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JEMA 1. (a) Na apodeÐxete ìti an x = p +
√
q ìpou p, q ∈ Q kai m ∈ N, tìte xm = a + b

√
q gia

k�poia a, b ∈ Q. ApodeÐxte epÐshc ìti (p−√q)m = a− b√q.

(b) Na brejoÔn, an up�rqoun, ta sup, inf, max, min tou sunìlou A =

{
1

2n
+

1

3m
: n,m ∈ N

}
.

LÔsh. (a) 'Estw x, p, q ìpwc sth diatÔpwsh thc �skhshc. ApodeiknÔoume me epagwg  ìti ∀m ∈ N,

xm = a+ b
√
q gia k�poia a, b ∈ Q. (1)

Gia m = 1, h (1) isqÔei lìgw thc upìjeshc gia to x (ed¸ a = p kai b = 1). Upojètoume ìti h (1)
isqÔei gia k�poio m ∈ N kai apodeiknÔoume ìti isqÔei gia ton fusikì arijmì m+ 1. 'Eqoume:

xm+1 = xmx = (a+ b
√
q)(p+

√
q) = (ap+ bq) + (a+ bp)

√
q.

Efìson a, b, p, q ∈ Q, èpetai ìti (ap+ bq), (a+ bp) ∈ Q, sunep¸c h (1) isqÔei gia m+ 1. 'Ara, h (1)
isqÔei gia k�je m ∈ N. O deÔteroc isqurismìc apodeiknÔetai epÐshc me epagwg  kai af netai wc apl 
�skhsh gia ton anagn¸sth.

(b) 'Eqei lujeÐ stic paradìseic tou maj matoc. 2

JEMA 2. (a) 'Estw (an) mia akoloujÐa pragmatik¸n arijm¸n tètoia ¸ste an → 2 kai èstw A =
{n ∈ N : an ≤ 2}. Na exet�sete an (1) to sÔnolo A eÐnai peperasmèno, (2) to sÔnolo N − A eÐnai
peperasmèno.

(b) Swstì   l�joc? Na aitiolog sete thn ap�nths  sac!

An h (an) eÐnai aÔxousa kai k�poia upakoloujÐa (akn) thc (an) sugklÐnei ston arijmì a, tìte an → a.

(g) Na brejoÔn, an up�rqoun, ta ìria twn akolouji¸n an =
1√

n2 + 1
+

1√
n2 + 2

+ . . .+
1√

n2 + n

kai bn =

(
1 +

1

n2

)n

.

(d) Na breÐte ta lim sup(an), lim inf(an), sup{an : n ∈ N}, inf{an : n ∈ N} thc

an = (2,−1, 3/2,−1/2, 4/3,−1/3, 5/4,−1/4, . . .).

LÔsh. (a) To sÔnolo A mporeÐ na eÐna peperasmèno   �peiro. Pr�gmati, an an = 2, tìte A = N
(�peiro) kai N−A = ∅ (to opoÐo eÐnai peperasmèno). An an = 2 + 1

n , tìte A = ∅, dhlad  peperasmèno,

kai N − A = N. Tèloc, an an = 2 + (−1)n
n , tìte A = {n ∈ N : n perittìc} (to opoÐo eÐnai �peiro) kai

N−A = {n ∈ N : n �rtioc} (�peiro).

Ta (b) kai (g) èqoun lujeÐ stic paradìseic tou maj matoc.

(d) ParathroÔme ìti gia n ∈ N, a2n−1 = 1+ 1
n kai a2n = − 1

n . 'Ara, 1 kai 0 eÐnai upakoloujiak� ìria
thc (an). Apì thn �llh meri�, efìson k�je fusikìc arijmìc eÐnai �rtioc   fusikìc kai lim a2n = 0 6=
1 = lim a2n−1, èpetai ìti oi 1 kai 0 eÐnai ta mìna upakoloujiak� ìria thc (an). Sunep¸c, lim sup(an) = 1
kai lim inf(an) = 0. Tèloc, eÐnai �meso na deÐte ìti sup{an : n ∈ N} = 2 = max{an : n ∈ N} kai
inf{an : n ∈ N} = −1 = min{an : n ∈ N}. 2

JEMA 3. (a) 'Estw f : [a, b] → R suneq c epÐ tou [a, b] kai tètoia ¸ste |f(x)| = 1 gia ìla ta
x ∈ [a, b]. TÐ sumperaÐnete gia thn f ?



(b) Na melet sete wc proc th sunèqeia thn sun�rthsh

f(x) =


1

x
sin

(
1

x2

)
an x 6= 0,

0 an x = 0.
.

Gia k�je èna apì ta shmeÐa asunèqeiac thc f (an up�rqoun) na kajoristeÐ to eÐdoc thc asunèqeiac.

LÔsh. (a) SumperaÐnoume ìti eÐte f(x) = −1 gia ìla ta x ∈ [a, b] eÐte f(x) = 1 gia ìla ta x ∈ [a, b],
me �lla lìgia h f eÐnai stajer . An ìqi, kai efìson |f(z)| = 1 ∀z ∈ [a, b], tìte up�rqoun x, y ∈ [a, b]
tètoia ¸ste f(x) = 1 kai f(y) = −1. AfoÔ h f eÐnai suneq c epÐ tou [a, b], apì to Je¸rhma Endiamèswn
Tim¸n èpetai ìti h f paÐrnei ìlec tic timèc metaxÔ −1 kai 1. Autì antibaÐnei sto gegonìc ìti |f(z)| = 1
∀z ∈ [a, b], �ra h f eÐnai stajer .

(b) Parathr ste ìti h f eÐnai suneq c se k�je x 6= 0. H f den eÐnai suneq c sto 0. Pr�gmati, èstw

xn =

√
1

2πn+ π/2
. Tìte xn → 0, all� f(xn) → +∞. To 0 eÐnai shmeÐo asunèqeiac b' eÐdouc (den

up�rqei to lim
x→0+

f(x)). 2

JEMA 4. (a) Na apodeiqjeÐ ìti (x− 1)/x < lnx < x− 1 gia x > 1.
(b) Na upologÐsete to ìrio lim

x→0+
xsinx (0,∞).

(g) Swstì   l�joc? Na aitiolog sete thn ap�nths  sac!

An h f eÐnai paragwgÐsimh sto 0 kai f(0) = f ′(0) = 0, tìte lim
n→∞

nf(1/n) = 0.

LÔsh. (a) 'Estw x > 1. Efarmìzontac to Je¸rhma Mèshc Tim c gia thn ln sto di�sthma [1, x]

brÐskoume c ∈ (1, x) tètoio ¸ste f ′(c) = f(x)−f(1)
x−1   1

c = lnx
x−1 . Epeid  1 < c < x, èqoume ìti 1

x <
1
c < 1

kai sunep¸c apì thn sqèsh 1
c = lnx

x−1 kai to gegonìc ìti x − 1 > 0 paÐrnoume ìti x−1
x < lnx < x − 1,

ìpwc to jèlame.

(b) To zhtoÔmeno ìrio èqei thn aprosdiìristh morf  00. Gia x ∈ (0, π/2) èqoume xsinx = esinx lnx.
'Eqoume:

lim
x→0+

sinx lnx = lim
x→0+

lnx
1

sinx

= lim
x→0+

1
x

− cosx
sin2 x

= − lim
x→0+

sin2 x

x cosx
= − lim

x→0+

[
sinx

cosx

]
·
[
sinx

x

]
= −(0 ·1) = 0.

Epeid  h sun�rthsh y 7→ ey eÐnai suneq c sto y = 0, èpetai ìti lim
x→0+

xsinx = e0 = 1.

(g) H prìtash eÐnai swst . Pr�gmati, efìson h f eÐnai paragwgÐsimh sto 0, up�rqei to lim
x→0

f(x)−f(0)
x−0

kai epeid  f(0) = f ′(0) = 0 èpetai ìti lim
x→0

f(x)

x
= 0. Sunep¸c (apì thn arq  thc metafor�c gia to ìrio)

gia k�je akoloujÐa (xn) shmeÐwn tou pedÐou orismoÔ thc f(x)/x me xn 6= 0 ∀n ∈ N kai xn → 0, tìte

lim
n→∞

f(xn)

xn
= 0. Jewr¸ntac thn akoloujÐa xn = 1

n (kai upojètontac, qwrÐc bl�bh thc genikìthtac, ìti

xn ∈ D(f) ∀n ∈ N) èqoume ìti lim
n→∞

nf(1/n) = lim
n→∞

f(1/n)
1/n = 0. 2

2


