
Full�dio 5 ston Apeirostikì Logismì I

Panepisthmio Aigaiou

Tmhma Statistikhc & Analogistikwn-Qrhmatooikonomikwn Majhmatikwn

Didaskwn: Eleujerioc Q. Taqtshc

1. Alhj c   yeud c? Na aitiolog sete tic apant seic sac!

(aþ) An h f eÐnai paragwgÐsimh sto [a, b] kai paÐrnei thn el�qisth tim  thc sto x = b, tìte
f ′(b) = 0.

(bþ) An f ′(x) ≥ 0 gia k�je x ≥ 0 kai f(0) = 0, tìte f(x) ≥ 0 gia k�je x ≥ 0.

(gþ) An h f eÐnai tètoia ¸ste oi par�gwgoi f ′ kai f ′′ up�rqoun sto [0, 2] kai f(0) = f(1) = f(2) =
0, tìte up�rqei c ∈ (0, 2) tètoio ¸ste f ′′(c) = 0.

(dþ) 'Estw f : (a, b)→ R kai èstw c ∈ (a, b). An h f eÐnai suneq c sto c, paragwgÐsimh se k�je
x ∈ (a, b) me x 6= c, kai an lim

x→c
f ′(x) = L ∈ R, tìte f ′(c) = L.

2. 'Estw f : R→ R me f(x) = x2 an x rhtìc kai f(x) = 0 an x �rrhtoc. Na apodeÐxete ìti h f eÐnai
paragwgÐsimh sto x = 0, kai na brejeÐ h f ′(0).

3. Gia k�je mia apì tic epìmenec sunart seic apì to R sto R, na exet�sete an eÐnai paragwgÐsimec
kai breÐte thn par�gwgo: (a) f(x) = |x|+ |x+ 1|, (b) g(x) = 2x+ |x|, (g) h(x) = x|x|.

4. Dojèntoc ìti h sun�rthsh h(x) = x3 + 2x+ 1 gia x ∈ R èqei antÐstrofh sun�rthsh h−1 epÐ tou
R, na brejeÐ h tim  (h−1)′(y) sta shmeÐa pou antistoiqoÔn sta x = 0, 1,−1.

5. Na apodeiqjeÐ ìti | sinx− sin y| ≤ |x− y| gia ìla ta x, y ∈ R.

6. Na apodeiqjeÐ ìti (x− 1)/x < lnx < x− 1 gia x > 1.

7. 'Estw I èna di�sthma kai èstw f : I → R paragwgÐsimh epÐ tou I. An f ′(x) 6= 0 gia ìla ta x ∈ I,
tìte na apodeÐxete ìti eÐte f ′(x) > 0 gia ìla ta x ∈ I eÐte f ′(x) < 0 gia ìla ta x ∈ I.

8. Na brejoÔn ta shmeÐa twn topik¸n akrot�twn twn parak�tw sunart sewn sta pedÐa orismoÔ touc:
(a) f(x) = |x2−1| gia x ∈ [−4, 4], (b) g(x) = x|x2−12| gia x ∈ [−2, 3], (g) h(x) =

√
x−2

√
x+ 2

gia x > 0, (d) k(x) = x3 − 3x− 4 gia x ∈ R.

9. Na apodeÐxete ìti h exÐswsh x3 + 9x2 + 33x− 8 = 0 èqei akrib¸c mia pragmatik  rÐza.

10. 'Estw f, g paragwgÐsimec epÐ tou R kai èstw ìti f(0) = g(0) kai f ′(x) ≤ g′(x) gia ìla ta x ≥ 0.
Na apodeiqjeÐ ìti f(x) ≤ g(x) gia ìla ta x ≥ 0.

11. 'Estw a1, a2, . . . , an pragmatikoÐ arijmoÐ kai èstw f orismènh epÐ tou R wc ex c:

f(x) =
n∑

i=1

(ai − x)2 gia x ∈ R.

Na brejeÐ to monadikì shmeÐo topikoÔ elaqÐstou gia thn f .

12. 'Estw f : R→ R me f(x) = x+2x2 sin(1/x) gia x 6= 0 kai f(0) = 0. Na apodeÐxete ìti f ′(0) = 1,
all� se k�je perioq  tou 0 h par�gwgoc f ′(x) lamb�nei tìso jetikèc ìso kai arnhtikèc timèc.
(Epomènwc, an h par�gwgoc miac sun�rthshc f se k�poio shmeÐo eÐnai jetik , autì den sunep�getai
ìti up�rqei perioq  tou shmeÐou sthn opoÐa h f eÐnai aÔxousa.)
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13. 'Estw g : R → R me g(x) = x2 sin(1/x2) gia x 6= 0 kai g(0) = 0. Na apodeÐxete ìti h g eÐnai
paragwgÐsimh se k�je x ∈ R. EpÐshc, na apodeÐxete ìti h g′ den eÐnai fragmènh epÐ tou diast matoc
[−1, 1].

14. 'Estw L : (0,∞)→ R me L′(x) = 1/x gia x > 0. Na upologÐsete tic parag¸gouc twn akìloujwn
sunart sewn: (a) f(x) = L(2x+ 3) gia x > 0, (b) g(x) = (L(x2))3 gia x > 0, (g) h(x) = L(ax)
gia a > 0, x > 0, (d) k(x) = L(L(x)) ìtan L(x) > 0, x > 0.

15. 'Estw f(x) = x2 gia x rhtì, èstw f(x) = 0 gia x �rrhto, kai èstw g(x) = sinx gia x ∈ R. Na

apodeÐxete ìti lim
x→0

f(x)/g(x) = 0. (Upìdeixh: Na apodeÐxte ìti lim
x→0

f(x)

g(x)
=
f ′(0)

g′(0)
.)

16. 'Estw f(x) = x2 sin(1/x) gia x 6= 0, èstw f(0) = 0, kai èstw g(x) = sinx gia x ∈ R. Na
apodeÐxete ìti lim

x→0
f(x)/g(x) = 0 all� to ìrio lim

x→0
f ′(x)/g′(x) den up�rqei.

17. Na upologistoÔn ta parak�tw ìria: (a) lim
x→0+

ln(x+1)
sinx (0, π/2), (b) lim

x→0+
tanx
x (0, π/2), (g) lim

x→0+
ln cosx

x

(0, π/2), (d) lim
x→0+

tanx−x
x3 (0, π/2), (e) lim

x→0

Arctanx
x (−∞,∞), (st) lim

x→0

1
x(lnx)2

(0, 1), (z) lim
x→0+

x3 lnx

(0,∞), (h) lim
x→+∞

x3

e3
(0,∞), (j) lim

x→0+
x2x (0,∞), (i) lim

x→0
(1 + 3/x)x (0,∞), (k) lim

x→∞
(1 + 3/x)x

(0,∞), (l) lim
x→∞

x1/x (0,∞), (m) lim
x→0+

xsinx (0,∞), (n) lim
x→0+

(sinx)x (0, π).

18. 'Estw f(x) = cos ax gia x ∈ R ìpou a 6= 0. BreÐte thn f (n)(x) gia n ∈ N, x ∈ R.

19. Na apodeÐxete ìti an x > 0, tìte 1 + x
2 −

x2

8 ≤
√
x+ 1 ≤ 1 + x

2 . Qrhsimopoi¸ntac to apotèlesma

autì, proseggÐste tic
√
1.2 kai

√
2. EpÐshc, na efarmìsete to Je¸rhma Taylor me n = 2 gia na

petÔqete pio akribeÐc proseggÐseic twn
√
1.2 kai

√
2.

20. Na apodeÐxete ìti h exÐswsh x2 = cosx èqei akrib¸c dÔo lÔseic. QrhsimopoieÐste to polu¸numo
Taylor tou cos gia na deÐxete ìti oi lÔseic eÐnai kat� prosèggish ±

√
2/3.

21. 'Estw f : R → R mia sun�rthsh tètoia ¸ste f ′(x) = f(x) gia ìla ta x ∈ R kai f(0) = 1. Na
apodeÐxete ìti f(x) = ex gia ìla ta x ∈ R.
(Katarq n, apodeÐxte me epagwg  ìti h f èqei parag¸gouc opoiasd pote t�xhc kai f (n)(x) = f(x)
gia k�je n ∈ N kai k�je x ∈ R.
Gia x ∈ R, jètoume F (x) = f(x) − ex. Tìte (me epagwg ) h F èqei parag¸gouc opoiasd pote
t�xhc kai F (n)(x) = F (x) gia k�je n ∈ N kai k�je x ∈ R. Epiplèon, F (0) = 0 kai F (n)(0) = 0
gia ìla ta n ∈ N. ApodeiknÔoume t¸ra ìti F (x) = 0 gia k�je x ∈ R. 'Estw x ∈ R kai èstw
Ix to kleistì di�sthma me �kra ta 0, x. Efìson h F eÐnai suneq c sto Ix, up�rqei K > 0 tètoio
¸ste |F (t)| ≤ K gia ìla ta t ∈ Ix. Efarmìzontac to je¸rhma Taylor sthn F epÐ tou Ix kai
qrhsimopoi¸ntac to gegonìc ìti F (k)(0) = F (0) = 0 gia ìla ta k ∈ N, prokÔptei ìti gia k�je
n ∈ N, up�rqei cn ∈ Ix tètoio ¸ste

F (x) = F (0) +
F ′(0)

1!
x+ · · ·+ F (n−1)(0)

(n− 1)!
xn−1 +

F (n)(cn)

n!
xn

=
F (cn)

n!
xn.

Sunep¸c èqoume

|F (x)| ≤ K|x|n

n!
gia ìla ta n ∈ N.

Efìson lim
n→∞

(|x|/n!) = 0, èqoume ìti F (x) = 0. Epeid  to x ∈ R, me to opoÐo xekin same,  tan

tuqaÐo, sumperaÐnoume ìti F (x) = 0 gia ìla ta x ∈ R kai sunep¸c f(x) = ex gia ìla ta x ∈ R.)
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22. Na lujoÔn oi akìloujec ask seic apì to biblÐo tou Spivak: Kef. 19, sel. 358, 1, 2(i), 2(iv),
3(ii), 3(v).
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