - (5) < ]V((;) < (1 + 5))

By Assumption N7 we obtain
I 2 P(Sa_saw — (1= )A)u >z + pA(t) — (1 = O)A(t)u)
as t — oo. Further, from the result of Proposition 3 we get
Iy 2 (1 - S)MOF (2 + pA(t) — (1 HADH).
By the inequality

§
T+ pA(t) — (1 —=0)A{t)p < (1 + H)x or, equivalently, = = yA(¢),
Y

we obtain

I > (1- 5))\(t)F[(1 + ?)x}

as t — oo. From F' € C we get

lim lim sup fl F[(l + 6”)4 = lim lim sup fl F[(l — (Su)x] =1,
N0 z—00 F(:c) Y N0 g0 F(x) Y

and so

lim limsup sup
INO o0 wzAA(t)

_ b 1‘ _o. (33)

Now we calculate the

I;= > P(Sp—pA)>z)P(N@H)=k) < > P(Sp>z)P(N({)=k).
k>(148)A(1) k> (14+0)A(t)

From Lemma 2, choosing vr < u < p — 1, we get the inequality

< > {k:F(i) + <Q’;/I€>U]P(N(t) = k)

k> (146)A(t)
=[x e\ u
< - = — =
< Y k:F(u>P(N(t) /<:)+<x> > E'P(N(t) =k)
k> (1+8)A(t) k>(14+6)A(t)
= K1 + K.

For the first term, we obtain

Ki= Y kF(@)P(N(t)=k)
E>(148)\(t)

Lith. Math. J., 50(4):391-400, 2010.



398 D.G. Konstantinides and F. Loukissas

<Fx) > k> P(Zn:Zi:k>P(T(t):n)

E>(140)A(t) n=k/(T+0) i=1

+F@) > k> P(zn:Zi:k:>P(T(t):n)

E>(14+8)A ()  1<n<k/(7+0) i=1
=J1+ Jo,

where 6 = EZ; > 1, and 7 > 0 is such that

(1+6)0
T+6

Further, we deal with

Jh=F) > k> P(iZi:k>P(T(t):n)

E>(14+8)A(E) n>k/(1+6) i=1

<F(@) > k> PlEt)=n)=Fa) Y kP<T(t)>Ti9>.

k>(1+6)A()  n>k/(1+6) k> (148)A(t)

From Lemma 3 we get the expression
Further, we write

E>14+0)A(t) 1<n<k/(T+0)

ST Y P(ZZZ: )

E>(146)A(t) 1<n<k/(7’+9

<F@) k:P< Y Ziz k)
k> (148)A(t) 1<i<k/(7+0)

<Fl@) Y kP( SNz Tk9>.
k> (148)A(t) 1<i<k/(7+0) T+

y [6, Corol. 3], which says that, for i.i.d. r.v.’s {U,, n > 1},

n
2\" _
P <ZUk > x) < <1 + ) nE|U1 [Pz 7P + exp{—2(p + 2) e P2*(nEU}) 1}
p
k=1
if EU; = 0 and E|U;|P < oo for some p > 3, we get

P< > (ZZ-—G)}TT9>

1<i<k/(T+0)
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2 p -p
<(1+2) Lo gz —op(
p) T+86 T+0

+ exp{—Q(—P + 2>26p<r —k; gEZi = 6)2> : (TTer)?}

< Cpk Pt 4 exp{—D,k},

where C), and D,, are positive constants. Therefore, we get the asymptotic expressions

Jo = F(z)o(1) = o(F(z))

and
Ki=J1+Jy= O(F($))

Now we examine
ep\ " _
Ko <x) § E“P(N(t) =k) = (ep)"= § K“P(N(t) = k)
k>(1+0)A(t) E>(140)A(t)

In combination with Lemma 1, we get

Ky =(ep)*o(F(x)) Y. K'P(N(t) =k).

k> (148)A(t)

In the same way, we obtain

> E'P(N() =k) =o(1),

k> (146)A(t)
and so we get the relation
Ky =o(F(z));
hence,
I3 = Ky + Ky = o(F(x)). (3.4)

Finally, substituting (3.2)—(3.4) into (3.1), we obtain the result.
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