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YNUEIOUA TOV EMMUEATIOV

To 2002 oto Tunua Mabnuatukev tou Iavemotnpuiou Atyaiou d68nke 10 pa-
fnpa IWTEX xair Postscript. Meta ano ouvevvonon pe mv Xpuoavin Tnyepidou
(adeper) tou Ttehou I wpidn) emAelape va S®OOULE GTOUG QOLTIIES Yia £AoKToN
MV avilypaQr] 1@V oNUEI®oe®v oTov Anelpootikd Aoyiopd tou Yteiou [nxwpidn.
YUVEPYAOTNKAV TOAAOL QOITIIEG KAl YPAQPTIKE TO PEYAAUTEPO UEPOS TOU KEIUEVOU.

Ano exeivo 10 onueio Enpene va yivouv dla@opa npayuata:

e va dopbmbei 0 k@dikag mou gixav ypayel o1 Qonieg o omoiog, Onws nNiav
@uOlKO, giyxe moArd TEXvika Aabn,

e va cupnAnp®bouv doa koppdata Sev sixav avilypaget,

® Va KATAOKEUAOTOUV Ta OXNUATA 0E TAEKTPOVIKT LOPPT],

e va oxedaotel (TEXvika) n napovoa £xdoon,

® Va KATAOKEUAOTEL 1] YPAUPATOOEIPA Tou fa Xprotponoloucajie,
e va yivel avunapafolr) 1ou KEIPEVOU UE TO TPOTOTUTIO.

Ta duo tedeutaia anoteAolUoav Kal 10 SUOKOAOTEPO PEPOS TOU EYYEIPTIHATOS.

H avunapafolrr] €yive ypappn-ypappn pe 10 IP@TIOTUTIO KEIPEVO OM®S AUTO
epeavietal oy mp®tn Xepoypaen £xdoor and tg Exdooeig Svyyoovn Emoyr.
IMuwooikeg aldayeg dev eyivav. Eyivav opwmg aldayeg mou oxetiCoviar pe v
opBoypagia kat 10 ouviaktiko kabwmg xat aAAayt] 1@V TEPICOOTEPDV OUVIUTOE@DV O
MATPELS ek@Pacelg («y1a mapadelypa» avil yla «i.x.», K.AL).

Eywav emiong pepikeg (Aiyeg) enepfaceig oto pabnuaukd nepiexopevo tou
Bifriou. Tuykekpipéva ooa (mpogavr) Aabn eviomicape xata v avumapafoldr
HE 1o mp@totuto 1a dlopbmoape. Ta mapadeiypa, oto ke@araio 7 0 oplopog Tou
TMENEPUCPEVOU OUVOAOU Jev Ttav 0xotds. To mpoiotuno £ypage Ot €va olvoio
£ival TENEPAOUEVO AV EIvVaAl O€ £vA POG £va KAl €M AVTIOTONYid UE TO OUVOAO TOV
QuoikaV apiluev (deg mpToTUTO).

‘Otav o Y1ehiog Iy wpidng otapaoe 11 SakuAoypagernor 1oV OTUEI@OEDV TOU,
spgaviotnke oto Tunpa Mabnuatikov g Kpming o npotog iowg unoloylotng otnv
EXada nou €peye 10 npoypappa TEX pe pepikn (addra oe wwavonomuko fabuod)
unootneién yia ta eAAnvika. To unyavnua, eva vMs, ovopalotav Tadmg xat ot
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>HMEIQMA TON ENIMEAHTON

xproteg epyalotav og autd PEo® 1wv Aeyopevov «dummy terminals». Ta ta ay-
yAika 1o TEX ypnotponotovoe 11g ypappatoosipeg tou Knuth adia yua wa edinvika
glye pla noAu Wiaitepn ypappatoosipa. To unyavnua, kat 1 eykataoctaon tou TEX
TOU €iXg, 1tav o XPNon UeEXPt to 1998, ondte kal anooupbnke. e autd 1o pnya-
VU, pe TV 101aitept] EKEIVI] YPAPUUATOOEIPA Yia Ta EAATVIKA, YPAPTKAV TOAAES
gpyaoieg (yia napadelypa Qoumi®@v) Oneg Kal ONUEIDOELS and 10U OlOA0KOVIES.
Eipaote oiyoupot mog ToAA0L ouvAdeA@ol £X0UV aKOUA EKTUTOOELS ano 1oV TaA®.

TMa 1010p1koUg AOYoUg AOIMOV ano@acicape Ti§ oTUEI®OELS Tou LieAtou TInym-
PId1 va TIg avanapayayoups Pe ekeivT 1 ypappatoosipd. H ypappatoosipd autr
gxel xabei. Etor enpene va enavaoyediaotei ano v apy1 pe factn eKTUT®OOEIS anod
tov Talm mou eiyape kpatnoet. Extog opme and v pepikt) unootnpi&n mou napei-
Xe, ¢ mpoobeoape Siagopa mpaypata mou €AAEmAV, ON®S TOVIOUEVA Ke@aiaid,
neCoke@alaia x.d.

Or onueiwoeig tou Yteiou IInxwpidn ypnoiponombikav yia apketa xpovia oto
Tunpa Mabnuatukev tou Havemotmuiou Kpming, yia tv Sidackaiia tou pabnpatog
10U AmerposTikot Noyispot, xat pia oAdkAnpn yevia anogoitev tou Iavemotnuiou
Kpmng, eiyav pia npetn enagn pe v avotpn Avdlvsn, péoa ano 1ig osAideg
AUTOV IOV ONUEIDOEDV.

Ynuepa Aomov napouotaloupe autod 10 keipevo onwg vopiloupe ot ba to eiye
napouclaoel ekeivog av (oloe kal puetegepe ta apyeia ou otov Taiw. EAniCoups
OT1 EKTOG AMO TNV, IO10TUTT] 106G, amdd0oT] TIPS OT1] PVIUT] TOU, Ol OTUEI®OELS AUTES
OV VEQ, Kal I0g Mo AKUOTIKT] pop@T toug, fa anoterécouv ouotaotikd fondnua
yld T0U¢ VE@TEPOUS padnuatikoug,.

Apioteidne Kovioyesmpyng

Avievne Tooroputng Kapiofaot, Yapog 2006.



YNUEIOUA TOV EMPEAIOV TNS MP®TNS
£xSoong!

O Xwehiog nxwpidng (1940-1992) nibe oro Havemoruio Kpming to 1983.
Ynunpée kabnynug tou Mabnuatikou tunpatog, oto onoio didaocke kabe e€apnvo xat
ano £va dla@opetko pabnua.

TMa noA)é anod autd ta pabrpata (kai WSaitepa yia ta padipata me Avaruorg)
eypaye O10AKTIKES OTUEIDOELS, PEPIKES ATO TIG OMOIES XPTOLUONOIOUVIAL AKOUT a-
o addoug Sidaokovieg, aida oyt ocuotnuatikd. Elaipeon anotedolv ot «mpoyeipes
OTUEIOOEIG» TOU eypaye 0 Ntehiog v avolln tou 1985 yia to pabnua «Angipo-
oukog Aoyiopog I» xat xabiepobnkav ano 1618 wg eva ano 1a facika fondnuata
1OV MIP@TOEI®OV QOITI®OV 1000 10U Mabnuatikot Tunuatog, 660 Kat ToU TUNHAtos
e Emotung v Ynoloyiotov tou Iavemotpuiou Kpming. Maiiwota, and 6co
yvepilouue, 11g id1eg onuel®oslg Xprnotponolotv kat oto Mabnpatukd Tunua tou
TTavemotnuiou Kunpou.

Ag 1ovicouje, OU®G, 0@ O Kal 0 id10¢ 0 LTEAIOQ TG OTUEIDOELS AUTES TIG
@povoe 1aitepa ano v apXn. M’ autd evvooupe Ol gival 01 HOVES OTUELROELS
10U, Yla 11§ onoieg BEANOE va avikataotnost 10 apyiko ToU XEPOYPaAQo UE €va Mo
EUNAPOUOIaoto Keipevo (0 idlog dev fempoloe 1a ypaupdta 1ou euavayveota Kal o
AVAYV@OTIG PUINOPEL VA KPIVEL HOVOG TOU aNO UEPIKES AOKT|OEIS TIOU, €K TV UOTEP®V,
npoobeoe o Yiehiog oe kanoia kegaiaia).

Eto1 apyioe va Saktuloypagel HOVOG 10U 1a XEIPOYPAPa, AAAd 01 SUGKOAIES TOU
OUVAVINOE TOV avaykaoav, PETd 11§ 29 NPAOTES OEAISES Va OTAUATNoEL.

To undrotno xeipevo ypagtke and ) Navva Kupeln, unoyneia gottripia tote
tou Mafnpatikos Tunpatog, 1 onoia avieypaye e TOV @PAI0 yPAPIKO XApaKTipd
11§ 1010 EIPES ONUEIRCELS TOU LTEALOU.

TTapa v smpgdeia, Opwg, Kat v epoviida pe v omoia o Mteilog stoipale
11§ ONUEIROELS TOU, OUDENOTE OUUPRVTOE Va ekd®oel og BiAio KAMoleg amd auteg.
H andavinon tou otig npotponeg noAA®@v ouvadEr@®v Tou Ttav aviote 1 £ng: «Au-
1€¢ Oev gival oute Kav oNuel®oels. Eival npoyeipsg onueiooels. Eival ypappeveg
AvayKaotkda og TOAU HIKPO XPOovikO diaotnpa kat akoAoubolv unoypemtikd 10 me-
PIEXOUEVO KAl TOUG OTOXOUG, TOU v oty ut| auth] npofiene o Odnyog Snoudwv pas.
Av xanote £xo 10V YpOVO Kal ano@aocion va ypaym eva fifAio yia mapadsiypa yia

TExSooeig Styyeovny Emoyry, 1996
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>HMEIQMA TON ENIMEAHTON THE TIPQTHY EKAOTZHE

1ov Angipootikd Aoyiopo, dev sipatl kabdorou oiyoupog o1t Ba potalel xat oAU pe
11 T@PIVES POU OTUELDOELG»

Avotuymg, 11 Con dev £dwoe otov Ltehio v sukaipia autr). Mag €usivav povo
Ol «IPOYEIPES OTUEIDOEIS» TOU.

Eto1, otv Huegpida mou Sopyavewos 1o Mabnpatuxko tunua tou Iavemotnuiou
Kpring, oug 7 Maiou 1993, otnv pvnun tou Yiehiou, diatunemdnke and noAloug 1
anoyn va skdobouv oe fifrio tourdyiotov ol onueimoslg 10U Aneipootikou Aoyi-
Ouou.

‘O)ol oupgovnoav yia pia tetoia £kdoo1 kal paiota £dwoav otov Mavolr
Katoonpivakn apketeg mapatnpnoeig toug, yia kamoieg napainyels, afiseyisg xat
SIEUKPIVIOEIG TTOU KATA TNV YVOUT TOUS EMPENE VA PTOUV OTO KEIPEVO.

Me auto tov 1pomo, oues, paleimkav (ex10¢ and Kanoieg ovolaotikeg dophwm-
OEIG, TTOU £NMPENE VA YIVOUV Kl TI§ MEPICOOTEPES ATO TI§ onoieg 11g yvoplle 1N xat
0 Ytehog) and v pia apketeg akopa ensdnynoslg kar AEMTOUEPEIES, KAl anod v
AAAT evag peyarog aplbpog aoknoemv, TOU 1] EVO@UAT®OT] TOUS UECA OTO KEIPUEVO
Ba airale apxetda 10 UQOS TOU CUYYPAQEQ.

Ta tov Aoyw autd anogaocioape va ekdobel 1@pa 10 MP@TOTUTIO KEIPEVO, a@oU
KAVAPE HOVO UEPIKES anmapaitnieg d1ophmwoelg oe autd, Pe TETOL0 TPONO WOTE VA UTO-
pel va Siafaoctel kat TautdXpova va gaivovtal td ofueia onou eytvav ot dlopbmosig.
TMa SieukoAuvon tou avayvoortn npooecape mepiexopeva pe Pact toug TTAOUG
1ou keipevou. Etol, mapadivoupe o1ov KaAompoaipeto avayvaootn @TOypaQIKT] JUe-
TAQOPA 10U MP@IOTUNOU KEIPEVOU, eATICOVIAS va pag OUYY®PEOEL Yia OO0 AAAES
dropbmoeig dramotwoet o1l dev kavape. O i8iog o Ytéhog efale mpwtn AoKToT 0TOUS
QOLTIIES 10U va tou fpouv 6oo yivetal neplocdiepa ogaipata («Aabn», onwg eheye)
0TI ONEIROELS TOU.

Mia t€t01a £kd00T], Xopig 1d1aitepa MTOAAES Petaforeg kal aAAOI®OELS TOU apyi-
KoU KEIPEVOU, avianokpivetal kal og embupia g aded@ng tou Liedou, Xpuoaving
TInywpidou, n onoia xat avérafe va mv npowbrost. Ag suxnfoupe o1t peAdovuka
fa mapouotaotel pia €xdoot] PEATIGUEVT KAl EMUEATUEVT], OUUP@VA UE TIG TAPATI]-
PNOELS TV oUVASEAQ®V Tou didaav auteg 11§ GNUEIDOEIS,.

Aekeufpiog 1995

O1 pabnreg tou Mgrou TInyepidn
Mavoing Katoonpivakng kat Statpog ITanadonoudog
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EIzATQra

Yxondg 10U pepoug 1ou Amsipootikou Aoylopou pe to onoio fa acyoAinfoupe si-
vatl 1 peEAE 0plopEveV Pacik@v II0TIOV 1OV TPAYUATIK@V OUVAPTTOE®V ULaS
npaypaukng petafining.

Y1oug neplacotepous kAadoug t@v Mabnuaukev apyiCoupe pe 11 peretn evog
Baoikot ouvoAou, Ta GTOIXELA TOU OMOIOU 1KAVOTOL0UV KATOo1eg fe peA1delg GYETELS,
11§ onoieg dexOUaote all@Uatikd. Yin ouveXELd MPOYX®POUUE 0TI UEAETT] GUVAPTI-
oewv ot onoieg opifovial oe kataAAnia umoouvoia tou Bacikol autol ouvoiou.
Y1ov Aneipootikd Aoyiopod 10 faoikod ouvolro gival 1o ouvoro R twv npaypatikov
aplfumv.

Y10 OTUEIO AUTO MPENEL vd KAVOUUE dUO MApPATNPNOELS :

(i) Iotopika navamwéntou Aneipootikou Aoyiopou, kabwg kat twv neplocotepmv
A @v kAadev 1ov Mabnuaukev, dev €yive pe auto tov 1pomo. Av kai 1
a&iopatikn pebodog ota Mabnuatika mp@Tos uQaviotnke and T0ug KAaooiKoug
xpovoug (kat napepetve oav pebodog ota Mabnuauka ouotaotika povadikn),m
«afi@patikonoinon» 1ou Ansipootikot Aoylopou emtelydnke poAig oto 1€A0g
TOU MEPUCUEVOU ALDVA.

(ii) Tooo 1o Baociko 6Uvoro 00O kal o1 KAAGEIS CUVAPTTOE®V NTOU UEAETAUE GTOUG
dagopoug kAadoug 1wv Mabnuatikemv pexpl onuepa, €XoUv AUEOT] oXE0T
1000 e aiioug kAadoug twv Mabnuauk®v 600 kat pe AAAeq EMOTNUES.
II.x. ta mpeta ixvn tou Ansipootukou Aoylopol oty KAaooikT enoxn fniav
aueoa ouvdedepeva pe 1 Fewpetpia (purxog nepipepeiag, epfada kat dykot
YEQUEPIKAOV oXNuatev k.A.1.) H onuavuxrn avantuén nou yvepioe o kAadog
peta v Avayevvnor unayopeutnke oe moAUu peydro Babpo and avaykeg
duoikev Emomuev (Aotpovouia, Mnxavik,. . .).

Aev unapyetl ap@iforia 6t o Aneipootikog Aoylopog anotedel £va ano ta onuavil-
KOTEPA EMOTNUOVIKA eMTeUypata 1ou avipmnou. Zexivaoviag and diatobniika amieg
Kal yevika mapadekieg apyeg, metuyaivel pia ouvbeon mou mpokaiei Baupacpo 1o-
00 yld 11 AOYIKT] eVOTIId 11§ 000 KAl yla Tov TAOUTO TV anotedeopdtov mg. Ot
EQUPUOYES TOU KAl 1] AAANAenidpaot pe aAloug KAAdouUg TN EMOTNUNG, 08 OAOEVA
kat au€avopevo pubuo, eival avapifpnieg kar avavukataotates.
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EizArora

Eival anoAUtmg anapaitnio va Katavorosl 0 VEOEIoayouevog oto fépa xat g
duo auteg oyelg g Bempiag. H kabe pia, doo onpavuikn kat evdiagepouoa kat va
givatl, povT g odTyEl £ite 0 £va OPOPQPO, AAAA I0®MS AXPNOTO KOUYOTEX VA, 1] O
£va anepavio dacog amd AOYIKA 0mOTOUS, Kal 100 aTOKPOUOTIKOUS, TUTOUS, TOU 1|
HOvT onuacia toug Ha eival 611 eival «avaykaio Kako».
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KE®AANAITIO

OI1 IPATMATIKOI APIOMOI

1.1 H yeoueipikn napactacmn

Oewpoupe duo dagopetuka onueia O kat E, 10 E Jefia 1ou O, nave oe pia subeia
X'X. Mnopotpe va Bewprooupe 1oug mpaypatikols aplfpols cav ta onueia autrg
¢ eubeiag. H Siaiobnuikr) eikova mou €xoupe oto puaio pag eival va aviiotoryioou-
pe oe kabe onueio M g X'X v andotacn tou M and 10 O, av 10 M Ppioketat
Se&ia ano o O (Exnua 1.1) kar napoupe 1o OF yia povada.

Sxnua 1.1

‘Eto1, yua napadeiypa, 1o M avuotoryei (npooeyyiotka) otov aplfuod 2,5 kat 1o
N owov —0,5.

1.2 ®uoikoi, akepaiol, prntoi apifuoi

H pedémn wov npaypatkev apiuev apyifel ouvnbmg ue 7o stvoro N twv euswuy
agrdpwv 1, 2, 3, 4, ... To abpowopa xat 1o yivopevo dU0 QUOIK®V gival TAVIOTE
gvag Quotkog apifpog. Av otoug guoikoug emouvayoupe 1o 0 kat toug avtifetolg
T0UG, Maipvouue 70 6Uvolo Z twv akspaiwv agdpwy 0, +£1, +2, ... To aBpoiopa, 10
ywopevo kxat (kata aviifeon npog toug @uoikols) 1 Stagopd SUo akepaicmv eival
naviote evag aképatog aplbuog. Av otoug akepaioug emouvayoupe kat OAa ta
kAdopata m/n, omou m, n akgpaiot xat n # 0, 101 naipvoupe 7o svvoro Q Twv
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onTuy agduwy. Ex1o¢ tou abpoiopatog, 1ou yIVOUEVOU Kal ¢ dlagopas t@pa Kat
10 mmiiko (kata aviifeon mpog toug akepaioug) dvo pnev q/r, omou r # 0, gival
navtote prrog aptfuog.

AMAEQ YE@UEIPIKES KATAOKEUES OTO EMNEDO OIVOUV 1] YE@UEIPIKT] TAPAGTACT]
1@V ptev apibucov. Yto Ixnua 1.2, yia napadsiypa, PAETOUYE TNV KATAOGKEUT] TOU
pnwou 2/3 (onueio A).

1.3 Appntot apiBpoi

H3n and v apyaidotnia avakaivuginkav npaypatkoi apifpoi ot onoiot dev sivai
pmrot. Ta napadetyua, to wikos ns dwywviov evos TeToaywvov ue mAsvod 1 dev evan
onT0s aorducs.
H moAt @paia anodein autot 1ou Bemprnuatog eival yvootr] and 1oug KAaosoikoug
XPOVOUG Kal £Xel ¢ e&N¢
Av ypayoupe z yia 1o prxog g Siaymviou, 1ot Ha exoupe (Iubayopeio few-
prua)
P =1"+1"=2.
Ag unobeooupe Aowmov, yia va odnynbolipe oe atono, o1 0 T £ival pnrog, ONAadn
x = m/n onou m, n aképaiol ue n # 0. Anhonoiwviag, av xpelaoctei, 10 kKAaoua
m/n unopouue akoun va unobecoupe ot «ot m kat n dev eival kat ot dvo Cuyoi».
Oa £youne Aomov
2 =m?/n? i m? = 2n*
KAl ETOPEV®S 0 M2, apa kat o m, eival Cuyog, SnAadt m = 2m; yia KAnoo akepaio
my. Tote Opwg
2n? = 4m? i n® = 2m]

2 apa xat o n, sivar Cuyds. Pracape Aomov o€ ATONO Kal €101

Kal EMOUEV®S O 7,
OUUNEPAIVOUUE OTL O & OEV €lval PrIog.

Oh moaypatikot aprduot o omoior Ogv €vai oNTOL AEYOVTaL GYONTOL.

To oUvoro OA®V TV Tpaypatikav, piov kKat appiiov, fa oupforifoups ue

10 ypaupa R. Ano ta 6oa sinape peypl towpa yivetal gavepo Ot

NGZSQGR
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1.4 ENA ASIOQMATIKO LYSTHMA TTA TOYY IIPATMATIKOYS APIOMOYS

Movo 1n oxeon Q # R dev eival epippevn. Eival ouwg aueon ouvensia ng
TPOTYOUUEVTS TPOTAOTIS.

1.4 'Eva a{i@patko cvotnua yia toug mpaypatikoug
ap1fuoug

Evag ponog avotnprg eioaymyng v npaypatkev apifpcov fa fqrav va dwcoupe
¢va aflopaukd Yapakinplopd v Quolkev apibumv (yia napadelypa, pe ta Ae-
youeva aliopata tou Peano) kai, o ouveyela, va dwooupe pia akpifn evvola
ot1g SladoYIKES EMOUVAVEIS VEMV OTOIXEIOV TOU AVAQPEPAUE OTI MPOTNYOUUEVES
napaypagous. Oa punopoucape, yia mapadelypa, va opicouNE TOUS akepaioug oav
Swatetaypeva Ceuyn guoikev (m,n) pali pe xatddAnhoug vopoug yia 100tma,
npoofeon xat noAdanraciaoud akepaicv.

310 puado pag @uoika Ba £xoupns ™y aviiotoiynon tou (m,n) pe 10V aKEPAio
m—n xat enopeves Ba opiCape : (m,n) = (m',n') av xat uovo av m+n' = n+m/,
(m,n)+ (m',n')=(m+m',n+n'), (mn)(m' n')=(mm'+nn' mn +nm').

Aev fa akoloubriooupe autnv MV «kKAataoKeUaoTIKT» TOPEid, Tapd 10 PEYAAO
eviiagepov nou napouotalel, aAra Ya Jewonsovue ToUS TEAYNATIKOVS APUIUOVS 6AV
éva un kevo sVvolo R ue Tis ££1¢ Xa0arTnosTIKES 1010TNTES:

(a) 7o R ewar Suretaypsvo swpua.

(B) Kdde un kevo kar @oayugvo moos ta mavw vrostvolo tov R éxer avw mégas
(a&iwpa svvEXEwWS).

Ogeiroupe fefaia va enefnynooupe toug 6poug nou epgaviCovial orov napana-
V@ YapaKINPIopo TV Tpaypatkov aplbucv.

Duazretaypévo swpa. H 1diotma (a) exgpaler ouvontika ou o1 ouvifeig npaleig
(npoobeon, norranraciaouos, unapén 0, 1, Unap&n avuberou kat aviopodgou) ka-
fwg ka1 n oxeon datd€eng a £ B eival opiougveg oto R kat €xouv ug 18ioteg
TOU MEPIPEVOUPE. YToBEtoupe 011 0 avayvmotng eival e£0IKEIOUEVOS PE AUTES TIG
1810t1teg kat yi auto dev g enavarapfavoupe edw. (fAéne 7.1)

A&nwpa svvéxeas. Tpenel va e€nynooupe Toug OpOUS «@PAYUEVO TPOG Ta TAV®»
Kal «ave TEPagy.

Eva virostvodlo A touv R Aéyetar poayugvo moos ta mavw, av vaaoxovv a € R wete
ya kade x € A vasyver, © < a. Kade téton a Aéyetar «dvw godyua» tov A.

Avw mégag 1 supremum evos oo Ta Tavw goayuevou suvolov A Aéyetar éva avw
poayua o Tov A To omoio Exer mny WwtnTa - o < oy kade avw godayua o' Tov A
(svpborsuds: a = sup A).

Eivai @avepo ot 7o avw wégas, av vdoyer, war povadwo. lpaypauka av a, o
gival ave mepata evog ouvorou (A C R) tdte a £ o xat o’ £ a dnpadna = a'.

To afiopa g ouveyxelag Aget, O yia kabe @paypevo mpog 1a Tave Katl Pt Kevo
Unoouvolo twv mpaypatikev A, 1o sup A unapyet (o010 R). Onwg ba yiver gavepd
ano ta napadsiypata mou akorouBouv n dotnia autr) dev 10YUEL av avilkataotn-
ooupe 10 R pe 10 Q.

Iapadeiypata: Eéstaloupe 1a ouvola

—-3-
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{07173}7

{z:2 <0}

{z e R:z > 0z% < 2},
{zreR:z >0z <2},

E = {z € Z : x Siaipeitar e 10 3}

A
B
r
A

Ta A,B,T', A sival gpaypéva mpog ta nave. I'a A, B, yia napadsiypa, o
apfuog 3 eivatl eva gpayua wug (tetpippevo). Eniong tepippevo eival va doupe
ousup A = 3.

Ta I' xat A gival smiong gpaypéva npog ta nave. Eneidn npogavoag I' C A
apkei va deioupe o1 10 A gival gpayuevo mpog ta nave (kar patota kabe ave
epayua wu A sivar xat ave gpayua twu I yiati;) IoxupiCopal npaypaun ou, yia
napadetypa, to 2 sival aveo gpaypa tou A. Eote npaypauka x € A npenet va
Seifw ot < 2. Av opwg = > 2, tote 2 > 4 kat £101 anokAeietdl 10 £ va aviKel
ot A, Sot ote 22 < 2 < 4 < 22,

To afiowpa g ouvexelag pag efaogakiCer ou unapyouv ta sup A(= 3), sup B,
sup I, sup A.

Eivai etkolo va doupe ou sup B = 0. Tlpaypatxa av 2 € B, to1e z < 0 dpa
10 0 eival ave @paypa tou B.

Av a gva ar)o ave gpayua tou B, tdte anokeietat a < 0 (Swou 0te a/2 < 0,
apa kat a/2 € B, xa1 Ha €npene a/2 < a, onote (agov a < 0) ka1 1/2 > 1, nou
QUOIKG glvarl atono) . Yuvayoupe Aowmov ou 0 < a nou anodelkvUEL ToV 10XUPLOUd
Hag .

Iapatipnon 1.4.1 Ta napadeiypata A, B Seixvouv o1 7o sup evés suvodov uo-
o€l va avijker (nepintwon ouvorou A) 7 va uny aviker (nepintwon ouvorou B) 70
Yewoovuevo 61VVoro.

Eivait gavepd ou I' # @ (yia napdderypa, 1 € T') dpa, and 1o aficopa g
OUVEYELAG, UTAPYXEL £Vag MPAYHatikog apibuog x mote & = sup L.
Teyvoispos: 22 = 2 xar x > 0.

O wyupionog Seixvel o6u unapyet (oto R) 1 «Beukn epaywviki pia wu 2»,
eve yvopiloupe ot dev unapyet oto Q.

Anédeiln. Tia mv anddeiln apket va Seifoupe o6u kat ot dto unobeoeig 22 < 2
kat 22 > 2 odnyouv oe dtono. Eivar mpogaveg otz > 0.

Eotw npota 22 < 2. Oa Seifw o undpyere pe 0 < e < lamotre z+¢ €T, 10
OTO0I0 MPOPAVHS AVIIPAOKEL UE TO OTL 10 & eivat 1o sup ' (kat apa ave @payua tou
I'). Apxei houov va Siarédm 10 € wote

(z+e) =2 +2er+e?<2 ka1t 0<e<1,

Onhadn
e2r+e)<2—2 ka1t 0<e<1.

Apxel, yia napadsiypa, va napm

. 1 2-2?
e=minq 1, -, ——
22z +1

_4-
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(min {a, b} onuaivel tov mo pikpd anod wug a,b av a # b, xat wov a av a = b .
Avdadoya opiCetal o max{a, b}).

a+b—|a—b| a+b+|a—b|
2 2 .

Aoxnon: min{a, b} = , max{a,b} =
Ipayuatt pe auvth v emthoyt) 1oU € kat enedn) unobeoape 22 < 2 Ba £xoupe
0<e<1xkat

12 —22
2 < e(2 1) < =
e(2x +¢) <e(2x + )_22374_1

(27 +1) <222

Eow thpa 22 > 2. Oa Jeifw 1opa, yia va @raowm TaAl e ATomo, Ot UTAPYEL
e > 0 wote x — € eival ave @paypua tou I'. Apkei Aomov va diaré€ovps 1o e > 0
g0l wote * — & > 0 xal (z —¢)? > 2, Sivu 101 yia xabe y € T Ba €xoupe
y? <2< (z— €)% dMadny <z — .

Otrw domov va Pfpw € > 0 dote 0 < € < © kat 2 — 2ex + 2 > 2. Apkei, yia
napadelypa, va napm € = wZ;Q (yuati;).

Onwg ka1 omv nepintwon ' 1o sup A unapyet kar pahiota supl’ < sup A.
Av 1dpa y € A, 1o1e y? < 2 1 y2 = 2. v npoxn nepimewon y € I kat apa
y < supl xat o deutepn y = sup [, dnradn y < supI'. Kat otug dvo nepimiaoeig
Aowmdv ouvayoupe ou 1o sup I eival ave gpaypa tou A, enopeveog sup A < sup I
Tehika Aowmov sup I’ = sup A.

Agq e€etacoupe 1€dog 10 ouvoro E. Eivar Siaiobnuka @avepo ou 10 E dev
gival gpayuevo mpog ta nave. Ipenet va 1o deifoupe faocilopevol ota afiopata
MPAYUATIKGV @ KAl b Hovo.

IMapatnpotpe xat’ apyag ou E = {3k : k € Z}. Ag unobecoupe 6u 10 E eivar
gpayuevo. Eneidn 1o E sivat npogaveg un kevo (yia napadetypa, 3 € E) a unapyer
10 sup E, €¢otw b = sup E. Tote oumg b — 1 < b xat apa Ba unapyet otoryeio wou
E nou eival peyaiutepo tou b — 1, dnradn Ba unapyel k € 7 wote 3k > b — 1.
Suvayovpe o 3(k+1) =3k +3>b—-143=0b+2>brxa 3(k+1) € E,
nou eival guoika atono (yuati fprkape otoixeio tou E yvijoa peyalitepo ano 1o
supE).

Tapatipnon 1.4.2 Tha un xeva ouvora A mou dev eival gpaypéva mpog ta ma-
ve ypagoupe supA = +oo (To oupforo +oo dafaletar «ouv anepo». Oa 10
OUVAVIAUE OUXVA 011 GUVEXELQ).

Oa Soupe twpa pia dialobniika eaveprn) Kat TOAU oNuavtikn WO10TIa 1@V npay-
HATIK@V.

Av & tuxaios Yemikos moaypatikos agduos kar a évas dANOS TPayuaTIkoS TOTE
VITAQXEL EVAS QUETKOS N WETE NE >

Yuvieg exgpaloupe v 1I810T1Ia AUt AEYOVIaS «10 O@UA TOV TPAYUATIK®V R
eival Aoymndeia hateraypsvor. H anodeién eival apeor ouvenela tou alopatog g
OUVEYELAG KAl OUoLaoTika 11 dwoaue oto napanave napaderypa E. Ilpaypatika, av
Sev unapyer €00 n € N, 101€ 10 olivoro A = {ne : n € N} fa eivar gpaypévo npog
10 1ave Kal (mpo@aves) un kevo. Oa Unapyel ENOUEVES To sup A, €0t sup A = b.
Enedn b — e < b, Ba unapyet €va oroixeio me,m € N | tou A wote b — & < me,
Smradn b < (m + 1)e. AXra (m + 1)e € A ka1 gtacape oe atono.

—-5-
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Tapatipnon 1.4.3 Mnopsi va Sety1ei 011 UTAPYOUV JIATETAYUEVA O@UATA OTA ONoid
dev 1oyuel 1 1&0tta auvtl]. Enopéveog 1 10xXU¢ g 010U¢ MPay patikoug aptfpoug
efapratal ovotaotika ano 1o afioua g ouveyelag (frene 7.1).

Eival 1otopikd evOla@épov va oNUEI®@OOUNE £0@ OTL 1] TApandvem mpoTdoT] ava-
gepetal pe bavpaot cagnveia ano 1ov Apyiundn o1o €pyo 1ou «Tepay®viopog g
opfoymviou k@wvou toung (tapafodng)» onou xar StafAenet, oe pia gnoyrn nou kabe
airo napa Eexabapiopevn Mrav 1 €vvola Tou mpaypatkou apibpou, v avaykn va
unofeoet v 1&iotta avtn aiwpauka. paget petall aldov

SYMBAINEIAE TONTMPOEIPHMENON OENPHMATAON
EKALTON MHAENOZL HEZON TAOAN ANEY TOYTOY
TOY AHMMATOL ATMOCAEAEIFMENONN MEMIETEYKE
NAI APKEI AE EX TAN OMOIAN TMILTIN TOYTOIL A
NAMMENON TON Yo AMON EKAIAOMENNN

(... moteletal 8¢ OU €KAOTOV TV aVEIEP® Bempnuatov dev uotepel TV fem-
PNUat®v, Ta onoia anedeiyfnoav xmpiq ) fonbeiav tou Afppatog toutou, pou ivat
de apketov, €av 1a ul’ gpou supebevia Bemprpata €xouv tov autdov fabuov aindei-
ag, On®E 10 avRTEP® avagepouevd. . . (E.X. Ywapam: Apxiundoug tepayoviopds
napaforng).)

Teleiog avaloya pe 10V OPIOUO TV PPAYUEV@V TPOG Ta MAVE GUVOA®V Kdal
1ou supremum opiCovial ta gpaypeva npog 1a katm ouvoia kat 1o infimum (xatw
nepag), to onoio oupforiCoupe inf. Tho ouykexpiueva av A C R xai ya xabe
x € A, a < x, 101e 10 a Aéyetal kdtw @odyua ou A. To inf A sival €éva kate
@payua peyaiutepo 1 oo and kabe addo xaww @paypa. Av ypayouue —A yia 1o
ouvohro {z : —x € A}, 101e eival wepippevo va dovpe ou inf A = — sup(—A), ar’
onou ouvayoupe apgoa 1o fempnua (Ox1 afiopal):

Oeopnua 1.4.4 Kalde un kevo poayuevo moos ta KaTw 6VVONO EXEL KATW TEQAS.

1.5 Aoxrnoeig

1. Acsifte ou yia xabe Bsuxo apiBpo m unapyet akpifog pia Otk 1e1pay@vikn
piCa tou, Snhadi) axpiBag evag Betikog apldpog m aote (vVm)? = m.

2. Eivat o apifuog v/2 + v/3 pmiog; TSa epdmon yia tov aptfuo

() s () e

3. Aseifte ou wia kavr ouvinkn yia va woyuel 1 oxgon: |a — b| < € yua a,b € R
xate > 0, eivar va unapyel z € R wote: l[a—z| < e/2 ka1 |b—z| < /2. Eival
1 ouvOnkn autr] avaykaia; Av vai tote fpeite 0da 1a £ € R nou ikavonolouv

mv avaykaia ouvOnxm.

4. Acifte 61 peralu Svo wyaiov dtagopetikov mpaypatik®v apldumv undapyet
£vag apprmros.



1.5 AZKHZEIS

10.

11.

. Aeifte ou kabe gpaypévo npog ta mave umoouvoro tou N sival nEmepacuévo.

Toyuet n i8ia 18161ma yia 10 7Z; yia 10 Q;

. A®ote mapadslypa, avaloya pe ta mapadsiypata tng napaypagou 1.4, yia

KAT® @PAYPATa Kal PEAETNOTE 1d UE TOV 1010 1POTOo.

Hpaypateuteite v Unapén mg V2 cav infimum evog xataAAmiou cuvorou

A.

.Av ACR, A # 0D, xa1 Bécoupe —A = {z € R: —x € A}, 1o1e inf A =

—sup(—A4)

Aivetar A = {|af]: -2 <a<5,-4 < <3} Bpeitg, av unapyouv 1a

sup A, inf A xa1 e€etaote av avixouv 1 o1 ot0 A.

Av ACR, A # () xat 10 A Sev eivat gpaypévo mpog 1a nave, 10te opioupe
10 sup A va sivat to oupporo +oo. Aeifte o1 sup A = +00 av kat povo
av woyvetl «yia kabe M € R unapyet x € A wote x > M». Awote avaioyo
oplopo yia 1o inf A = —oc.

Av 0€)ate va enekigivete 10v op1opo v sup A, inf A oy nepintwon A = (),
1 Ba npoteivate; lapte yia dedopevo ou npotaceig g popeng «Il; = Iy»
Bewpouvital ainbeig av 1 npotaon I1; eivar Yeudng, aveaptnia ano 1o av sivat
aindng 1 oy 1 Is.






KE®AANAITIO

[IPATMATIKEY Y. YNAPTHXEIY

2.1 Mepika xproipa unocUvoia tou R

‘Onemg avagepape oy el0aywyt], 10 KUplo peAnua pag fa sivar va pelemmooups
OUVAPTTOEIS OPIOUEVES TAVE OE UTOOUVOAA TV MPAYUATIK®V.

Tevikd, pe 10v OpO oUVAPTNOT), EVVOOUNE pld avTIoToiynon petall 1@v otoryei-
®v evog ouvolou A, 10 onoio Ba ovopaloups nedio opiopou ¢ oUVAPTNOTG, Kdl
OT01XEIV VOGS aUvoAou B, 10 onoio fa ovopaloupe nedio np®v, @ote os kabe otot-
xeio a tou A va avuotoixei akpifog Eva otoiyeio tou B. Yuyva yproiponotolys 1a
ypauuata f, g, h, ... yia ouvaptiosig kat ypagoupe f(a) yia 1o otoryeio tou nediou
U@V TOU avtiotolyel oto a. Ipiv npoympnooupe os napadsiypata, fa e€staooupe
pepikda umooUuvora tou R mou spgaviCovial ouvnbme oav media oplopou. Lxedov
naviote oautd 10 pabnua to nedio npov B fa sival 1o R (t1€to1eg ouvaptiosig
AEyovial meaypaTikes).

2.1’ Auwactipata

Ta nedia opiopol 1wV mpaypatik®v ouvaptinoemv fa eival cuvifwg Siaotrpata.
Me 10v 6po autd evvoouus unocUvoia tou R tng poperg:

Yuvolo YtuBoro | Ovopaocia
{z:a<z<p} | (a,5) avoryto daotnua a, 3
{z:a <z} (o, 00) avoryto daotnua o, 0o
{z:a>zx} (—oc,a) | avoyto daotnua —oc, a
R (—oc,00) | Ipaypaukoi

{z:a<z< B} [a,f] kA£1010 Staotnua a, 8
{z:a <z} [ar, o0) KA€1010 dlaotnua a, oo
{z:a >z} (—oc,a] | khewoto Siaomua —oo, @
{z:a<z>p} | (a,f]

{z:a>x <8} | [o,p)




2. [IPATMATIKES > YNAPTHEEIL

To npotedeuvtaio Siaotmua Aeyetat nuiavoryto (1 nuikieioto) akpifeotepa avor-
X1O aplotepd kat kAsioto deia. Avaloyn ovopaoia €Yl xat 10 1EAeUTAIO didoTnud.
Y1a napanave ta a, f eival npaypatikoi apifpoi pe a < §. Ta otpfora —oo, +00,
Stafalovial «Ueiov Anelpo» Kal «ouv AMePo» aviiotolyd.

2.1 Eowtepixa onpueia.

‘Eva onueio 2 evog unoouvorou A tou R Aéyetal eswrepmo onpeio tou A av unapyet
e >0 ®wote 10 avorytd Sidomua (z — &,z + €), mou Ba 10 ovopaloupe kai e-neploym
10U z, va nepigxetatow A (z —e,x +¢) C A

IMapatnpeiote 611 dGha 1a onueia 1wV Saotuatey mg popers («, 8), (a, o
(—oc,a) , (—oc,00) eival eomiepika onueia . Eotw ya napadeiypa = € (a,
Smadn a < x < B. Av ypayoupe € = min{zx — o, 8 — x}, 101e (x — e,z +¢€) C
(a, B) (BAene oxnua 2.1).

),
)

)

H— & —f
{t<z+e<z+p—z=p}
( PY \ \
\ 7 7
a=r—¢c¢ T +e I}

Yxnua 2.1

Ta onueia 1V UTOAOITEV JACTNUATOV Eivadl emoNg somtepika pe mbavt) efai-
peon kanota akpa. Fa napadetypa a € (@, 00) aira onowadnuote e-neployr ou a,
(a —e,a+¢) ue e > 0, neprexel apibuoug pikpdrepous tou a (yia napadetypua tov

a — 5 Kal enopEvmg Sev mepiEXetal o1o [a, o] (oxMua 2.2).

Yxnua 2.2

Y& mapa TOAAEG MEPIMTHOELS 1] UEAETT] YIAG TPAYUATIKTIS OUVAPTNOTS ANAOUCTEU-
£10a1 OTA E0MTEPIKA ONUELA TOU TESIOU OPLOUOU TNS KAl TO YEYOVOS AUTO OIKAIOAOYEL
MV £10Ay®YT] autng g £vvolag,.
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2.2 [TAPAAEITMATA TIPATMATIKON SYNAPTHEZEQN.

2.2 TIlapadeiypata Tpaypatik@v cUvVapTioE®V.

2.2a’ AxolouBisg.

Av pia ouvapton a €xet nedio opiopou toug guoikoug N, a : N — R, to1e Aéyetat

akolovtha. YNV mePIMI®OTN autn ypagoupe ouviibog a, avi (a,),n = 1,2,... kal
widape yia mv akoroubia {a,},n =1,2,... avii yia u ouvapmona : N - R. Oa
YPAQOULE EMOTG a1, a3, .- ., Ap, - . . Yia v akoroubia {a,},n=1,2,...

Hapadeiypata: a, = 1/n,n=1,2,...,b, =n,n=1,2,...,¢, = (-1)",n =

2.2 IToAu@VUUIKES CUVAPTTOEILG.

Me 10v 0po auto evvooupe @uoika ouvaptnoelg f : R — R nou opifoviat and
TUTIOUG TT|S HOPQTS :

flz)=ag+aiz+--+apz",z €R

Onou ay, i, Qa, - - . , Gy €lval dedopuevol npayuatikoi aptbpoi kat o, # 0. O apiBuog
n Aeyetal Babupog g noAuwvupikng ouvapmong. Av a; = ... = a, = 0, dnhadn
av f(z) = ap,z € R 1 ouvapmon Aéysiar otabepa kar o fabpog g eivar 0 av
ag # 0 eve dev opiletal fabuog av ag = 0 (opiopgévor ouyypageis opiCouv otnv
nepinteon auvtt oav fabud 1o —oc). O nohuevunikeg cuvaptnoelg npaotou fabuou
Agyovial ouviimg yPappIKeES.

2.2y" Pniéc ouvaptnosig.

Me tov 6po auto evvoolpe ouvaptioels f : A — R nou opifovial and timoug g

UOPQTIS

P(z) ap+aiz+- - +a,a"

) = Q@) bo+biz + -+ by

OnAadt) sivat miika dUo moAuwvipmv. To A ed® gival 1o oUvolo @V npaypatkov
x yia toug onoioug Q(z) # 0 xat umobetoupe Ot 1o ToOAu®@vVURO () Sev eival 1 otabepa
0. Anodewkvietal 011 0g autn NV MEPINT®OT UTAPXOUV TO MOAU m TPaypatkoi
apifpoi z yia toug onoioug wyter Q(z) = 0. O1 apifpoi autoi Aéyoviar pileg tou
Q. H anodeiln eivar elikoAn pe enaywyn o mpog to fabpo m wou Q. T'a m = 1,
Onhadt) yia @ ypaupikt, exoupe akpifog pia piCa. Eotw wwpa m > 1 xat a pia
piCa tou ). To unoroino g daipeong tou @ pe r — « Ba £xet fabpo < 1, dnradn
fa eivar wa otabepa xar enopeves Q(z) = ( — a)w(x) + ¢ yia xanoo TOAUGVULO
n(z). Ogtoviag & = a Prenoupe ou ¢ = 0 xai enopéveg Q(z) = (z — a)m(x).
To m(z) £xet Babuo m — 1 xar yia xabe piCa § wu Q pe B # « Ba exoune
Q(B)=0=(8—a)r(B), dradn 7(B) = 0. Kavoviag mv enaywyikn vndbeon ou
10 w(z) €xet 1o oAU m — 1 piCeg ouvayoupe o1l 10 Q) €Xel mPAYHATL TO TOAU M
piCes (ug piCes tou 7 Kat mv a).

Iapatwmpriosig:
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2. [IPATMATIKES > YNAPTHEEIL

(i) Ynapyet éva 0oBapo hoyiko kevo oe ooa einape. H apyn g enaywyTg oxUet
@uoika xat fa 1 ypnotponotooupe eretfepa katl ot ouvexela. Oa mpenet
op®e va Oeifoupe Ol eival ouvénsld 1@V aSl@PAI®V TOU TapadeyTKaue
(a xar B). Ynapyer éva axoun oofapdtepo kevo. Aev £XOUNE akOUT opioet
o101 and T0ug Ipaypatikous eivat ot Puoikoi. Oedoupe fefaia 1o oUvVoro @V
duoik®v va nepiexel oug 1,1 + 1(= 2),2 + 1(= 3),... kat povov autous.
IIpénet Aomov va eivat €va otivoro N mou ikavonolei:

(@) 1 €N,
() avneNwrekain+1eN

Teto1a Opws oUvora unopel va unapyxouv noira (yia mapaderypa to idio 1o
R, 10 Q.. ..) OpiCoupe Aowmdv 10 olivoro v Puoikev N va eivar 1 toun
OA®V 1@V UTOOUVOA®V T®V MPayuauk®v nou kavonolotv 1g (ia') xar (if'),
pe adha Aoyia 1o N gival 10 «piKkpOTEPO» OUVOAO TPAYHATIK@V TTOU 1KAVONOIEL

ug (ia') kat (if'), (yuati;).

(ii) On pmeg ouvaptrioeis f(z) = P(z)/Q(z) nou efetdoaye, eivar eidikeg ne-
PUTI@OELS TV AEYOUEVQV adlyeBowwy suvagtrsewy, Oniadn ouvaptiosmv f
TOU 1KAVOIO10UV TAUTOTIKA OTO MESI0 OPIoUOU TOUS Uid TOAU®VUUIKT] e€l0moT
Ouo petafAmov:

ao(z) + ar(2)f(z) + - + ax(z)(f(2))* =0

onou ag,as,. .., ap, TOAUVUUIKES OUVAPTNOELS Kal 1) af OV gival 1 ota-

Bepn ouvapinon 0. H pnuy f = 5 yia mapadeiypa kavomnoiei myv P(z) +
Q)1 (x) = 0.

Oa yvwpiooupe apyotepa kat aida onpaviika napadeiypata adyelpik®v ou-
vaptosov, onws yia napadetypa f(z) = /z,z > 0.

2.280' Tplyo@VoueIpIKEG OUVAPTIOELS

Oewpotpe duo kabetoug afoveg X'OX, Y'OY oto eninedo kat upopacte ou oe
kabe (Siateraypevo) Ceuyapt npaypaukev apiucov (z,y) avuotoryel povoomnuavia
£va onueio tou emnedou pe tetunuev & kat (Sniadn npoonpacuévn npoforn otov
aéova X'OX) ka1 tetaypevn (Snhadn npoonpacpev npoforn otov d€ova Y'OY)
Y.

Oewpoupe emiong pia nepi@epela pe kEvipo 0 xat aktiva 1 Staypappévn pe gopa
avtifetn pe m @opd 1@V JEIKI®V T0U POAOYIOU.

IMapampoupe kat apyag ot yia xabe npaypatiko 9 unapxet eva onueio M (z, y)
AV OV TEPLPEPELA DOTE 10 TOE0 AM va eivar ¥ aktivia. Puotka oe S1aQoPETIKOUG
apifpuoug ¥, ¢, eivail duvatov va aviiotolyel to idio onpeio M. H ikavr) kat avaykaia
ouvinkn yU' autd eivat: «if — ¢ = aképaio TOAAAMAAOL0 TOU 27».
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2.2 [TAPAAEITMATA TIPATMATIKON SYNAPTHEZEQN.

YxnNua 2.3
Ot ouvaptioelg sin (nuitovo), cos (cuvnuitovo) xat tan (sgantopgvn) opiCoviat
T®pa @ &ng:

sind=y YER cosd=2 YER tand =2 06@-{(2k+1)g:keZ}
xr

Me Bdaor toug 0plopoUs autols PMopoUne UkoAa va BpoUpe TG YV®OTES OXEOELS
HETAlU TV IPIY@VOUEIPIKAOV AUT®V OUVAPTNOE®V. YTOHETOUUE 0Tl 0 avayvmoTrg
gival e€oIKeElOUEVOQ e AUTEG.

YnevOupiCoupe povo v €€ng avicotnia nou fa pag Ypelaotel apyotepa.

sind] < |9] < [tand], |9] < 3

Apxei va g€etacoupe mv nepimoon 0 < 9 < F (yiati;) kat va napammpriooupe ou
(BAene oxnua 2.3)

2sin = MM' < MM' = 20

~13-



2. [IPATMATIKES > YNAPTHEEIL

Kat

1 1 1
519 = gppadov OAM < epfadov OAN = 3 AN = 3 tan o

(n eAeutaia w0oTMa TPOKUNTEL AUECA ANd MV opolotia v piyevev ONM xat
OAN.H AN eival Quoika 1 eQamiopev) g nepigepelag oto A).

Mia anin mapatnpnot yia g Iply@voUEIPIKES oUvVaptioelg sin ¢ kat cos ¥ ivat
Ou eival mepdikes Pe mepiodo 27, SnAadt IKavorolouv I oXEoT

FO+2m) = f(¥), 9ER, f=sindn f=cosv.

Av 1opa k sivar €vag guoikog apilbuog 1ote yia 1o sin (ka1 6powa yia 1o cos) a
£YOUUE:

sin(z + k- 27) = sin(z + (k — 1)27) = - - - = sin(z + 27) = sin(z)

OMAadt) ox1 povo to 27 arra xai kabs moddaniaoio wou, 2k k € N, seival nepiodog.
To 27 eivar paiiota 1 mo pikpn Beukn nepiodog. Tpaypatka av 0 < a < 27
kat sin(¥ + a) = sin(¥) ya 6da wa ¥, 101e, naipvoviag ¥ = 0, £xouue sin(a) =
sin(0) = 0, d1radn (agol 0 < a < 27) a = 7. aipvoviag wpa ¥ = 7/2 €xoupe
sin(r + 7/2) = sin(w/2), dnhadn -1=1 nou eivai atomno.

THapatipnomn. H sioaymyt] tov 1ply@vVoUETPIK®V OUVAPTIOE@V TOU O@OAUE A~
PATAV®, £XEL TO «UELOVEKTNUA», OTL OTNPIYINKE OV YE@UETPIKT enonteia. Oa Enpene
Aowmov, 1 va dikatoroynooupe, pe faon ta ai@pata v nmpaypatik®v aplpov,
10 YEOUETPIKA EMYEIPTHATA TOU XPTGLUONONOAUE, T VA OOCOUUE AAAOUS OPIOUOUS,
X®PIG AUTO TO UEIOVEKTINUA. DT OUVEXELA E£MPENE VA OMOOUUE EMYEIPTUATA, TOU
neifouv 0T 01 VEOL 0plopol OdNyoUV 0g GUVAPTNOEIS TTOU £XOUV TNV VE@UETPIKT
gpunveia mou Beroupe. Oa oxiaypagnooupe v tedeutaia pebodo apyorepa (upeta
MV €10Ay®YT] G £VVOLAG TOU OAOKATP@UATOG).

2.2¢' Ipoomnpo (sgn) evog npaypatikol apifuol

Y& MOAAEQ MEPIMI@OELS XPTOLUES OUVAPTNOEIS divovtal «katd tunuata». I'a mapa-
delyua

1 z>0
flzy=<¢0 =0
-1 <0

H ouvéapuon autr oupforiCetal ouviifog pe sgn(z) xai €xe1 v ovopasia «tpdonuo
tou x». H anin oxeon

z = sgn(a)|z]

SikaloAoyel autn v ovopaoid.

2.20t Axépaio pepog evog mpaypatikou apifuou.

Eoww = évag npaypatikog apibuog.
Ioyupiopog : Ynapyet akpifmg evag akepatog n wote n < ¢ < n + 1.

— 14 -



2.2 [TAPAAEITMATA TIPATMATIKON SYNAPTHEZEQN.

Av motEYoupe tov 10XUPIOUO, TOTE UMOPOUUE VA OPIOOUUE Ul OUVAPTIOT], 1)
onoia og kafe T avuoTOIXEL AUTOV TOV AKEPALO 7.

Ovopaloupe autn v oUVAPTIOT «AKEPALO UEPOS TOU T» kal 11 oupforiloups
[z]. Exoupe Aowov :

-1 —-1<z<0
[2] = 0 0<z<1
1 1<z<2
2 2<x<3

Tupvape twpa 010V 10XUPLGUO, O OMOI0G, OG0 OG0 Pavepds Kal va sivat diawshnuka,
yxpewaletar anodeiln. Kat' apyag av unmpyav dUo 110101 akEPAlol M Kal n, tO1e
n<zr<n+lxaam<z<m+]1xa enopgvagn < m+1xaim < n+ 1,
Onhadn m = n.

IMapatnpoupe wpa ou unapyet guotkog M eote M > |z| (Aoyw g Apyiundelag
Sataéng wv npaypaukev) dnradn —M < z < M. Hpogaveg oums 10 z fa Ha
avikel og €va and ta nuikieota Swaotuata [k, k+ 1), k= —M,...,M — 1, nou
eival auto akpifwg mou Berape va dsioupe.

Me v Borfeia g ouvapmong [z] pnopotpe gukola va Seifoupe pia moAl
ONUavIIKT] IO 1OV pNtev aplbucv:

Mpdtaon 2.2.1 Av a < b givar dvo Tuxaion TeayuaTikol, TOTE UTGOXEL ONTOS ¢ WETE
a<qg<hb.

H onuaoia tng npotaorng sivar ot pag e€aogairiler 6oo Bedoupe Kan «mpooeyyi-
oTp T®V MPAYUATIK®@V pe prrous. Ipaypatka, yia onotodnmote ¢ € R xat e > 0
unapyet pnog ¢ oto daomua (z — €, + €) kai enopeves |z — ¢q| < e. Puowka
Hld TETOId MPOOEYYIOT] UMOPOUUE VA TMAPOUUE UE KATAAATAQ PEYAAO KOPUATL TNG
«Sexadikng» avamténg evog mpaypatkou z (yia napadeiypa 1,41 = % gival pia
PN TPOCEYYIoT Tou v/2). Se enopevT Tapaypago fa okiaypagnooupe v anddein
¢ duvatotniag napdotacns TV Tpaypatkov pe dexkadikoug kat fa €xoupe €10t
Hia aiin, Staobnuka mo @uoloAoyikn, anodelln yia my 1iiota 1@V pniev mou

avagépape. IToAu ouyva ot fifAoypagia 1 1didtnta avtr skgpaletal xat g e€ng:

Oeopnua 2.2.2 O gnroi anoTEAOVY TUKVO UTOEVVONO TWY TOGY UATIKWY .

Anédeiln: Ano v Apywundeia 1810tta 10V TPAYHATIK@V EEPOUNE OTL UTAPYEL
n € N wote n(b — a) > 2 xa1 enopgveg nb > na + 2 > [na] + 1 > na. Tpagoviag
qzw,éxoupsa<q<b. O

E£ ioou anko sivat va dgifoupe oul «uetalt dvo onruv ¢ < gs UTAEXEL AOOTTO .
Hpaypauka, ot apipot g1 + v/2/n), n € N, sivat 6hot apprrot (yiati;) kat peya-

Autepot tou ¢p. Av Stareoupe 10 n €101 MotE N > %, 10 omoio sival duvatdov

q2
Aoyw Apyundsiag 1diotnag, 10te 0 appniog a = ¢ + V2 \xavonoiei My avioota

n
q < a<qs.
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2. [IPATMATIKES > YNAPTHEEIL

2.2(C' Xapaktnpiotiki Luvapinon

Av A C R, ovouaCouue yagaxtnowstiky svvagrnen tou A (oupfoliopog xa)
ouUVapInoT:

1 ze€A
xalz)=4¢ ... ...
0 z¢A
XapakInplotikeg ouvapinoelg ouvaviape otov Anelpootikd Aoyiopo. Etor m.y.

1 X0, onou Q 10 oUvolro v pmidv, mou ovoualetat kat «ouvaptnon tou Dirichlet»
fa eival apketd ouy v INyT avunapadsly uatmv.

2.2n' TI'pagikn napdoctacn ocuvapinoea®Vv.

Fow f: A= R, ACR, pia npaypatxr ouvaptnon. To unootvoro tou ennedou
pe ouvietaypeves (z, f(z)), ¢ € A, Aéyewat yodenua g f. Puoika evvoouue
£0® OT1 01 CUVIETAYUEVES Taipvovial @g mpog eva ophoymvio deliootpogo olotnua
KAPTEOIAV®V GUVIETAYUEVEV.

ISoU o1 ypagikeg napactacels (Tou gival 06pOg CUVAOVULOS UE TO YPAQNUa) Ue-
PIK®V and TI§ CUVAPTIOEIS TOU OPIOAUE MO MAVE.

Y
fl@)=2x+3
(0,3)
(=3/2,0)
19) / 0 T
Y
flx)=a%—22%2 —2+2

(0,2)

(—1,0) 0 (2,0)

(0] (1,0) T
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2.2 [TAPAAEITMATA TIPATMATIKON SYNAPTHEZEQN.

...............................................................

\ (0,1/2) |

N\ (1/2,0)

f(z) =sinz

0 \/ (W,O)\/ ©2m,0)
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2. [IPATMATIKES > YNAPTHEEIL

Yy
f(z) =tanz
DENENE v
B N A g )
Z Z Z Z f(z) = xo(@)
: : : : 0

2.3 Aoxroeig

1.

Oswpolye TI§ OUVAPTTOEIS:
f@)=z—[a], xR

_ [ e, [2] <@ <[z]+ 3
g(m)_{ [z] +1 -z, [2]+§ <z <[z]+]1

Acite ou o1 f xai g eival neplodikeg kat Ppeite mv nepiodo toug. Acilte
eniong ou 0 < g(z) < |sin(wz)| kai Ppeite ta z yia ta onoia 10XUOUV 10OTNES.

. 'Eow® éva un xevo olivoro npaypatik®v apifpucov A mou €xel povo somtepika

onueia (t€toa ouvora Aeyoviat avoiyid). Eoww zg € A. Aeiie ou unapyet
Staotua I mou mePIEXEL TO To Kal nepiexetal 010 A kat mou £yl mv 1810111
: Tha xabe ardo Swaotmua J 2 I, J ¢ A. Me &\ha Aoyia 10 I sival 10
«UEYAAUTEPO» avoly10 OAOTNUa MOU MEPIEXEL T0 T Kal NMepiExetal oto A
(voden: afiwua ouveyelag). Amote napadeiypata, av unapyouv, ota onoia
10 A Sev eival Staotnpua, onou 1o I €xet 11 popen (a,b), (—o0o, a), (—oo, 00).

. Me Baon tov 0piopod v QUOIK®V 1ou dwoape oty napatipnon (1) wg na-

paypagou 2.27" Seifape mv apx1 g Ehelag enayoyns : «Av A C N, 1 €
AneA =>n+1 €A, 101eA=N>
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KE®AAAIO

>.YTKAIZH, YYNEXEIA

Toewg 1 onuavukotepn evvola 1ou Aneipoosukot Aoyiopou eivar 1 evvola tou Ogiov.
Mrnopoupe va motupe ot 0 Anelpootikog Aoylopog HeAetdasl ekeiveg Tig 1010TNTES
T®V MPAYHATIK@V OUVAPTIOE®V TOU EUUECa 1) Apeca cuvoeovial pe opia. Oa dia-
KPIVOUE SlAQopeg MEPIMTRHOEIS: Opla ouvaptioe®v f(z) otav 1o  1eivel oe évav
npayuatikd apilbuo xg, otav 10 x 1eivel oto +00, O1av 10 T IEIVEL 010 —0Q, O-
pta akoroubi@v x.An. Eivat duvatdov va evonoimbouv auteg ol mepimmosls, Onws
pag Sidaokel évag kAadog 1wv Mabnuatikev nou ovopaletar 7omodoyia, aira Sev
Kpivetal okoOmpo va emieysi autn 1 pebodog 1wpa.

3.1 Axoloubigg

3.1a'’ YiUyxlion os npaypatiko apifuod

Eotww a, pa akoroubia npaypatikov apibucov. H Staicbnukr siwxova mou €xoupe
010 PUUAAO Uag, OTAV AEUE «T] 4, OUYKAIVEL GTOV aptpo a» gival QuoIKa, 0Tl O1 TIHES
an Bpiokovial «000 BEAOULE KOVIA» GT0 a «yla apKeTd Peyaia n».

Ag npoonabrooupe va petagpacoupe o padnuatiko oplopd auteg Tig analtnoels.

«<Ooo Bedoue xovia» onuaivel 6t 1 amoAuTn TpT Mg dlaeopag a, — a yivetlat
000 BEloupe pikpr| «yia apketda peyaia n», dSnhadn onolog kat va eivat o fetikdg €,
«yla apketd peyaia n», £xoupse |a, — a| < e.

«[la apketd peydia n» ONUAIVEL QUOIKA OTL Yla KAMO0 QUOIKO apibud ng,
n > ng.

Kavoviag mv ouvbeon 1@v 6owv einaje, Qravoulue 610V TAPAKAT® OPIGUO, O
onoiog anodidetat ouviifeg oto Taddo pabnuaukod A. Cauchy (apyxeg 19ou aiwva)

Opoudg 3.1.1 H akolovdia a,, svykliver stov agdud a (svuBolsucs: lima,, 7
an, — a), av yw kade € > 0, vmdoxer UeOs Ny WeTe 1 AVsOTNTA N > N VA
svvemdyetar |a, — al < €.



3. LYTKAIZH, SYNEXEIA

Mia Alyo «IOlOTIKTp» €K@PAOCT] TOU ¥prolponolovoav ol pabnuatikoi maiiotepa
Mav 7 efne:

«ay — a, av yia onotodnmote € > 0, 000dMnote PIKPO, 1 S1aQopa @, — a UIOPEL
va yiver (Unapyouv n) ka va peiver (yia Oha 1a n > ng), o€ andAutn tur, UIKpotept
T0U E».

Mikayav emiong yla «Suvauel» anelpo kat «yiyveobar» aneipo kat aideg «@i-
Aooo@ieg», yia 1ig onoieg 1 oupPfoult otov veostoayouevo oto Bepa sival pia xai
HOVO: Va TIS amogevyet.

THapadeiypata:

(i) an = 1/n — 0. Hpaypauka, ot € > 0. Ynapyet @uoikog ng @ote nge > 1
(yatiy), emopevemg kat ne > 1 yia 6ha 1a n > ng. Me adha Aoyia unapyel ng
wote 1/n=|1/n — 0| < £ yia 6Xa wa n > ng, nou anodekvuet ou 1/n — 0.

(ii) an = n. T nepimwon autr) Sev unapyel a € R wote a, — a. lpaypatuxa
av unmpye 11010 a 1o1E, naipvoviag m.. € = 1, fa unmpye xat ng € N @wote
lan, —a| < 1, enopéves a, = n < a+ 1, yia 6ha ta n > ng, 10 onoio eivat
artoro.

(iii) an, = (—1)". Ka1 nd\ dev unapyet npaypuaukog a @ote a, — a. Awaiobnuka
auto eival gavepd yiat ot Cuyol dpor g akoroubiag (az,, n € N) eivar 1
kat o1 povoi —1. Ag petagpacoupe os anodeiln auvtr) v diaicbnuikn sikova.
Eow a,, = a xat ag napoupe nadii e = 1. Oa unnpye t01e ng @wote |a, —al < 1
yia 6Aa ta n > ng. Puoika unapyouv kat pova kat (uya n > ng. DUVEN®S,
Ba enpene va wyxvouv ouyxpdves ot avicotes : |1—al < Txai|—1—a| < 1
katenopeves 1 +1=2> 1 —a|+|1+a| > |(1 —a)+ (1 +a)| =2, nou
QUOIKA €ival atomo.

3.18° Xidyxlion oto oo

S nepimwon tou napadeiypatog (i) o opor g akoroubiag umopouv va Ee-
MEPACOUV, KAl VA UEIVOUV, Ol UEYAAUTEPOL ANO OMOIOONMOTE MPAypatko apifuo,
ocovonmote peyahro. Hpaypauka, av M € R tote ano v Apyiundeia dataln tev
MPAYUATIK®V GUVAYOUNE ausoa Ot undapyxet ng € N @ote ng > M xair apa n > M
yia Oha @ n > ng. Aéue oy nepintwon auvt ou 1 a, ouykAivel (pepikoi ouy-
ypageig Aeve anokhivel) oto +00. Avaroya opiCoupe 1 oUykAion oto —oo (yia
napadetypa a,, = (—n) = —o0). Axpifeotepa:

Opiopdg 3.1.2 Mia akolovia oy, svykAiver 670 +00 (—00) av yw kade M € R v-
TAgYEL UEIKOS aprIucs N WeTe vy > M (ay, < M) yia 6ha ta n > ng. SvpBolisuds:
lima, = +oo (lima,, = —0) 17 ay = +00 (@, = —00).

YuykAivouoeg Ba ovopaloupe 11 akoioubieg TOU GUYKAIVOUV OE €va TPaypatkod
apifuo. Eadikotepa o1 akoroubieg nou cuykhiivouv oto 0 Aeyoviar undevikes. Eival
QAVEPO OTl «,, — @ av Kat povo av 1 akoioubia a, — a sivar undevikip. Oa
Ague anoxAivouoeg tig akoroubieg mou dev ouykAivouv oute og mpaypatiko apibud
oute 010 +0¢ oUte 010 —o0. Eival emiong gavepd anod 1ov oplopd ot av arraloupe

T



3.1 AKOAOYGIES

nenepaocpevo mAnfog opwv plag akoioubiag tOTE 1) CUUTEPIPOPA TNG @S MPOG TNV
ouykAlon dev arralet. Me aAda Aoyia: «Av umapyet ng € N wote «a,, = 3, yiua
kabe n > ng, 101 N @, ouykhivel (oe npayuatko apifud, oto +00, 010 —o0) av
Kat povo av 1o id1o 1oxUel yia ) G, ».

Mia a1 amhn (xar modAn onuavuxn) &iotma eivar 1 e€n¢: av o, = @ km
Bn — B, 0te a = [. Me alha Aoyia, 1o oo plag ouykAivouoag akoioubiag
gival povadiko. (Puoika oplo piag ouykAivouoag akoroubiag ovopaletat o apifuog
lim a,,).

H an6deién sivar anitr aAdd o suAAoyiopog eival TOAU XPTolHog KAl ONUAvTIKOS.
Ag unobBgcoupe Aomov ou a,, — a xat o, — B, [Na kabe € > 0 unapyouv ny, ns
@ote n > ng = |a, —al < g, n > ny = |a, — f] < e. Na kanoo Aowmov
n > max(ni,ny) Ba £xoune

la—B| = [(an —a) = (an = B)| < |an — | + | — B < e+ = 2.

Agot 10 €, apa kal 1o 2¢, pnopei va eivar onowoodnnote fetikog apifpog 1o
anoteheopa pe adra hoyia sivan: «O apibuog |a — F| eivar pikpdiepog kabe Betikol
apifpotr». Av o # B 1dte |a — 8] > 0 xar unopoUpue va NAPOUNE T.X. € = @,
onodte ouvayoupe 2 < 1, mou Quolka gival atono kal ENOUEVES o = 3.

Hapatipnon 3.1.3 Ipiwv tov 190 aiwva ot pabnuatikoi pidayav yia Betikeg nooodn-
18 HikpOTEPES KAbe addou Betikou apifpot kat tig edeyav ansipoota. MoAig deifape,
ou 1€101eq Betikeg moootnteg dev vmagyovv. Tn cofapn autn «ykaga» eneonpave -
vag Iphavdog girdoogog (B. Berkley), oe ypauua tou npog «amoto pabnuatiko» mg
EMOYTG, OMOU Alyo MOAU €deye: «Alapaptipoudal yia 1ig KOUTAUAPES TOU YPAPETE»"
kat giyxe Oikio! Metd and €va do aiwveg o1 pabnuatikoi divopbwoav v kataotaon
e@appoCoviag ) ASYOUEVT] «EYIAOVTIKT]».

«Eyidovuxip» Agyetal, iowg Alyo kopoidsutikd, 11 pebodog mou akoroubnoapus
010V 0p1oUd TOU 0PIloU UE TO E.

Mia aAAn amAn &iotnta sivat 1 enovopalOPEVT] «GAVIOUTTIGH:

Mpétaon 3.1.4 Av a, < B, < v, ka lim a,, = limy, = «, 10t ka2 lim §,, = a.

Anodeidn: Eoww £ > 0. Oa unapyouv Quoikol ny, Ny @CE N > Ny = |a, —al < €
Kain > ng = |y, —al < e. Av domov n > ng = max{ni, na} 101€ |a, —a| < € xat
|7 — a| < e, enopéves kat max{|a, — al, |v, — a|} < & (mowa eival 1 yeopetpikm
onuasia autol t1ou culoyiopou;).

Hapatnpoupe wpa o av a < B, 101€ |3, — a < |y, — al xatav a > f, 101
|8 — ] < |an — al. Xmyv onowadnnote howov nepimwon |, — af < max{|a, —al,
|vn — |} xai enopeveg n > ng = |6, — al < €, Iradn B, — a. O

Oa xAgicoups autn NV TApaypa@o pe U0 akOuUT ONUAVIIKES IOIOTIIES, Ol ONOIES
gival emiong Saohnuka gavepeg, yia mv anodelln v onoiwv a kavouus ouvola-
otk xpnon tou afi@patog g ouveyeiag. Tig divoupe pe 11 popet) bewprjpatog.

Oeapnua 3.1.5
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3. LYTKAIZH, SYNEXEIA

(i) Kdve povorovn kar poayuévn akolovdia svykAven.
(il) Kdde poayuévn akolovdia megiéxer pa svyklivovsa vrakolovdia.

Ogsidoupe xat’ apyag va e€nynooupe toug opoug ou epgavifovial oIy diatl-
o1 Tou fempnuatog.

Eoww a, pa akoroubia.

Av apt1 > ap Via Oha 1a n € N, 101€ 11 iy AEYETAL AVEOUSQ.
Av a1 < ap ya 6ha wa n € N, 1018 11 oy, Aéyetal pivovsa.
Av a1 > ap yia 0ha ta n € N, 101e 11 ay, Aéyetal yvijsia avéovesa.
Av apqq < ay, ya 0ha 1a n € N, 1018 11 i, A€yeTal yvisia pdivovsa.

Av 1 «, sivar (yvroa) avéouoa 1 (yvrowa) gbivouoa, tote Aeyetal (yviowa)
LOVOTOVT.

Mia axohoubia Aéyetar poayuévn, av to ouvoro {a, : n € N} C R sivar
gpayuevo, dniradn unapyet M € R wote |a,| < M yia 6ka twa n.

Av ano wug 6poug plag akoroubiag agaipecoupe pePIKOUS (TENEPACUEVOU T)
aneipou mANPoug), UE TETO0 TPONO ®OTE va ueivel maAtl pa akoroubia, tote vV
akoAoubia autn m Aepue unakoroubia tng a,,. IdoU o akpifng opiopog:

Oproudg 3.1.6 H axorovdia B, evar vakolovdia Tns u, av VIAOXEL WG Y6
avéovsa akolovia puewuwy ki < ko < -+ < ky < -+ weTE P = g, Y0 OAG TQ
n € N.

Aiyn oxeymn deiyvel Ou «av pia akoroubia ouykhivel (1] ouykAivel oto +00 1) 010
—0o0) 101e Kabe unakoroubia g ouykAivel oto id10 Opro» (Mpaypatika €0t ay, — @,
ay, wa unakoloubia g a, xat € > 0. Ynapyel ng @ote n > ng = |a, —a| < ¢
kat enedn k, > n (yat;) yia 6da wa n, n > ng = |ag, — a| < €).

Ano6de1én 1ou Osmpruatog:

(i) Mnopouue va unobecoupe ou 1 a, eival at€ovoa (1 anodelln yia ghivouoeg
eivat napopota). To afieopa g ouveyelag pag efacgairiCer myv Unapén tou
apibpou a = sup{a,, : n € N}. IoyupiCopal, onwe kar Quolka avapeverat,
ot ay, — . Hpaypatika €0t € > 0, 101€ Ha Unapyel ng OOTE Ay, > @ — €
(adhiwg 1o a — € Ba av ave @paypa pikpotepo twu ). Ta kabe n > ng,
eneldn N o, eival atouvoa, fa €xoupe a > ay > Qp, > @ — € KAl ETOUEVRS
la, — a| < e, nou anodeikvuel 10V 10XUPLIOUO Hag.

(ii) Ano mv unobeon ouvenaysiar ou Ha unapxer M € R wote —M < a, < M
yia 6la ta n. Oswpm 10 olvoro A 1@v npaypatikev apiuev pe mv e&ng
wiota: «Av x € A, 1018 unapyouv ansipa n € N wote o, > », dnradn
A ={z € R: unapyouv anepa n e a,, > ¢}

Ipogaveg —M € Axaix € A = = < M, dnhadn 10 A eivar pn kevo
Kal PPaypevo mpog nave. Eotw dowmov (afiepa ouveéyeiag) a = sup A. Oa
euaém pia unakoroubia g @y, TOU Va GUYKALVEL OTO .

Yo Siotnua (a — 1, + 1) unapyouv oiyoupa ansipotl 6pot g akoroubiag
pag (addws o a — 1 Ba mav eva ave gpayua wu A- yiat;). Eow ay,
£vag 1€1010¢ 0pog. Yo diaomua (a — %, a+ %) UTIAPXOUV EMIOTS ATMELPOL TN
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3.1 AKOAOYGIES

akoloubBiag pag kat apa oiyoupa £vag, €0T® O Ay, , UE ko > k1. MuveyiCoviag
UE 10V 1pONo autd, fpiokoupe ki < ka < -+ < kj, @ote ag, € (a— %, a+ %),
p = 1,...,n, xat o idiog ourroyiopog pag efaogariCel mv Unapén evog
kny1 > kn 0ote ag,,, € (@ — ot nLH) ‘Exoupe Aomov a — % <oy, <
a+ %, p € N. H 1810tta oaviouttg deixvel topa Ot npayuatt 1 unakoioubia

1

B, = ay, ouyxhivel oto «, d161 o1 akohoubieg o — 5 Kat o+ %,p €N,

ouykAivouv oto a (yiati;).

3.1y" Idiointeg ouykhivouoev akoloubov

Eivai apketa sikoro va dsifel kaveig, ot anieg npaeig nave otoug O6poug oUy-
KAvouowv akohloubi@v od1yolv o1d avapevouevd amoteA€0UAtd otda Opld TOUug.
Oa anodeifoune evielkTika PEPIKEG AMO AUTEG TG 1010Teg Kal Ha mapanepyoupe
¢ unorowes (nou Ba mpener va g fAener 1dn oav poutiva o avayveoug) oug
AOKT|OEIG,.

Mpodtaon 3.1.7 Av a,, — a ka3, = 8, 1016 ap + By = Yn — a + 3

Anédeiln: Tpayuau €otw € > 0. Ynapyouv ny, no € N @ote n > ny ouvenaystai
|, —a| < /2 xat n > ng ouvenayewat |3, — | < £/2 ka1 enopeveg av n >
max(ny, ng) 101

I = (@ + B)| = [(an — ) + (Bn — B)| < |an —af + [Bn — B] <e/2+e/2=¢.
O
Mpoétaon 3.1.8 Av a, = a kw B, — B, 1018 0y = v — a - 5.

Edw 1 anodeién eival mo evdiagepovoa. ApyiCoupes pe €va amiod, aAdd onpuaviko,
ANupua.
Afjppa 3.1.9 Av o, — «, 1076 0 apy evar poayusv.

Anodeién: Ipaypanka, maipvoviag € = 1, undpyel ng 1€1010 ®OTE av 1. > ng va
EXOULE |, — af < 1 xal enopeveg av n > ng 101€ |ay,| < |a| + 1. Exoupe Aowmov
nmpogaves |a,| < max{|a| + 1,|a1],. .., |an,|} Y1a Oda 1a n € N, nradn 1 ay,
gival gpayuevr). O

An6de1én e Mpodtaong 3.1.8: Tupvape topa oty anodeién e a, 8, — a-B. To
1exvaopa nou Ha ypnotponotnooups sival mnoAu ouvnbiopévo. Eoww € > 0. Agou ot
Qi B, oUyKAivouv Ba eival gpayueves, dnradr unapyouv My, My @ote |ay,| < My,
|Brn| < My yia 6xa ta n € N. Oa €xoupe emiong (to téxvaoua):

‘anﬁn - 046| = ‘anﬁn - anﬁ + anﬂ - Oéﬂ| <

‘O/nHBn - B‘ + WH”W - O“ <
Mi|Bn — B + |Bllan — al.

ININ
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3. LYTKAIZH, SYNEXEIA

Oa apxovoe Aomov va Ppolue ng 11010 WOTE yia N > ng kabe mpoobeteog tou
Se&lol peroug g avicotntag va givatl pikpotepog tou /2. Autd Oueg eival oiyoupa
duvato, ylati unapyouv ni,ns € N wote n > ny €xoupe

€
ap — o < ————,
lon =0l < 08T+
n > ng xai ouvenas |G, — B| < /(2M;), onote n > ng = max{n,, ns} cuvenaye-
1al 8
e € e €
M, |8, — nal <ot <S+i-e
Ba =B+ Blon—al < S+ S <SG =e

O
Epétnon: yiati mipape e/ (2(|8] + 1)) xar 6x1e/(2]8]) ;
H e1dixn nepimtwon piag stadepds akoroudiag a,, Snradn a,, = a yia 6Aa ta n,
OMOTE TEIPIPUEVA Oy, — (r, HAG OLVEL T1] XPTOLUT 18101 ta:

Mpoétaon 3.1.10 Av §,, — (B w07e v, = afl, = afs.

(Sei&te m) ox€on aun) kat an’ eubeiag anod tov OploUo).
Av (mooupe avaloyo Be@pnua yia to mAiKo MPENEL va €ipaote Alyo mpooe-
KTIKOl 010Ug Tapovopaotes. ITio ouykekplpeva:

Mpédtaon 3.1.11 Av a,, = a, B, — B kar B # 0 t67e
(i) Yragyerng € N wete n > ng = |B,] > ‘51 >0
(i) Av yn = F* y1a n > ng ka1 v, = ondnmore yian < ng, 70t Y = .

H vrodesn B # 0 ewvar ovsiasTir, (aX s Jev éxer vonua 7o o/ ). O kdrws magd-
Eevos 0gIsU0S TNS 7Y YIVETAL Y10 TEXVIKOUS AOYyous uovo (JéAovue va amopUyouue Ty
weoimrwen By, = 0 yu kawow n).

Anodedn: To (i) mpoxumier aueca anod tov oplopd pe € = |5]/2 > 0. Ta 1w
(ii) apkei va deifoupe ou n akoroubia d,, = 1/6, yia n > ng kai oudimote yia
n < ng, ouykAiver oto 1/ ka1 peta va e@appocovpe v 1810117ta yia 10 YIVOUEVO
ouykAvouowv akoroubiev. Eotw € > 0. Aoyw tou (i) umopoune va unobecoups
|Bn| > 18]/2 yia n > ng, ondte Ba €xoupe

‘L_E_M<|B _3|i

Bn B 18118l — " 82

Sou |Bn| > |B]/2. Eneidn 8, — B unapxel n, @ote n > ny = |3, — B| < @E. Av

Aowmov n > max{ng,n; } 101e |6, — 1/8] < e. O
Avaloyeg 131011eg 10 UOUV, OE OPIOUEVES TEPITTMOELS, AKOUT] KAl OTav 1) pia 1

xat ot duo akoroubieg ay,, B, ouykAivouv oto = +oc 1) 010 —00. ITio ouykekpipgva:

a, >+o00 & p,—>p = ap + B = +0
anp = +oo & B, = oo = an + fn > +0
an = +oo & Bn = B(#0) = a, — (sgnf)c
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3.2 YYTKAIZH KAI SYNEXEIA LYNAPTHZEQN.

400 av >0

guotka: (sgnf)oo = { —oc av (<0

a, >+ & B,— +x — a,fn = +©

ap = —00 & Bn—B(#0) = apbn — (—sgnf)oo
ap = -0 & B, — +oo = a,fn > —©

ap = -0 & B, > —o0 = a,fn = +0

a, — too = 1/a,, = 0

Ot anodeifeig eivar avaroyeg (Aiyo mo eukoheg) pe auteg nou 101 dwoape. Edo
MPENEL VA KAVOUE [la ONUaVTIKT) napatipnon: Dev avagégaue Kavéva amoté\esua
TTOU va avTsTouNEL 68 TRAers NS pogens oo — oa, 0+ oo, 0/0, co/oo. Autd Sev eival
yaio® Sev unapyouv avtiotolya anotedeopata. Ag eetacoupe yia napadsiypa v
nepimi@on oo — oc. loyupiCopat 6t unapyouv akoroubieg ay,, B, wote o, — +00,
Brn — +00 eve 1 B, — (y, UTOPEL VA OUYKALVEL OE ONOLODNMOTE MPAY PATIKO aptbuo,
1] Va oUykAiveL 010 400, 1] va OUYKAIVEL 010 —0o0 1] Kal va anokAivet. Ilpaypatika

(i) an=mn,Br=n+X\ X €R Edo a,, = +00, By, = +00, eved B, — an — A,

(i) ap =n, B, =n+ (-1)". Ed® 8, > n —1 = +o0, apa f,, — +00, kat
emiong a,, = +o0, eve By, — ap = (—1)" 8¢ ouykhivel.

(i) a, = n, B, = 2n. Exoupe a,, = +00, f,, = +00, eved B, —a, =n — +o0.
(iv) an = 2n, B, = n.Exoupe a,, = +00, B, = +00eve B, —an, = —n — —o0.

Avdadoya napadeiypata pnopotpe va Soooupe kat yia T neput@oslg 0 - oo (1/n -

n—1,1.n2 5 400, L. (=n?) 5 —o0, % - 2" — Bev ouykhiver), § kar 2.
O1 an€g 181011Ieg TOU ava@EPAUE O aUTN TV Tapaypago £XOUV UEYAAT] mpa-

KTIKT] ONHaocia, ylati o€ TOAAEQ TEPUTTOOEIS PAS ATAAAACOOUV ano 11 oUYVd MOV

1 ' — 2 I
«eyrhoviktp. [a napadetypa 2"7++1 — 0, Sivu

2n—n2+1 2 1 1 1\ 1 1 1 /1 1
=St == (2 ) ) ()
n3 n? n n3 n n n n n n

—(2:0)-04(~1)-0+0-(0-0) =0.

3.2 YdyxMon xai cuvEXEla OUVAPTIOEDV.

Ta va anoguyoupe enavainyelg ba xpnoiponoloupue 10V 0po ouvaptnot avti tou
OpPOU MPAYUATIKT] OUVAPTNOT).

3.2a’ 'Opira cuvaptfos@v.

Yug akoroubieg e€etalape mou «1eivouv» o1 TIUES vy, OTav 1 — +00. 'a 10 Aoyo
auto paiiota ypa@oupe kapla @opd lim, ... a,, avi lim a,,. Xy nepint@on teov
OUVAPTNOE®MV £YOUUE MEPICOOTEPES MEPIMTROOELS. [T10 ouykekpipeva Ba peretrnooups
«Opla» ouvaptnoemv f(z) otav 10 = 1eivel o £va npaypatxo apifpd 1 oto +oo.
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3. LYTKAIZH, SYNEXEIA

H Swaiobnukr) eixova nou €xoupe oto puadro pag eival guoka 1 e&ng: «H f(x)
ouykAivel otov aplbud a, otav 1o z 1eivel 010 Zg, av 1 napactaon | f(z) — a| pnopei
va yivel 060 Yelovue ko, agkel TO X va £ivar agKkeTd KOVTA 6T0 Tg». Eival moAU
€UKOAO, Katd avaroyia pe 0Tt KAvoule yia Tig akoAroubieg, va dmooupe eva akpifn
OPLOUO, EQ OO0V OUKG MPOTYOUUEV®G Eexabapicoupe yia nowa g Ba pidape.

lMa va anoktnosl ouclaotiko vOTua 1 €KQPact] «apkel 10 T va eival apketd
KOVIA 010 Tg», EIVAL QUOIOAOYIKO VA amattiooupe 10 e&ng:

«8e kave d-meooxn, 6 > 0, Tov mg, dnAadny se kade avoryto NdeTnua (xoe —
3, To+0) ToU T(, VIAGXOLY ENUETA TOU TEFIOU 0YEUOV TNS 6UVAQTNENS oL e€eTdloUNE
SragpopeTika amd To To». TEro1a oNueia To AEYOVIAL 6NuUEd 6V66UWIEVETS TOU TEDIOU
OPIOUOU.

Eto1 yia napadetypa 6Aa ta onpeia tov diaotudiov nou fewprioaus oty na-
paypago 2.1a’, kabmg kat ta dkpa 10Ug, £ival ONUEId CUCOMPEUOTS AUTOV @V
Staotmuatev. Tetowa Saotuata, 1 TEMEPACUEVES EVROOELS TETOI@V OACTIUATOV,
Ba eival, oxedov amnokAelotikd, 1a nedia OplopoU TV oUVapPINoemv Tou Ba pag
anacyoANoouV og auto 1o pabnua. Aivoupe 1@pa 10V avapuevoOUEVO OPIGUO.

Optopdg 3.2.1 Av 70 xg eivar snueio 6V66WEEVENS TOU TENIOU 00IEUOV WAS 6UVAQ-
mmens f, T0te 10 60 s f(x) OTav To T TEWEL 6TO T VTAQXEL KAl 160UTAL UE (L, AV
w6y Ver 10 €15 Y kave € > 0 vmdoyer § > 0 wete yia kdde x Tov mEdiOUV 00IEUOV TNG
f, 0 < |z — 0| < d svvemdyera om | f(z) — af < €.

YV MEPIMI®OoT Tou 10 OPlo UTAPYXEL Kal wooutal pe « Ba Xprnoiponoloupe 1o
oupforiopo: lim, ., f(z) = an f(z) = a, z — xo.

Teleiwg avaloya pe o sinape yia akoroubieg opiCoupe mote 10 0plo sival +00
1 —oc. Mo ouykekpiueva:

Opiopudg 3.2.2 Av 10 xg elvar enueio 6U66WEEVETS TOU TENIOV 0QISUOU MUIAS 6U-
vagmnens f, tote Aéue om lim, ., f(x) = +oo(—o0) av wyver o e&ns: yu Ka-
Je M € R, vmdoyxer & > 0, wete y kdide enueio tou mediov ogispov s f,
0<|z—mo| < 0= f(x)>M(f(x) < M).

Mnopoupe akoun va opicoupe xat opla g popens lim, 4 f(z) xar
lim, o f(z). Puoika ed® Ba €npene pe kanola £€vvola 1o +0oc 1 10 —00 vda gival
«OTUELO0 CUOO@PEUOTIS» TOU TESIOU OPIOUOU.

Opiondg 3.2.3 7o +00 (—00) Aéystar snueio sveswosvens evos suvorov A C R, av
kdVe udsTnua s poogns (o, +0o) ((foo, oz)) meoExer enueta Tov A.

Yug ouvnbiopeveg nepimimoelg nou fa mapouciactolv oe auto 1o pabnua, ta nedia
oplopot fa mepiexouv €va ohoxkAnpo didotnua g popeng (a, +00) ((foo,oz)),
onote 10 +oc(—oc) fa eivar autdpata onueio oucompeuotg. Aivoupe topa Tov
AvTIOTO1O OPIOUO:

Opropdg 3.2.4 Av 10 +oc(—00) evar snueio 6vV66WEV6TS TOU TENIOU OQIGUOU WIaS
suvdetnsns f, 10te, Aéue 0t 7o limy_ 1 o f(x) (lim, o f(2)) vrdoxer kKar 1ws0vTMR
e o, av yia kade € > 0 vragyer M , wete yia OAa Ta T IOV avijkovy 670 medio 0016 U0V
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3.2 YYTKAIZH KAI SYNEXEIA LYNAPTHZEQN.

wms f,e> Mz < M) = |f(z) —a| <e. Néue emisns om lim, 4 f(x) = +o0,
av ya kade M € R vmaoxyer M' € R, wete ya kade snueio x Tov mediov 0016UO0U
ms f, x> M' = f(zx) > M. Avdloya opiCovue 7a limg,_, o f(x) = —o00, kar
lim,, o~ f(z) = —o0.

Y& OPIOUEVES MEPIMIMOELS Ol TIUES niag ouvaptnong f(z) minoiaCouv evav apif-
uo a (1 1o +00 110 —o0), Otav 10 & mAnolalel 10 Ty PEVOVIAG AV UEYAAUTEPO
1 TAvia PIKpoOTePo ToU Tg. A€ue 10Te OT1 UTAPXEL TO TAEVOIKO 00 NS f, O1av 10
T TEIVEL OT0 Tq, amo de&id 1) amd aPI6TEOG AVTIOTOIYA. NE AUTES TIG MEPITTDOELS XPT|
GLUONOIOUUE TOUS CUUPOAIGHOUS limz%zg f(z) 0 lim f(z), z — a3, 0 f(z]) xau

lm, - f(z) nlim f(z), x = x4, N f(zy ), aviictora.

Snuewote ou tetola opia dev opiCovial yia £ — +oo ¢ — —oo (av Bedete,
ano 11 @UOT) ToUg TET0la Opla ival TAEUPIKa).

Duoika yla va pidape yia mheupika opla, npEnel va 10} UEL KATL Tapanave ano
10 va &ival 10 To ONUEI0 OUGO®PEUOTS Tou nediou opopou. Mo ouykekpipeva
yla va opicoule 1O f(T(T), fa mpéner yia xabe § > 0 va unapyouv onueia tou
nediou oplopou g f oto diaotnua (zg, 2o + 4) kat yia va opicoupe 10 f(z, ), fa
TPENEL VA UTAPYOUV OTuEid Tou mediou oplopou oto diaotnua (g — d, xo). Etot, yia
napadetyua, dev £xel vonua va pihdpe yia 1o lim,_, - f(z) omv nepintwon nou 1o
nedio oplopol g f eivar eva Siaotmua g popens (a, §), eve xat’ apxag pnopei
va unapyet 1o lim,_, o+ f(z). 180t 1@pa o akpifrig opropnog.

Oprouodg 3.2.5 Av 1o medio opispuotv was svvdptnens [ exer enueia se kade ddsTnua
s pooens (zo, o +6), 6 > 0, kar av ya kade € > 0 vrdoyer 6 > 0 wete y kade x
Tou mediov opspov S f, 0 < x —xg < § = |f(x) — a| < &, 0te Népe om vmdpyer
70 dow s f(x), oTav 1o x TEWEL 6T0 T amo de&id Kar 160UTAL pE v (SupBoMISUOS:
f(zg) = a). Avddoya ogiCetar 10 f(xy) = a kar7a f(x]) = £oo, f(zy) = £oo.

YNUEI®VOUNE 0T Ta OPLa GUVAPTNOE®V av UTAPXOUV, ON®MS Kal GV MEPITT®OT
1@V akoroubiwv, ival povadikd.

Ta va anoguyoupe snavaAinyeig poutivag fa unobetoupe ot omou spgavifovrat
opla yia & — g, 10 g £1vVAl OTUEI0 CUCOKPEUOTIS T®V AVTIOTOI®V TESI®V OPIOUOU,
£0T® Kal av OgV 10 ava@eEPOUUE PIIA.

3.28° Idi61m1eg opidv

Av ma ouvapmon sivai otabepa, dnradn f(z) = ¢ yia 6da ta z 1ou nediou oplopol
g, 10te |f(x) — ¢| = 0 yua 6)a ta & xat enopeves (tetpippevo) lim, ., f(z) = c.
Eniong tetpippevo eivar va Seifoupe ou lim, ., f(z) = zg av f(z) = z.

Aiyo mo dtokoro, addd TAAL EQapUOYT| poUTIVAS TOU OPIGHOU, gival va dsioups
ouavn f(z) eiva nodvevuux, f(z) = ag+arz+- - -+apz™ e lim, ., f(z) =
f(w0). Ag 10 Seifoupe yia mv f(z) = 22 — 22 + 1. Eotw € > 0. ©¢loupe €va §
wote |f(xz) — f(zo)] < € yia 0da wa z pe 0 < |z — xo| < 4. Exoupe oumg

F(@) - flwo)| = |2° — 2 — 22 + 2m|
= |z zolle + 20 2|

\z — xo|(|z| + |20 + 2).

IN
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3. LYTKAIZH, SYNEXEIA

Av |z — zo] < 1, w0t |z < |zo| + 1 ¥1 eEMOPEVEG, yia |z — zo| < 1, Exoune
[F(2) = f(z0)| < & — wo|(2fzo| + 3).
Apkei Aowdv va Ppolpe 10 § €101 @ote, yia 0 < |z — x| < J, va 1oxUeL 1 napanave
aviootia Kai ouyxpoves |x — xqo|(2|ze| + 3) < &. Mnopoupue Aowmov va napoupe
0 = min {1,e/(2|zo + 3|)}, 10 onoio npogaveg eivar peyarutepo 10U UNSEVOS.

O ouAoyiopog autog eival TUTKOG OTIV EQAPUOYT] TOU «EYIAOVTIKOU» OPIOUOU
10U opiou. Mepikd OU®mS amAd KAl AVAPEVOUEVA AMOTEAEOUATA yid OPlAd PIOPOUV
ouyva va pag anaiia&ouv ano autov. Idou pepika and auta:

Mpdtaon 3.2.6 As evar f,g dvo svvaprisers opeuéves 6’ éva svvolo A kar g
gva enueio svssuwpevesns tov A. Av ta lim,_,,, f(x),lim,_,,, g(z) vadoyovv, 10-
Te vmdgxowv kar ta oga : limg, . (f(z) + g(x)), limg ., (f(2)g(x)) Kar wsotv-
Tar pe limg s f(2) + limy sy g(2) kar (img— ., f(2))(limy ., g(x)) avrisTona.
Av emimhéov limy ., g(z) # 0, 76t limg_,, f(2)/g9(x) vmdoxer kar wovTar pe

limy q, f(2)/limg ., g()

duoika, pe pia (TEPIUPEVT) ENAyYT], T0 TaPANAvVe anotéAecpa enekieivetal
oe nengpacyueva abpoiopata kat yivopeva ouvaptnoeov. Av MoTEYous pog OTiy-
NV autn v 1pdtaot), ivat moAU sukoAo va dsifoups 011, TO00 yia TOAUGVULA 000
Kal yia piieg ouvaptnioeis f(z), wyvel lim,_, ., f(z) = f(zo) yia xabe onueio zg
10U ESIOU OPIOOU TOUS. [ENUEI®OTE O OV NEPITTIRMOT] T®V PIIOV GUVAPTIOE®V Ol
piCeg tou mapavopaotn dev nepirapfavoviar oto nedio opiopot. Ot pileg auteg eivar
OU®S OTUEla BUOO®PEUOTIG Tou Tediou 0plopoy (yiati;) kal apa kat apymv £Xel VOT-
pa va e€etacoupe 1o lim, 4, % aKoOUT K1 av 10 Zg eival pifa tou napavouaotr.
TMapanepnoupe tn peAet cum']é UG MEPIMT@OTS 0TI AOKTOELS. ]

TTpaypatxa, kafe poveovupo a,z" sival yivopevo g otabepng ouvaptnong o,
Kal K oUvaptnoe®v iowv ue x, apa lim, .,  a " = agz].

Iapatmpoviag ou kabe noAvwvupo sivar afpoopa povevipmv Kat Xproipo-
TOI®VTIAG MAAL TNV TPONYOUUEVT] MPOTAGT], EXOUUE ApPEca 10 (NIOUUEVO Yia TOAU®-
vupa. Puoikd 1o anotedeopa yia prieg ouvaptnoels ival AUEcO TOPLOUA TOU TEAEU-
1aiou pépoug tou Bempnuartog.

H anodeién g npotaong eival avaroyn pe v aviiotoixn yia akoroubieg. H
nepimwon f(z) + g(x) eival 1 mo edxon kai v napaleinovye.

Ag e€eraooupe 1 lim,_,, (f(z)g(z)). Hpota ag deifoupe 10 eUkoro xat o
HavTiko Anupa:

Afupa 3.2.7 Av vrdgxer o lim, ., f(z), ©0te vadgyovv § > 0 kar M € R, were
|f(x)] < M yw kade x tov mediov ogispov s f yua 1o omoio 1sxver 0 < |z —zo] < 0.

Anodedn: Eow lim,_,,, f(z) = a xat ag napoupe € = 1 610v 0p1onod 10U Opiov.
Oa unapyer 0 > 0 @ote 0 < |z — xo| < I ouvencg |f(z) — al < 1, yia kabe
x tou mediou oplopou, enopeves kat |f(z)] < |al + 1. Apkei homov va napoupe
M =|a| + 1.

Twpa 1o khaowkod xvaoua. Eoww ou lim, ., f(z) = a,lim,_,,, g(z) = B xa1
e > 0. Oehoupe eva d > 0 wote 0 < |z —xg| < d ouvenayeta | f(z)g(r) —af| < e.
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3.2 YYTKAIZH KAI SYNEXEIA LYNAPTHZEQN.

Eyxoune
f(z)g(x) — ab|

IN

|f(z)g(z) — ag(z)| + |ag(z) — af]
l9(@)|f(z) — ol + |allg(z) — B].
Mot deifape ou unapyet &1 > 0 wote 0 < |z — zo| < §1 ouvenayew |g(z)| <

|B]4+1. Ynapxouv akopa d2,d3 > 0 wote 0 < |[z—x0| < 62 ouvendyetm |f(z)—al <
sarET K 0 <[z — x| < d5 ouvenayera [g(x) — B] < 3

2(Jal+1) \+1)
Av dowmdv napoupe § = min{dy, da, 03}, 10 onoio mpogaveg eivar feukd, Ha

£XOUUE:

0 <|z—x| <d=[f(x)g(x) —aB| <(]A]+1) + |af

€ €
<e
2(181 +1) 2ol +1)
OV anodelkVUEL TOV 10X UPIOUO UAG. |
TMa mv nepintwon 1ou mnAikou deixvoupe €va ailo amid, aida emiong onpav-
TIKO, ATjUua:

Afupa 3.2.8 Av lim, ., g(z) = B # 0, 161 vragxer & > 0 wete yw kade x Tou
qediov ogispov s g, 0 < |z — xo| < 6 svvemdyetar |g(z)| > @ > 0.

H 1816uta avt eivar apeon ouvenela tou opiopou (napte € = |§|/2, nou eivat
fetko and mv unobeon).

IMa va anog@iyoups nepimhokeg poutivag, ag unofecoupes ot ot f kal g exouv
nedia OPICPOU TOU MEPIEYOUV ULa MEPLOXT] TOU Zg. Mikpaivoviag av Xpelaotel 10 §
10U TEAEUTAIOU ANmoTEAE0UATOS, unopoupe va unobecoupe ou ol f kai g opiCovial
oto dwaotnua (zg — d, o + 0) xat |g(z)| > ‘B‘ yuaaxg — 6 < x < xo + 0.

Eoww € > 0. Exoune

_ 1B—9@)] \ 2
9(z) 1Bllg(z)| ~ |8
T — To| < 0. Ynapyxet wpa &1 > 0 @ote
E\B\Q

0 <z -zl < =9(z) - B <

Kal ENOUEVEG
0<| | < ‘{65}:>1 1‘<
r — I minyo, 01 — — = €
g(z) B
1

Yuvayoupe ou limy,_, ., g(]—T) = 5 xarto (NoUpEVO AmoOTEAEOUA MPOKUNTEL ANMO TNV

avtioToy1 10T yia yivouevo dUo ouvaptnoe®v (EQapuOoTe UV OTig OUVAPTIOELS
fxat1/g).

Agq e€etacoupe t@pa yia Alyo 1 oxeon petall unapemg opiou kal UmapEemg
TAEUPIK®V OPIGV.

Eivar xat’ apyag tepippevo ou g vmagln tov lim,_,,, f(x) (wemeoaspévou
7, amelgov) sVVEmdyeTar kar TNy VIagln Twy limew;r f(x) kar limmﬁzg f(x). To
avTieTeo@o dgv ainever, ONw pnopsi va Oetl kaveig e€etaloviag ta mapaxatm ma-
padsiyparta.
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3. LYTKAIZH, SYNEXEIA

0= { 128

Eivai tetpippevo va Sotpe ou lim, o+ f(z) = lim,_,o- f(z) (= 0)

(ii) f(z) = [z] , o € N Eivar eniong epippevo va dolvpue, ou av xo € Z,
1018 limzﬁzg flx) = wo,limz%%f flz) =20 — 1, eve 10 lim,_,,, f(z) Sev

o

—o0
unapyel (yiati;).

0 z <0

(iif) f(z) = { sinl x>0

Eivar npogaveg ou lim,_,o- f(z) =
0. H xatactaon and 0elid oumg ei- (0,1)
valr moAU Yepotepn. Aev UTNAPYEL 10
lim, o+ f(2). Alaiobnuxa, xotteviag m
ypagik1) napaoctaot, fAénoupe ou 1 f(z)
avi va minowaler evav apibuo, otav
x — 07, minowaler padiov oAokATPO 10
gubuypappo tunua: z =0, -1 <y < 1. (0,-1)
Ag unobecoupe Aotmdv, yla va ¢tacouus
oe atomo, ou f(0+) unapyet xat woutat Syipa 3.1
pe a. Oa unapyel wte 6 > 0 wote 0 < z < § ouvenayeta |f(z) —al < 1/2.
IoxupiCopar ou oto Swaotnua (0, ) unapyouv z1,x2 wote 1/x; = kr xar 1/x9 =
2km + 7/2.

Tote f(x1) =0, f(z2) = 1 a1 enopeves |0 —al < 1/2, |1 — a| < 1/2 onote
Kai

1 1
1=]0-a)—(1-a)|<|0—al+]1-q| < 5—!—521
nou eival guoika atono. I'a va Seifoupe twpa v Unapén 1wv xi, Lo, Apkel va
Seifoupe ou undpyel k € N wote 1/(kw) < § xa1 1/(2kn) + /2 < 4.
O tedeutaiog 10XUplOpoOg eival oxedov tetpippévos. Apkel yla mapadsiypa va
napoupe k = [1/6] + 1.
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3.2 YYTKAIZH KAI SYNEXEIA LYNAPTHZEQN.

3.2y" Yuvéyela ouvaptnoemv

H Staiobnuxn eixova g onuavtiknig auvtng £vvolag anodidetal ouxva pe TV £KkQpa-
OT): 1] YPAQIKT] TapactaoT] Mg OUVApPTNong Oev xel «koyipata». Auto Oev neplypd@et
TAVIOTE KAAG TNV KATAotaotn. YIAapyouv, yld mapadelypd, ouvaptnosig KaAa opi-
OUEVEG, TIOU 1] YPAPIKT] TOUS TApAotaot) dev ival moAu diagotiotikt. ITapadeiypatog
Xaptv, 10 teAeutaio mapadslypa g PonyoUuHEVTS Tapaypapou 1) akOut XEpOTEpo
napadetypa, 1 ouvaptnon tou Dirichlet

f@=so={ o 258

H mArjons katavonen Tov akprBovs 0016 uoU g1Val ETOUEVWS ATAQALTITT].

Kat’ apyag nouveyeia opiCetatl «tomka», dnradrn opiCoupe 11 onpaivel suvaotnsn
BUVETS 6 EVA 6NUEI0 Ty TOU TENOV 0016uov Ts. Ilpooefte ou oe avtifeon pe ou
Agyape ota Opla, 86 ANAITOUUE TO Ty VA AVIKEL 010 MEDIO OPLOUOU.

OvonaCoupe katomy pia cUVAPTNoT CUVEXT] 0 €va unmoouvohlo A tou mediou
oplopoU 11, av sivat ouvexng oe kabe onueio tou A. ISou o akpifrg oplonds.

Optonog 3.2.9 Av 70 g avijker 670 medio omesuot was svvagotens f, kar yia kade
e > 0 vmagyer § > 0 wete yia kade x 670 mEedio ogisuov S f, |& — xo| < § T07e
|f(x) — f(zo)] < €, 10t  f Aéyerar suvexrs 670 xg.

YUV MEPINT®OT TOU 10 Ty €1val Kal ONUEI0 CUCCEPEUOTS TOU MESIOU Oplopoy, pid
amAn patid otoug OUo OPLOUOUS OPIOU KAl OUVEYELAS Ol VEL OTL:

Ipdtaon 3.2.10 H suvvexeia s f 670 xo evar 1ws00Uvaun ue Ty 6XEeN

lim f(z) = f(x0),

T—To
onradn ue my Vmapén tov im,_, . f(x) kar my wornzd Tou e f(xg).

‘Onwmg avagépaps xai mponyoupeva, os auto 10 padnua ta nedia opiopou fa sivat
SlaoTNuatd 1 TENEPAOUEVES EVAOEIS DIAOTNUAT®V, onote Kabe g oto nedio oplopou
fa eival onueio ouoco@PeUoTg, Kal emopeveg Ha 1oyuel 1 Wwoduvapia twv dUo opl-
opmv. Edikdtepa ta oupnepdopata g NponyoupEVTS TAPAyPaQou pag odnyouv
AUECA OTO CUUTEPACUA:

Mpdtaon 3.2.11 7Ta modlvuvuua Kar o1 ONTES 6UVAQTIGES £VaL 6UVEXEIS 6€ ONG TG
ENUEN TOU TENIOV 00I6UOV TOUS.

Avdaloya e 10V 0plopod v mAEUpIK@V opimv opiloupe suvéxew amd delid kal
6UVEYEL aATO AQIETEQG..

Optopdg 3.2.12 Av 10 xg avijker 670 medio ogispot was svvaomens [ kar yia kade
e > 0 vmdoyer § > 0 wete yw kade snueio T Tov mediov oowsuov, 0 < x — x9 < §
swvemayetar | f(z) — f(zo)| < € (0 < xg — z < § svvenayerar |f(x) — f(z0)] < €),
t0te 1 f AéyeTar svveyns and de€iud (ageTend) 670 X .
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3. LYTKAIZH, SYNEXEIA

Eival gavepo ou n tnapén wou f(zg) xat nwovma f(zd) = f(z0) ouvenayoviat
ouveéxela and defia xat 1 unapén wu f(z, ) xar nwoma f(z, ) = f(xg) ouvéxela
an6 apiotepd. Emiong av kabe Siaotnpa (zg, o + d), 0 > 0, tépvel 10 nedio oplopou
uag ouvaptnons f, 10T 1 cuvéxela and Sefia ouvenayetal v Umapén tou f(zd)
kat mv wornia f(zg) = f(x0). Avaroya 10xUiouv yia cuvéyela and aplotepd.

Eivai emiong @avepd Ou ma 60vapmnen 6UVEXTS 6T0 To £Wal sUvEXTS amo de&id
Ka1 6UVEXTS am0 aM6TEQA Kal AVTIETOOPA..

Yo napadetypa (i) g nponyoUpeving unonapaypagou 1 f dev eival ouvexng
oute anod def1d olte and aplotepa. Yto napadeiypa (ii) eivar ouveyng and defia
KAl aouveyng ano aplotepd. Xto napadesiypa (iii) eivar ouveyng anod apiotepd kai
aouveyng ano Sefia.

Tapatpnon 3.2.13 Aev npenst va Ee@Quye TV TPocoyT] TOU AYVAOOTOU OTL GTOV
oplopd UG ouvEyElag analtnoape «|x — xg| < § ouvenayetar ...» kai oxt «0 <
|z — zg| < 0 ouvenayetat. . .», TOU ANAITOUUE GTOV OPIOUO TOU OPIOU.

YrnevOupiCoupe eniong 011 10 OPLo €ixe VONUA POVO Y1d GTJUEIA GUGO®PEUCTS TOU
nediou OPIGUOU, EVE 1) CUVEXELA €XEL KAT apy TV VOTuaA yia oAa ta onueia tou nediou
opiopou. H Stagopa sivar navimg «<emeaveiakny. Ipaypatika, ag dotpe 1 oupfaiver
o1d ONUELa TOU TESIOU OPIOUOU TOU OEV £1val ONUEId OUCOK®PEUOTS. AV g £va TET010
onueio, tote Ba unapyer & > 0 @wote (xg — d,z9 + d) () {nedio opopov}= {z¢}
(yuati;). Enopeveg yia onoodnnote € > 0 1 ouvenaymyn |z — zg| < 0 ouvenayetat
|f(x) — f(zo)] < € Ba wyUetl yia 6ra 1a x tou mediou opwopol pe |z — x| < §
(SmAadn 1o o povo). Me dhda Aoyia ota onueia tou nediou opiopoy mou dev eival
OTUEI0 OUCO®PEUOTS, T ONoid yid MPOQAveig AOyoug Agyovtal uepovwusva, Kade
OUVAPTNOT] ElVaAl AUTOUATA CUVEYXTS.

Hapaderypa: H ouvapinon

2 |z >1
m={o

(-1,0) (1,0)

pe nedio opopou (—oo, —1) U {0} U (1, 00) eivat ouvexng oto zg = 0.

Oa KA£lCOUNE TNV TAPAYPAPO AUTI] OEIXVOVIAS OTL 01 TOLYWVOUETOIKES 6UVAQTT]-
se1s ewvar suvexeils. O anodeifelg Ba otnpixbouv oug avicotnieg nou deifaue omv
uToNapaypa@o 2.28' e YE@UEIPIKA EMYEPTUATA UOVO.

TIpwv npoymprnooupe eival okompo va napepfariovpe ed® pia amit], aAAd moAu
XPTOLUT TPOTAoT):

Osmpnua 3.2.14 Av 1 svvagmen f(x) ogiletar se éva hdstnua («, B) kar evar
suvexns 610 Ty € (a,B), av 1 swvdgmen g ooiletar 6¢ €va Nustnua (y,0) mTou
wegexer Ty ewova tov (o, B) pésw s f (Inhadn 1o svvodo {f(z) : a < x < f})
Kar av 1 g ewar svvexns 1o enueio f(xg), T0te M 6VVeTn svvdgtnen h = go f
(ogispos: (go f)(z) = q(f(T)) ya < x < B) eivar svvexns 6To xg.
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3.2 YYTKAIZH KAI SYNEXEIA LYNAPTHZEQN.

Anoderén: H anddeiln sivar oxedov tepiupevn. Eoww € > 0. Ynapyet §; > 0
wote |y — f(zo)] < 1 ouvenayewar |g(y) — g(f(z0))] < € Adyw g ouveyelag
mg g oo f(xg). Aoyw wwpa g ouvéyelag g f oto xg unapxet 0 < 0 cote
|z—xo| < 6 ouvenayetar |f(z)— f(x0)| < §1 ka1 emopeveg |z —1xo| < § ouvenayetal
lg(f(x)) —g(f(x0))| = |h(x) — h(zo)| < €, mOU anodeikviel v ouvexela g h 010
Q- O

Sav egappoyT ou fempruatog napatnpovpe ou cos z = sin(w/2 — z), Snradn 1
ouvaptnon cos eivat oUvleon 1@v ouvaptoeyv sin Kat g TOAUVUUIKTG /2 — .
Enopevmg av dsioupe 11 ouveyela g ouvaptnorng sin, fa €xoupe kat ) ouveysia
g Cos.

Ipotaon 3.2.15 H svvdgtnsn sin(x) evar svveyrs.

Anoderén: Eoww g € R. Tlapatnpouue ou

— X r — 2

2

|sinz — sinzg| = 2 [sin < 2|sin

T+ xg
2

Aciape omv unonapaypago 2.28 ou | sin 6] < 6] yia |#] < 7/2. Enedn |sinf| < 1
naviote, 1 avisomza | sinf| < |0 wyver yia oha ta moayparika 6. Exoupe Aowmov

NMAVIOTE
xr — I

| sinz — sinzg| < 2 = |z — xp|

K1 ENOUEVRS (0 = €)

|z — x| < € ouvenayetat | sinz — sinxg| < €

O
Yav pia sgappoyt fa dsioupe ) onuaviKn oY
lim 200 = 1
z—0 I
Ot avicotmeg |sinz| < |z| < |[tanz| = |sinz/cosz|, |z| < 7/2, yia ¢ # 0

ypagovial kat @¢ €€ne: |cosz| < (sinz)/z < 1,0 < |z| < /2. T'vepiloune dumg
ou lim,_,gcosz = cos0 = 1, apa av € > 0 unapyet § < 0 @ote 0 < |z] < & (ka
|z| < 7/2) ouvenayetar 1 —¢ < (sinz)/z < 1+ ¢ 1 [(sinz)/z — 1] < € nou
anodelkvUEL TOV 10X UPIOUO UAG,.

Tapatipnon 3.2.16 H napandavem anddeiln nepiexel ovotaotika xat v anodeién g
1iomtag «oavioutte» yia ouvaptnoels: «Av f(z) < g(z) < h(z), 0 < |z — zo] < &
kat limy ., f(z) = limg ., h(z) 101€ 10 lim, ., g() unapyel ka1 eivar 10 S0
ue 1o lim, ., f(z)>.

3.28" Idiotinieg ouvex@v ouvaptfioe®@v. Eidn acuveyeiav.

Ta va anoguyoupe nepimAokeg poutivag Ya vrodétovue €@’ €&1s, extos av ontad
avagepeTar To avrideto, ot Ta media ewar Mastruata. Mia ouvaptnon ivat cuveyng
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3. LYTKAIZH, SYNEXEIA

oe eva kAeoto diaomua [a, B], av eivat ouvexng oo (a, 8), ouveyxns ano defia oto
a kat ano apiotepa oto B. Avaroya Ba woyvouv yia Stactipata g popers (a, A] 1
[, ).

O1 diotnteg yia afpoiopata, yivopuevo kdt mAIKO 0pi®V OUVETAYOVIAl Apueod
otL 70 apoisua, TO YWOouEVo Kar to InAiko dvo svvagtnsewy f kai g mov ivar UVEYENS
670 T, EIVAL GUVEXEIS 6T0 To. TNV TEQUTTWST, TOU TNAIKOU TPETEL VA, VTOTEVEL ETTL
aréov om g(zg) # 0.

Ag umoBecoupe O 10 Tg ElVAl E6WTEVIKO GTUEIO TOU MESIOU OPIGUOU UlAS OU-
vapmong f. Auto onuaiver ou unapyet § > 0 @wote 10 didotnua (g — J, xg + 0)
va nepiexetal oto nedio opopou. (Oa xavouue ouxva aut myv unodbeon otav pe-
Agtdpe «tomiKa» pla ouvaptnotn. Yia ouvnbiopéva nedia oplopou 1 unobeor on-
paivel ot e€alpoupe akpa oIV MEPITI®OT KAEIGTOV 1] TUIKAEIOT®V OlACTIUAT@V.
H peléw ota axpa, otav dev eivar emavainyn poutivag, fa yiverar xwpota). H
ouvéyela g f 010 g onuaivel myv umapén tou opiou lim, ., f(z) xar mv 106~
mia limgya, f(2) = f(20), SMradn) f(zo+) = f(zo—) = f(zo). Tt onuaiver ou
n f dev eival ouvextg 010 xg; Ynuaiver 1 ou f(zo+) = f(zo—) # f(xo) M ou
flxo+) # f(mo—) 1 OU TOVAdYIETOV EVa amd Ta TAEVOUWG O1a OgV UTAQXEL. DNV
TP®TI MEPIMT@®OT AEPE OTL 010 o napouocialetal agswun acuvexela g f ot deutepn
NEPITIOOT] ACUVEXELAS, asuVEXEw ¢ gi0ovs (1 andnua ) xar omy 1pit) asvvéxeia 6
gidous (1 overidn).

Sy nepinteon acuvexelag a’ eidoug Agpe emiong mdnua 1 Stagopa f(ze+) —
f(xzg—). Ta «xoVyipata» ot ypag@iki] Tapdotdon ToU ava@ePAape oty dpym g
napaypagou mapouotalovial oTig AoUVEXELES a' £id0UG.

Av a = f(zo—),B = f(zo+) 16-
1€ f—a = 6§ # 0, ondie, Siareyoviag
yia napadsiypa € = @, fa £xoune

ou Ba unapyer 6 > 0 wote 10 ypa-
onua g f va Ppioketal nave anod 1
ypapu (1) (oxnua 3.2) oto Sidotua
(zo, o + 0) KA1 KAT® and ] ypapuun |
(2) oo dtdomua (zg — 6, zg). Ipe-

MEL TAVI®S VA TOVIGTEL OTL 1a MO OU- To— 0 To o+ 0
okola (kat ouyva mo evdiagepovia)
npoPAnuata epgavifovial onv nepi- Sxipa 3.2

TTOOT] T®V OUCIOOMV ACUVEYEI@V.

Ano 1a napadeiypata g unonapaypagou 3.28" oto (i) €xoupe apoiun acuveyela,
oto (ii) aouveyela a' eidoug kat oto (iii) ovoiwdn acuveyela. Oa Swooupe tpa Eva
AAAo Yapaxtnplopo g ouvexelag mou anodidetal oto Neppavo pabnuatxod Heine
(1€hog 190u awva). Ynobetoupe ou pia ouvaptnon f eivar ouvexrg og €va onueio
T Tou mediou oplopou e. Eoto z, pia akodoubia onpeiov tou nediou oplopou pe
mv diota £, — T kat € > 0. Ano ) ouvéyela g f €xoupe ou unapyst § > 0
wote |z — xg| < d ouvenayewa | f(z) — f(zo)| < €. Ano m oxgon &, — Ty ExoUnE
ou unapyet ng € N owote n > ng va ouvenayeuai |z, — xo| < d. Luvayoupe houov
ou n > ng ouvenayetat |f(z,) — f(xo)| < €, ue ada Aoyia f(z,) — f(wo).
Exoupe €101 Seifer 10 pioo 1ou akoroubou Oswprpatog.
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Oeopnua 3.2.17 H svvdptnen [ eivar suvexrs 670 To av kai uovo av yia KGe akolov-
Yia T, snuetwy Tov mediov opispov TS [ ue Ty — To, 1 akorovdia f(ry,) svykAiver
s70 f(zo)

Ta 1o undrowmo g anddeing npenetl va deifoupe ot av 1 f dev eival cuvexng 1o
xo TO1e unapyel akoroubia z, e x, — xo @ote 1 { f(x,)} dev ouyxhiver oto f(xg).
Yrnobetoupe Aowmov ou 1 f Sev eival ouvexng oto g, OnAadn eival Aabog 1 mpotao:
«Ma xabe € > 0 unapyer § > 0 wote |z — zg| < § ouvenayewat |f(z) — f(zo)| < e
Auto onuaiver ou: Yrdoxer € > 0 wete yua kade § > 0 vmdoxer T pe | — xo| < 0 kKar

|f(2) = fzo)| Z &

Tlapatpnon 3.2.18 Eva npaypatika kaio kpiupio 011 £xete kataidfst 1 yivetal
HEXPIS 8, eival va fefaimbeite o katakafaivete (kal Sev anodéxeote amha) v
napanave npotaoct. Av e oupfaivel auto, yupiote naht ot akoroubieg).

IMaipve wpa yia § Swdoyika ta 1/n, n € N. Tha xabe n fpiokw €va z, €
(xog — 1/n,zo + 1/n) xar |f(z,) — f(zo)| > €. H oxeon opwg g — 1/n < z,, <
zo + 1/n ouvenaysiai ou z,, — o (1810uNta oavioutg) xat 1 avicotna | f(x,) —
f(zo)| > € yia 6da 1a n € N, xaver aduvatn my f(z,) = f(xo). Pracaue homov
010 (nrotiuevo atomno.

Tlapatpnon 3.2.19

H Suvatouqa emhoyrg evog o, anod kabe Siaomua (g — 1/n,x9 + 1/n) pe my
wiowma | f(z,) — f(zo)] > €, €101 @ote va oxnuatotel pia akorouvbia {z,}, ou-
piCetal og éva afioua g fempiag ouvorwv mou ovoualetat amwpa emAoyns. O
pabnuatikol anodexoviat yevika tn Xpnon autol 1ou afi®@patog, 10 0noio OU®S Tpe-
MEl Va TOVIOTEL £YEl MPOKAAEOEL TOAAEG Kal evioveg ou(minoslg oty pabnuatikn
Kowvortnta.

Yuvdualoviag tig 1d1011eg mou £xoupe Oeifel pEXptl 1@pa BAETOUNE OTL OL PNTES
6VVA0TNGELS, 01 TIPIY@VOUEIPIKES Kar 01 «6VVIETES» 6UVAQTIEES TOU UTOQOVUE Va
EXTUATISOUUE UE AUTES Evar suvexels. Etol yla mapadslypa o1 napakai®m ouvaptrosls
gival ouveyeig ota nedia 0plopoU Toug:

tanz, = € R\{(k+1/2)r: ke Z}.

. 2xr+5

Smm2717 T # *1,
sin 2x — cos x T s
_— 2k — 2k+1)mr— =, ke Z.
sy 10 L7 TG v A QR lm— g ke

3.3 Opiopéva Baoika Oewmpruata yia ouveyeig ouvap-
T1OE1G.

Ye autn v unonapaypago fa Sotpe duo xpnoipa, kat daohnuka eavepd Hempr)-
pata yia ouveyeig ouvaptioeis. Onwg Ba yiver gavepo anod tig anodeileig, 10 kAedi
apeoa 1 eppeoa fa eival 1o afiopa 11g oUVEXELAS.

ApyiCoupe pe pepikeg anieg 1810teg akoroubiwv, mou Ba pag xpsiaoctouv otnv
anodeil.
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Afupa 3.3.1 Ava, 2 army <a, <d1tey<a<§.

Anddedn: Hpaypauka av a > § (kai napopoia av a < ), tote ba unrpye n oote

a—9
2

lan, —al <

Kal ENOUEVRS a — a,, < (a — J)/2, Snhadn a, > (a+J)/2 > § nou eivar guoika
atono. (BAéne oxnua 3.3).

a=4d
(2)
e SN
o ) a, o«

Yxnua 3.3

O
Afupa 3.3.2 Av a,, — a t07¢ |a,| — |al.
An6de1in: H 1Siotia autn sival apeon cuvensla g avicotniag
lan| — lal| < lan — al.
O

ISoU t®pa 1o npeto ano ta fewpnpata pag:
Ocewpnua 3.3.3 Av 1 f eivar suveyeis 670 kAesT0 Sudetnua [a, b], ToTe:
(i) evar poayuévn s7o [a, b] ka

(i) vmapyer xg € [a,b] were f(x0) = sup{f(z) : a < x < b}.

An6deiin:

(i) Av n f dev eivar gpaypevn tote yia kabe M € R unapyer z € [a,b] wote
|f(z)| > M. Haipvoviag Stadoxyika M = 1,2, ... fpiokoupne pia akoroubia
ZTn, e @ < @, < B, wote |f(z,)| > n,n=1,2,... H z, sival gpaypev,
apa Ha unapyer unakoiroubia g xg,, k1 < ko < -+ < Kk, < .-+ 1 onoia
OUYKAIVEL £0T® 010 To. Oa €xoune 10te xo € [a, b] (yiati;). Enadn opeg 1 f
€lval oUveyng o10 T Kal Ty, — Zo Ba exoune f(zg, ) = f(xo) xal emougveg
|f(zr,)| = |f(zo)]- Anod wmv aidn uepla ouws n avicotma |f(zg, )| > ky
ouvenayetal npogaves ot |f(xg, )| = +0o ka1 gracaue og atono.

- 36—



3.3 OPIZMENA BAXIKA OEQPHMATA TIA LYNEXEIL SYNAPTHEEIS.

(ii) Aeifape ou 1 f eival gpaypevn oo [a,b], dnradn ou 1o ouvoro {f(z) :
a < z < b} eival gpaypévo (kal mpog ta mave kat mpog ta kaiw). To
oUvVOAO auto eival mpoYaves un kevo katl enopeves (afiopa ouveyelag) to
sup{f(z) : @ < x < B} unapyel ka1 eivar évag npaypatxkog apifuog, €0t
A. TIpéne1 va Seifoupe du unapyet zg € [a, b] wote f(xg) = A.

And tov oplopd tou sup ouvayoupe ou yia kabe n € N unapyest €va tou-
Aaywotov zy, € [a,b] wote A — 1/n < f(z,) < A. H axodoubia z, £xel
unakohoubia zy, 1 onoia ouykAivel oe kanolo g € [a, b] (yat;) kat yia v
onoia oyUeL:

1
A_k_<f($k")SA-

H &i6tma «oavroutte» deiyvel apeoa ou f(xy, ) — A. H opiaxt) autn oxéon
kabag kat 1 ouveyela g f oto 29 = lim zg, €Xouv wg ouvenela ou

flxg,) = f(xo), n— oo,

xal enopeves f(zg) = A, nou sival akpifog autd nou enpene va Seifoue.

O

Iapatipnon 3.3.4 To (ii) Seixvel ou 1 «peyiot» uun g ouvapmorng f «mavetaw
yia xamowo xq € [a, b]. Oa enaverboupe oto (mua autd apyodtepa.

THapatipnon 3.3.5 Ag xavoupe pia pikpn avaiuvon tov unobeoswv 1ou Bemprnuatog
yia va Befaimboupe ot Sev pnnkav amid kar poOvo yia va kavouv duvatr tnv
anodein, adha yiat npaypauka xpeialoviav (avmr) v avdluven va mgoswadeive va
TNV KAVeTE TAVTa 6Ta YEWONUATA TOV 6UVAVTATE ).

H swvvéxewn s f etvar aagaitntn ON@S @AIVETAl Ao 10 TAPASELy Ua

(0,1)

0, avz =0

f(x)—{ 1-|z[, av0<|z|<1.

(_ L, 0) [ (L 0)

Ede sup f(xz) = 1 adha dev unapyet zg € [—1,1] pe f(xzo) = 1. Aev unapyet
avtigaon pe 10 fewpnua 3.3.3 yiati 1 f dev eivar ouveyrng oto 0.

To ou 10 nedio oplopou eival kAewsto ddsTnua OV PNOPsl va avilkataotabel
ue onotoudnmote eidoug Staomua. Av yia napaderypa bewpnooupe v f(x) = x pe
0<x<1,totesup f(z) =1, eve yia xaveva zg € (0,1) dev exoune f(xg) =1
(nag Aginet w0 zy = 1!1). (Egurnen: Ye moto onueio g anodeiéng ypnoiponoindnke
ou 10 daotnua givat KAelot0;)

H iia axpifog anodeiln ou unapyel o1, a < x1 < B, wote f(z1) =inf{f(z) : a <
v < B).

MnopoUpe akOun va racoupe oto id1o oupngpaoua sgappolovtag 1o fempnua
nou anodeifaue omv ouvapmon — f(z)(yati;).
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To Settepo Bempnua pag €xel 10 ovoua «Oswonua s evduapesns Tyms» Kat
Agyel Ou pia ouvapnon f ouveyng oe eva kAeloto diaotnua [a, b] naipvel kabe
pewali wov f(a) xat f(b). Axpifeotepa:

Oempnua 3.3.6 Av7 f evarsvveyrssto [a, b] kawav f(a) < f(b) karc € (f(a), f(b))
T0Te vIdoxer To pe a < xo < b wete f(wg) = c¢. To 1w amoTélesua 16xVer Kar av

f(a) > f(b) kar f(a) > ¢ > f(b).

H yewpepikn epunveia tou bew-
pnuatog sivatl gavept]. Ania napatn-
poupe ou 1 subeia y = ¢ 1Euvel oe
KAMO10 GTUEI0 TO YPAPNUA 1S OUVE-
xoug ouvaptnong f (oxnua 3.4 ).

H eidix1) nepimwon f(a) < 0, f(b) >
0,¢c = 0 sivar yvwot oav Oswon-
ua Twv Bolzano-Weierstrass (o Bol-
zano TMav Togxog pabnuatuxkog tou
190ou aiwva. O Weierstrass nav I'ep-

pnavog pabnuanxog tou 19ou aiwva \/

Kal paiiota £vag anod 1oug dacnuote- o Zo g
poug. dnuilotav yia v akpifsia kat

avotnpotna v pebodmv mou ypnot- Txiua 3.4
HOTOLOUOE).

Mrmnopoupe va datun@coupe 10 fempnua kat g e£ng:

Oempnua 3.3.7 (Bolzano-Weierstrass) ! Av n f eivar suveyiis 670 [a,b] kar av
fla)- f(b) <0 7ote n f éxer pia TovdaxisTov gia g 670 (a, b).

Yxnua 3.5

1¥e opropéva Pifia to Bedpnua avagépstar oav fempnua Bolzano. Se adia oav fecpnua Bolzano-
Weierstrass avagepetat 1o fempnua: kade poayuévny akolovdia €xer svyklivovsa vrakolovdia.
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Ta dUo Bewprpata sival oy npaypatikotna woduvaua. Hpaypatka to fem-
pnua Bolzano-Weierstrass sivat €101k nepint®orn 10U fe@ptpatog g evOlaueons
Tung xat 1o fecpnua evAIAPEONS TIUNG MPOKUNTEL AUECA av epapudoouus 10 Hem-
pnua v Bolzano-Weierstrass otnv ouveyn ouvaptnon g(z) = f(z) — ¢, yia v

onoia woyuet g(a) - g(b) = (f(a) —c) - (f(b) — ¢) < 0.

Anodeidn: Apkei va efetaooupe v nepimtwon f(a) < 0 < f(b) (nrati;). H1dea ug
anddei€ng nou fa Swooupe ival ToAU anit: Oneg gaivetal and 1o oxnua 21 unopei
va Umapxouv TEPLOCOTEPA ANO £VaA TETOA To. A «KUVIYTIOOUUE» TO «APIOTEPOTEPO»
(zg oto oxnua). Heg unopolue va 10 Xapakimpicoupus; amiovotdatd €ival 10 «iio
HIKPO» T pe v dtotma: «kabe ' aplotepd tou x kavonotel myv avicotma f(x') <
0». Ta va petatpeyoupe autn v 10ea oe anodein Seixvouue OtL:

(i) To ouvoro A = {z € (a,b] : a <z’ <z = f(z') < 0} elvar un kevo kat
QPAYUEVO TPOG 1d TAVE.

(ii) Av zg =sup A 101 a < 29 < bxar f(xo) = 0.

To 6u 10 A eival gpaypévo mpog ta mave eival gavepo (1o b yla mapadetypa
gival eva ave gpaypa tou). To ou sival pn kevo mpokuntet wg e£n¢: H ouveyela
mg f oto a cuvenayetar ou unapyxet & > 0 @wote a < z < a + § ouvenayetat
|f(z)—f(a)] < —f(a)/2 < 0. (Iapte e = —f(a)/2 > 0 010V 0p1oUO TG GUVEXELAG)
Kal enopeves a < ¢ < a+ 0 ouvenayewal f(z) < f(a)/2 < 0.'Oka dowdv ta z ou
Swaotnuatog (a,a + §) avikouv oto A kat €101 10 A dev eival kevo. Ano 10 afiopa
¢ OUVEYXELAS T@PA OUUNEPALVOUUE OTL UTAPYXEL T0 Zg = sup A xat eival npogavmg
yvnola Heyaiutepo 10u a.

Ano  ouveyeia g f oto B ouvayoulle, ON®g Kal IPOTYOUUEV®S, OTL UTAPYEL
0" >0moteb—¢' <z <bouvenwg f(r) > 0 kal enopévmg OAa ta & oto ddomua
(b—4¢',b] eivar ave @paypata tou A xat apa Eenepvouv 1o zo. Exoune Aomov deiet
oua < zg < b xat 8 pever napa va deifoupe o6u f(xg) = 0.

Ag unobecoupe f(zg) # 0 yia va @tacoupe oe awono. Av f(zq) > 0 tdte fa
unapyet 6 > 0 wote av ¢ € (xg — 0,20 + ) N (a, B) ,woe f(z) > f(zo/2) > 0
(yuati;). Enopéves 1o zg — §/2 yua napadetyua, fa eival eéva ave gpayua twou A
HIKPOTEPO TOU Zg, MOU gival euoikd atono. Av f(zg) < 0 1o1e Ba unnpye § > 0 wote
av z € (xg — 0,20 + J) N (a,b), 101€ f(x) < f(x0)/2 < 0. Enopéveg zo + §/2 yia
napaderypa Ha avrer oto A nou eivat aduvato. O

Oa ypnotponoinooupe TOAAES Qopes ta Bewprjuata autd ot ouveysia. Edw Ba
APKEOTOUUE OE OUO EVOIAPEPOUOES EPUPUOVES.

Oeopnua 3.3.8 Kade molvuvupo megrrrov auot £xer TOUAGXISTOV Wia TOAYUATIKT]
oiCa

Anddedn: Eow f(z) = ag+aq -z + -+ ap - 2", a, # 0 xat n évag povog
@uotkog. Ipagoupe to f(x) otn popen

Qg

Ay
f(w)—an.m”.<1_|_"—]+...+
Qp - T [ 7 AL

)—an-w”-g<w>

-39 -



3. LYTKAIZH, SYNEXEIA

onou
Qp—1 @q

z)=1 .
g(T) + Qp - T [ 7R AL

IMapampoupe ou 1 g opiletal ota dwaouipata (—oo, 0), (0, +00) xat o6u

lim g(z) =1xar lim g(z)=1
T —+0o0 T ——00
(yuati;). Ynapyouv dowmov apibuoi M > 0 xkat N > 0 @ote ¢ > M ouvenayetat

g(x) > 0 xar x < —N ouvenayetat g(z) > 0. Eotw M' > M xat N' > N fa
EXOULE:

FOIY - F(-N') = a2 - (M) (= N')" - (M) - g(~N") < 0

Sivn 2 > 0,g(M') > 0,9(—N") > 0,(M")* > 0,(—N)" < 0 agot 10 n eivat
pnovog apifpog. To Bewpnua t@v Bolzano-Weierstrass pag eaceairiler wwpa v
unapén piag piCag mg f oto ddomua (—=N', M'). O

H Seutepn sgappoyn eivarl e1dik1 nepintoot evog fe@pruatog mou gival yvooto
w¢ Yewonua sradegot snueiov Tov Banach (O S. Banach fav Holevog pabnuankog
tou a' pioot tou 20ou aieva):

Oempnua 3.3.9 Av 7 f :[0,1] — [0, 1] ewar svveyrs, tote vmdgyer xo € [0, 1] wee

f(zo) = 20

(0,0) (1,0)

Yxnua 3.6

An6deiln: Tewpeipika mpenel va dsioupe o1 10 ypaenua g f tEpvel 1 oa-
y®vio tou tepayevou pe kopuges (0,0), (1,0),(1,1),(0,1), dSnhadn to ypagnua
mg g(z) = 2,0 <z < 1. Av f(0) = 01 f(1) = 1, 101 guoika dev xpeialoua-
ote timote ahdo. Ag unoBeocoupe Aomodv ou f(0) > 0 xat f(1) < 1. H ouvaptnon
h(z) = g(z) — f(x) kavonoiei tote g UnobEoelg Tou Bempnuatog tng evOIANEOTS
upne. Yrnapyel dowmodv xg € (0, 1) wote g(zo) — f(xo) = 0, dnradn f(xg) = zo. O
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3.4 ASKHSEIS

3.4

10.

Aoxrnoeig

. Suuminpeote g anodeifeig ot napaypagoug 3.1y" kai 3.28°

. Av n ouvapmon f(z),a < x < B, eivat ouvexng xat av lim,_,5- f(z) =

lim,_, .+ f(z) = 400, tote unapyet zo € (a, ), wote 1 uprn f(rg) va eivat
10 dayioto e f oto («, B).

. Av n f(z) eivat gpayuevn oto daotpa (rg — o, o + a),a > 0, Snhadn

|f(z)| < M yuakabe z pe |z —z0| < o, 10t nouvapwon g(x) = (z—xzo) f(z)
gival oUVeXTg 010 Zg.

. Meketote wa opia lim,_, ., g(z) onou g(z) = P(z)/Q(z) wa pnuj ouvapmon

katl zg piCa tou mapovopaotr). Tdia gpoinon yla ta opla otav £ — 400 1
T — —00.

. Aeifte ou av a, — +00 101 1 A, €IVAL GPAYUEVT] TPOS TA KAT®, ONAadT 10

ouvoro {a, : n € N} eivar gpaypévo npog ta kaww. Ida epaotnon ya v
MEPIMI®ON ay — —00.

. Aiverat n akoloubia ay. Ocwoupe b, = sup{ar : k > n}. Acife ou 10

lim b,, unapyet 1 lim b,, = +oc. To 6plo aut6d cupPoriletat lim sup a,,. Opoa
opiCetal 10 liminf a,, kat anodeikvietal 6t unapyet 1 eivat —oo. Aeifte o1 1
@, OUYKALVEL av kat povo av lim sup a,, = liminf a,,.

. Ta pa akoroubia a,, ypagouue sup a,,, inf a,, yia to sup,inf tou ouvodrou

{a, : n € N}. Acifie ou sup(a,, + 8,) < sup ay, + sup B, inf(a, + 5,) >
inf a,, + inf 3,,. Bpeite mapadsiypata, av unapyouv, ota onoia ot aviootieg
gival yvrole.

. Xprnotponoi®viag 1ov € — § oplopo povo deite ou :

2

lim =1,

n?+n
T 2

lim 5 = -.
z—=2 12 — 1 3

. Bpeite, av unapyet, M € R wote: £ > M ouvenayetat

0+ 4z + 7

106,
x4+ 1 >

Av [an, Bn],n = 1,2. .. wa akoroubia eykifetiopévev kieiot@v daotnua-
v, dnhadn [aq, B1] D [as, Ba] D ... D [an,Ba]l D ..., 101

(a) H woun N, [an, Bs] Sev eivar kevi) xar pahiota unapxouv ta lim ay,,
lim f3,, xat 1oyUsl

o0

ﬂ [, Br] = [lim ay,, lim 3,,].

n=1
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(B") Bpeite avaykaia kat wavr ouvlixn yia va eivat 1 woun (o, [, Bn)
HOVOOUVOAO.

11. Bpeite, av unapyet, 1o lim «,, av

((l') Ap = \/F - \/ﬁ
#)
an? + Bn + v

— !
= oIt Bt Bt a # 0.

e27)

Eivai kaha Siatunepevo 1o gpomua (§'); Av ox1 Siophmote 1 Siatinwor
xwpig va aiialete guoika v ouoid 10U EPRTNUATOG,.

12. Mia ouveyng ouvapmon f €xet mv wiouma f(xz) = f(—z) ya xabe z # 0.
Acite ou f(0) = 0.

13. Aivetat n ouvapmon f(z) = 2! — 727 + 82° + 22, z € R. Asifte o6u 10
OUVOAO T®V UU®V TG EIVAL QPAYUEVO TPOG 1d Katw, Onradn inf{f(z) : ¢ €
R} > —oc. Ynapyet 2o € R @wote f(xo) = inf A onou A = {f(x) : z € R};

14. Tha nowa z eivar ouvexng 11 ouvaptnon [z] cosma; H i epotnon yia 1
ouvapwon [z] sin .
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KE®AAAITIO

ITAPAT'QI'OI

4.1 Baowkeg evvoleg

4.1a’ Opropoi ka1 anda napadeiypata

Eowwo f pa ouvapimon kat g €va €001epikd oNpeio Tou 1ediou oplopou . Oa
unapyel 1ote § > 0 wote 10 g + h va Ppioketat oto nedio opopot g f yia |h| < 4.
H Swagopa f(zg+ h) — f(xo) oupforietal ouxva A f kar ovopaletar «at€nomny g
ouvaptnong, eve 10 h = (zq + h) — zg oupforifetar Az ka1 ovopaletar «aunor»
g «avefapummg petafinuic» & oto xg. To mmriko Af/Az ovopalerar «miiko
au€noemv» kat 1o 0p1o tou yia Az — 0, av unapyet, napaymyog mg f oto xg. Kat’
avaloyiav pe 6,11 einape yia opia ouvaptios@v opiCoupe mOte 1) Tapaymyos sivat
400 1 —o¢ kabwg kal mtapaymyoug and Se€ia kal apiotepd. Ag GUYKEVIP@®OOUUE
AUTES TIG MAPATNPTOELS OE EVAV OPLOUO:

Opionog 4.1.1 (i) Av vmdoyer o dow

lim f(zo +h) — f(zo)
h

h—0

T0te 1 f AéysTar magaywyisyun 670 To Kai 1o 00w Tagdywyos s f 670 Tg (sUp-
Bohsuds: f'(xo) 1 Df(xo) 7 % |m:m0 ka1, av Ogv vdoyer Kivduvvos sUyxUsTs,
amA\d df [dz ).

(ii) Av vmdoyer o 6gw0

. flzo+h) — f(x0) . flzo+h) — f(zo
lim A < lim > ,

h—0t h—0— h

T0Te Aépe o f Exer magdywyo and Je€id (agisTe0d ), Kar Tn svpBoAovuE pE

f'(xo+) (f'(x0-)) 1 DT f(xo) (D~ f(ao)).



4. TAPATQIOI

(i) Swy megintwsn wov Ta magamdvw dpwa ewar +00 7, —00 Aéue 6w 1 f Exer
zagdywyo (1 magdywyo awo 0e&ud 1, Tapdywyo anod ayeTEYG) +00 17, —00, (aAld
de Néue o f evar magaywyiswun).

IMapatipnon 4.1.2 H napaymyog and Sefia (apiotepa) opiCetar pe 1ov idio akpifeg
TPOTO KAl OE MEPITT@DOELS TOU 10 X OV E1VAL EOWIEPIKO OTUEIO TOU TEDIOU OPIOUOU.
I'a tov oplouod anatteital povo 1 f va givat oplopevn o €va diaoTnua g popers
[0, 20 +0) (N (2o — &, 20]), 6 > 0.

Av 1 f eival napayeyioiun oto xg 101

f(x) = f@o) — f'(wo)(x — 20)

r — 2

— 0,

yia  — zo, (yat;), dSnradn yua xabe € > 0 uvnapyet 6 > 0 @wote |z — zg| < d
ouvenaystat

(@) — f(wo) — F'(w0) (& — 0)| < el — o],

an’ Onou Enetal 61 10 | — xg| < § ouvenayetal

[f(x) = f(xo)| < (1f' (zo)| + &) |z — ol.

Enopéves av 1 f evar magaywyisyn 670 xq T0T€ givar kar suveyns 670 xo (Ilpoooymn:
napaywyiotun onuaivet ou 1 f'(zg) eivar nenepacuevn, oxt +oo 1 —oo). Mpayua-
1IKa, Taipvoviag oty napanave avicotmia € = 1, éxoupe yia twyaio € > 0 ou
|f(x) — f(x0)| < &' yia 6)a 1a x tou nediou oplopol yia ta onoia

& — @o| < min (575> .
|f(xo)| +1

O1 yvooteg MAEOV 1SI0TTES TOV OPI®V PAG EMTPENOUV va Ppolue tUumoug yia
napay®yous abpoiopatog, yivouevou kat mmAikou ouvaptioe®v (a@ou desifoupe
QuoIKa Tpeta du unapyouv). Ewor éxoupe:

(f+9)(x0) = f'(z0)+ g (x0)
(f-9)(x0) f'(x0)g(xza) + f(x0)g' (z0)
g(wo) f'(z0) — g'(w0) f (20)

(£) o = ) L

Ag anodeifoupe T0Ug TUMOUG yia 10 YIVOUEVO Kal 1o mmiiko. Puoikd umobetoupe
Ol T0 T €lval E0MTEPIKO OTUEIO TOU MESIOU OPIGUOU Kal T®V U0 ouvaptnoemv f
kat g. apatnpoupe emiong OTL 1) GUVEXELA NS g OTO T Kat 1 ouvOnkn g(zo) # 0
OUVENAyetal Ot 1) g gival d1agopt tou undevog oe pia neployn (g —0, zg+4), § > 0,
ka1 eNopEveS opiCetal kald toudayiotov ¢' aut] v neploxt) 1o mmiiko f/g.
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4.1 BAZIKET ENNOIES

T'a 10 YIVOUEVO XPTOIUOTOIOUHE TO KAAOIKO TEYXVAOUA:

fleo+h)g(xo + h) — f(xo)g(xo) _ flwo + h)g(xo +h) — f(x0)g(x0 + h)
h h
+f($0)9(370 + h})l — f(wo)g(xo)
= g(zo +h)f($0 +h,); CL)
gt

= g(zo) f' (o) + f(x0)g' (20),

yia h — 0 (omv edevtaia og1pd £K10¢ ANO 1OV OPIOUO TN TAPAYOYOU XPTOLUONOL-
TNOQUE Kal UV CUVEXELQ 1§ g OTO Zp )-
Eyxoviag anodeifel tov 1Uno yia 1o yivouevo, apkei va deifoupe o1

() =i

yia va deifoupe 1ov Uno tou mniikou. Exoupe:

l( 1 1 > _ _9(@o +h) —g(w0) 1
h \g(zo+h)  g(zo) h 9(x0)g(zo + h)

, 1
MR

yia h — 0, 6nou maAl XpnolLONOINoa e 11 GUVEXELA 11§ g 010 Lo Kat tnv unofeon
g(zo) # 0.

Ag dwooupe t@pa pPepIka anid aild onuavuka napadsiypata:

(i) f(z) = ¢ (owabepa). Edo Af(zp) = 0 yia onowdnnote xg apa Af/Ax =
0 — 0, dnradn f'(xz) = 0.

(i) f(z) ==,z € R ed

fle+h)—f(z) z+h-=z

= =1-1
h h -
Snradn ' = 1.
(ili) f(z) =2",neN:
(o+h)"—2f  h{(o+h)" "+ (zo+h)"xo+ - +ay '}
h n h

n—1 n—1 n—1 __ n—1
- x5 txy "+t xg =nry -,

kabog h — 0, Snradn (z7) = nz"'. (Anodeifie tov twmo autd kat pe
enaywymn xpnotponoiwviag moxeon (fg)' = f'g + fg').
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(viii)

O wnog autog wyvet kat yia n = 0 Siou to1e 1 f eival otabepa. Ioyuer eniong
kat yia n € Z xat n < 0. Hpaypau, ¢owo f(x) = 27 ",n € Nz # 0. Oa
£YOUpE:

@) = () =G = -1 = e

an

via z # 0. Apa yia droug toug aképatoug n 1oyUel (z™) = nz™ ! yia kabe x
oto nedio opopou g =™ (Shadn 6da 1a = yia n > 0 xat ta z pe = # 0 ya
n < 0).

f@)=ao+ a1z + - + a,x™: yevika, av ¢ otabepa 101e

(cg)' (o) = c'g(wo) + cg'(z0) = cg'(20),
onodte tetpippeva f'(z) = ay + 2a»x + - -+ + naz" .
f(x) = sinz. Ed® Ba €xoupe

flx+h)— f(z) sin (z + h) —sinz  2sin £ cos(z + &)

h h h

gin 2

L h
= 5 COS | T+ 5 | —cosT,
2 2
2

otav h — 0. Yy tedeutaia oelpd XPNOLUONOINOAUE TNV CUVEYEL TOU OUVT]-
povou, my oxeon (sinz)/z — 1 yia z — 0, kat tov wno yia opto ouvhetng
ouvaptnong (yiati;). Exoune dowmov ) faoikn oxéon: (sinzx) = cosz.

f(z) = cosz. Me tov 810 tpono Ppiokoupe (cosz) = —sinz (ba Swooupe
xal pia dagopetikt anodeiln oe Alyo).

f(z) =tanz, z # (k+ )7, k € Z.

(tan )’

sinz )’ _ cosx(sinz)’ — sinz(cos x)’
<cosaz> B (cosz)?
cos?  + sin® z

cos?

1

cos?z

3

Snhadi (tanz)' = 1/cos® z = 1 + tan® .

fl@) = |z| yiaz € R Av 29 > 0, enedn f(z) = z oto Saomua (0, c0),
Ba exoupe f'(z0) = 2'|p=z, = 1 (yiati;). Av zg < 0, enedrn f(z) = —z ow
Siaotmua (—o00,0), Ba exoupe f'(zg) = —1.

H nepimwon zg = 0 napouoialer nepioooiepo svdiagépov. Kat' apyag 1
|z| eivar ouveyng oto 0 (mape § = €) adda, onwg Ba Soiue oe Aiyo dev
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4.1 BAZIKET ENNOIES

(ix)

gival tapaywyiotun SnAadn 1 TaoaywylsuoTnTa 6VVETAYETU 6UVEXEW AANG TO
avTieTo0Eo OEV EWaL YEVIKG 6W6TO.

Evdiagepopaote yia 1o 6pio 10U ImAiKou

JO+1) — J(0) _ ||
h h’

owv h — 0. Ipogaveg limy, o+ |h|/h = 1 kat limy,_,q- |h|/h = —1 ka1
ENOUEVEG Oev unapyet 1o limy, o |h|/h, Snradn 1 |z| Sev £xel napaywyo oto
0. Acifape ouwg ou unapyouv o1 mhevgkes napaymyor f'(04) xar f/(0-)
kat pdhota f'(04) =1, f'(0-) = —1.

Ag Bewpriooupe T@pa pia ouvaptnorn nou opiletal e «Sla@opeTIkoUg TUTOUG»
og OlaQopPeTIKa dlaotnuata

f(a:)—{ 0,2 avx <0

=, avzx > 0.

H f(z) oupninter pe 1 otabepa ouvaptnon 0 yia z < 0, apa f'(z) = 0 yia
2 < 0xatpe mv 22 yia z > 0, apa f'(z) = 2z yia £ > 0. Ta 2 = 0 sival
Kat apyag ouveyrng, ylati

lim f(z) = lim 0=0= f(0) = lim 2* = lim f(z).

z—0~ z—0~

z—0t z—0+ "

H f eivalt napaywyiowun ot 0. Ipaypauka n f'(0+) undpyet xat 1000-
a1 mpogaveg pe Ty and defia mapaymyo g 2 yia x = 0. Enedn 1 s,
—00 < x < 00 £XEL NAPAY®YO 010 UNdev, fa exel kat ano defia napaywyod ion
pe (22)_o = (27)2—0 = 2- 0 = 0. Opowa 1 apioTepT] MAPAY®YOS OT0 UNSEV
Ba woutal pe v napaywyo e otabepag undev oto undev, dnradn pe undev
kat emopeves f'(0) = 0. Bprixape Aomov:

v~ )0, z<0
f(x){ 2z, x> 0.

4.1 O xavovag 1ng aAduoidag

BOa Seioupe twpa £va moAU onuavtiko bewpnua mou Ba pag entpeYel va napaymyi-
Coupe pe gukoria noAu neploodiepeg ouvaptnoets. Teleiws gopuarionka (Sexveov-
1ag MPOg oIy UT Media oplopoy, e0@IEPIKA onueia, kal ahld napdpola) o xavovag
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4. TAPATQIOI

Agyel ou yia m ouvbem ouvapinon h(z) = f(g(z)) éxoune h'(z) = f’(g(az))g’(m)
Kat agou npog ottyunv Eexaoaus v «auotnpotia» ag OOOOUUE Kal pid eUAoyo-
avn (adia davbaouevn) anddeiln. Exoupe dowmov:

h(z) — h(zo) _ flg(x)) — f(9(x0))
r—x _ f(Q(T)) B f((}('r(])) . (}(T) - g(.’]?(])
9(x) = g(xo) x—xzo

H g eivat ouveyng oto g(z) — g(zg) apa £ — xp yla £ — xg Kal ENOPEVES, yla
T — Tg 10YUEL,

h(z) — h(xo) lim
x — g g(2)=g(z0)  g(x) — g(0) @—=zo T — T

= f'(g(20))g' (z0).

Ano 1a modha «otpafa» mou MEPIEYEL O MAPATAVE GUAAOYIONOS 10®S TO OUCLAOTIKO
gival ot dev «doudeler av g(x) = g(xg) yia & «kovuva» oto xg. Oa dwooupe

MApakKat® pia omotr anodeiln.

ISoU npomta PEPIKES EQAPUOYES:

(i)

(cosz) = (sin(g ~2) = (cos(g - m))(g -y
= fcos(g — 1) = —sinz.
(i)
(sin(2® cos :U))’ = cos(z® cos z)(z® cos z)’

3

cos(z® cos z) (3z* cosz — z°

sin m)
(iii) ((az +b)") = n(ax +b)" (ax + b) = an(az + b)" !, yia xabe n € N

TIpoxwpape tpa ot datunmor kat anodsi&n t1ou kavova g aiuoidag,.

Oempnua 4.1.3 (kavovag g aduoidag) Av z¢ eswisgis snueio Tov TEdOU 001-
6p0U TS g kar Yo = §(xg) e6wTEQWO MUEI0 TOU TEdIOU 0016MOV TS [ Kar o waga-
ywyoi g'(xo) , f'(yo) vrdoxouv (ka eivar memegasuéves), Tote 1 evvieTn sLVAQTNET
h(z) = f(g(x)) éxer magaywyo 670 xqy Kar 16X VeL 0 TUTOS:

h'(l"o) = f’(g(l"o)) '9/(330)-

Anoderén: H napaymyiopoma g g o1o o ouvenaysial Ot 1 g €ival OUVEXTS
010 xg. Yndapyel eniong §; > 0 @ote ta y ue |y — yo| < 61 va Ppiokovial oto nedio
oplopot g f, Sidon 10 Yo = g(xo) elvar eowtepIkO o1UEio autou tou nediou oplopou.
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4.1 BAZIKET ENNOIES

Suvayoupe Aowmdv ou unapyel 9y > 0 @wote, |z — xo| < Iy ouvenayewa |g(z) —
g(mo)| < 81 xat enopeves yia |z — zo| < &> n h(z) = f(g(x)) opiletar.
O¢loupe va dsifoupe O11 1 dtagopa

flg(x)) — f(g(z0))

r — I

= ['(9(z0))g’ (x0)

1eivel 010 undev yia £ — zp. H diagopa aut ypagetat:

r — 2o r — 2o r — 2o

O Sevtepog Opog teivel 010 unNdev diou

=4 (z
pra— g' (o)

yia  — zg. Mével Aomov va dsifoupe 0T KAl 0 MPXETOE OPOS TELVEL OTO UNOEV
Onhadn) ot

f((J(T)) - f(!}(-??o)) - f'(.(}(mo)) ((}(T) - (}(To))

r — I

— 0,

yia £ — xg. Eoto Aomov e > 0. H napayoyloipota mg g o1o &g cuvenayetat Ot
unapyet 8, > 0 @wote:

90 —90)| < g () +1 = .

|z — xo| < 05 = 9(x)
T —

H nap(lYGOYIOIpémm S f o100 Yo = g(g:o) OUVSHdYSIm onu Uﬂdp)(SI 53 OoTE:
ly — yo| < d3 ouvenaysial

f(y) — f(yo)
Y—1%Y

- f’(yo)

<

€
M
apa kat:

() = £(90) — (5 —50)f (0)| < 71y — wol

av |y — yo| < d3. H ouvéyela g g oto xo ouvenayetar ou uvnapyet dy > 0 @ote:
|z — 20| < d4 ouvenayewa |g(z) — g(x0)| < d3. Otoviag wpa & = min{dh, ds} xar
nepipaletoviag ta 6oa einape fa exoupe 0 < |z — xo| < § ouvenaysia

£ (9(x)) = f(9(x0)) — f'(9(z0)) (9(x) — g(x0))] & |g(z) = g(xo)
T — X - M T — X
< =M
= &,
TOU anmodeIKVUEL TOV 1GYUPIGUO UaAg. O
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4.1y H mapaymyog @¢ cuvapinon

Av ma ouvapmon f €xel napayoyo yia OAa ta 010 nedio opiopou 1ng, TOTE 1
napaywyog autr fa eivatl pia vea ouvaptnon nou e€akorovboupe va oupforiCoups
ve f'. Av 1 f' éxel mapaymyo m oupBoriCoupe ue " () D2f 1 D f/dx?) x.0.x.
THapadeiypata:

(i) f(x) = 2*. Exoupe f'(z) = 3z, f"(z) = 6z, f"(z) =6, f(z)=0,...,
% (x) =0 yian > 4.

(ii) f(x) =sinz. Exoupe

Kal yevikotepa (TEIPIPUEVT] ENay®yT))

fERD () = cosz, U (z) = —sin,
() = —cosw,  fOR(2) = sinz, ya k =0,1,2,...

4.2 Puoik1] KAl YE@UETPIKT] ONUACiaA TN)S MAPAYRYOU

H sioaywyn g €vvolag g napay®you £ylve tov 170 aiova kat anodidetal otoug
Newton!, Fermat? xat Leibnitz® (avefaptna o évag anod tov aido). To xivinipo
yia tov Newton fiav 1 kataokeut] pabnuatikot povieAou yia v gpunveia tiov
VOU®V Kivrong tov miaviiov tou Kepler. Yto mepignuo €pyo tou «Principia»
fetel otnv mpaypatikota 11g PfAcEIS KAl MPOYXWPAEL OTNUAVTIKA otV avamtuén tou
Angipootikot Aoylopou, oneg tov yvepifoups ofjuepa (av kat 1 avayveon v
Principia BupiCer padiov wa «Xroixeia» tou Eukeidn napa eva onuepivo keipevo).
O Fermat odnynfnke omv €vvola tng napayoyou otnv npoondbela tou va opicet
MV EQANMTOUEVT] Plag KAUTUATS, v o Leibnitz odnyninke ekel anod @iioco@ikig
HOPQTIS £p@TNOELS. ATO 11 SOUAEIA TOU TEAEUTAIOU UAG EUEIVE OUCIAOTIKA POVO O
oupfohrionog df /dz, eve ot avakariuyeig wwv Fermat xar Newton fewpouviat kat
onuepa fepuehimdeig. Ytg endpeveg duo mapaypagoug Ba moupe duo Adyila yia tig
ONUAVTIKES AUTES AVAKAAUYELG.

4.2a’ H mapaymyog ot Mnyaviki

INa va peetnooupe mv xivion evog UAIKOU onueiou oto x@po ypagouns z(t), y(t),
z(t) y1a 1i¢ OUVIETAYUEVES TOU, TIOU EIVAL QUOIKA OUVAPTIOELS TOU XpOvou t. Agyo-
HAoTe OT1 0 YPOVOG MEPLYPAPETAL Pe Eva Tpayuatiko apibpo, o onoiog petafaiietat
ot ¢va Siaouua [a, b]. Ag e€etdooupe yia anhotnra povo my xivion g npofoirng

T Araonpog Ayyhrog emotipovag tou 17ou 180u aidva.
2Padhog pabnpankog tou 170u 18ou aidva.
3Peppavog padnuatikog xar ghdoogog tou 17ou 18ou aidva.
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4.2 PYSIKH KAI TEQMETPIKH THMAXIA THE MIAPATQrOY

10U onueiou otov afova z, 1), av Bgdete, ag unobEocoupe O oNuEio Kiveital TAvV® o
pta gubesia v onoia naipvoups oav afova 1®v .

To onueio Aomov Eexivasl and v Beon x(a) xat gravel omyv beon z(b) oe
Xpovo b — a. Av 1 xivnorn tou Mav «opotopope» 8a Aeyaus ot 1 tayutnia tou sivat
(z(b) — z(a))/(b— a). Ev yével ouws auto dev oupfaiver kat yi' auto ovopaloups
10 miko (z(b) — x(a)) /(b — a) «péon taxutnuar. Puoika peon taxitna fa exoupe
yua xabe xpoviko Swaomua (t,¢+ h), 1, yia va SUNQ®VTICOUNE e TV Tapadoot),
(t,t + At). Eival guololoyixo, touhayiotov yia pikpa At, va npooeyyiCoupe v
tayutma m ouyun ¢ pe auvtn v peon wayuima (z(t + At) — x(¢))/(At) xat va
0pIoOUPE ®S TaUTITa Katd ) ouyur ¢ 1o oplo

lim z(t + At) — x(t) ,

At
yia At — 0. Eneidn 1o z(t) napiotaver ) 6€on tou xiviot, Snhadn 1o Siaotnua nou
Suvuoe pexpt ) otyun ¢, av unobecoupe ou z(a) = 0, pnopolipe va moupe OtL: «7)
(sTrymaia) TaxvTnTa ewar 1 TadYWyos ToU NASTIUATOS WS YOS TO XOOVO».

Ano 10 onueio autd kal mepa mMOAAG amd 1a amoteAeopata 1ou Aneipootkou
AoyiopoU anoktouv pia «unyaviknp onuacia (adla kai aviiotpoga ToAAd epwtr-
pata g Mnyavikrng pag odnyouv oe npotacelg tou Aneipootikot Aoyiopou). Etot
yia napadetyua, 1 OeUTEPT MAPAY®YOS TOU OlACTIUATOS @S MPOG TO XPOVO €ival 1
<ETUTAYVVET).

Ag Solipe pe meplocoTEPT AEMTO-
pépela £va anio napadetypa (aguovi-
KOs Talavtwens). Ynobetoupe Ou £va
Kivto M xiveital opolopoped nave
OT1] MEPIPEPELA EVOS KUKAOU UE KEV-
1po TNV apxn kat aktiva 1 katd @o-
pa avtifetn pe M Qopd 1OV dEIKI®V
10U @POAOYIOU Kal akOut OTL 11 Xpo-
vikn ouyun t = 0 Bpioketatl oto on- (0,0) p (1,0)
ueio (1,0). EvBiagepopaote yia v
Kivnot g mPofoATS Tou OTUEIOU Ta-
v® otov afova TV T.
H undBeon ou 1) xivnon nave ot ne-
PIPEPELA €IVAL OUOLOUOPQPT] ONUAIVEL
ou 1 yovia 9(= 9(t)) eivat avaroyn
10U XpOvou, dnrad ou ¥(t) = wt, o-
nou w pia otabepd nou ovopaletal ywviaxm taxutia kat petpietal o rad/sec, otav
HEIPAUE 10 YPOVO O OSUTEPOAENTA KAl T1] Y@Via 0g akIivid.

H 6¢on g mpoPorng P otov aova tov x fa divetal and tn ouvaptnon

Yxnua 4.1

z(t) = cos¥(t) = coswt.
H tayuta xat 1 emtayuvon Aowmov tou P Ba sival
v(t) = 2'(t) = —wsinwt
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xat
b(t) = 2" (t) = —w? coswt.

TToAU ouyva spgaviCovial otn PuoikT TEPITTI®OELS ;

Kivnong napopolag pe v kivnot wou P. Av yia napa- am\_.
detypa @aviaotoupe €va uAiko onueio palag 1 oy
Aaxpn €vVOg EAATNPIOU KAl TO AMOPAKPUVOUUE amo 11|
Beon 10oppomiag kata tn Sietbuvon tou ghatnpiou Kat m.
kata pnxog 1 1ote, uno v npoiinofeon ou Pprokopacte i
akoua oty «ghaotikn neploxtp (dnradn dev yaiaoe 1o =1
glatnplo), to onueio Ba xiveitar onwg 1o P (fa extedel
onwg Aepe «appoviki taravieon»). Ot vouor g Pu-
OIKT)g TOU pag odnyouv ¢’ autd 1o oupnépacpa sivat yvaotoi. To ou fpioxopacte
OV EAACTIKT] TIEPIOYT] ONUAiVEL OTL WX UEL 0 vOpog tou Hooke dniadt), n Suvapn mou
aokeital oto onpueio pag ba kateuBuveral npog v apy1 xat fa sivar avaioyn g
anopakpuvong: F' = —kx, onou k sivatl pia Bsuikn otabepa. Ag ypayoupe Aomov
k = w?. H 8ivaun opws eivat ion pe mv pala eni myv emrayuvon (autog eivat €vag
ano toug facikoug vopoug mou avakaiuye o Newton) xar enopeveg fa €xoupe
(naCa = 1)
x" (t) = —wx(t).
Eyxoupe Aomov pia €fiomon yla v ayveotn] oUvAapTnoT] Tou TEPIEXEL £KTOS Ao
1 ouvaptnon kat napayeyous g (ede tn deutepn). Mia t€towa eiowon Aeyetal
Srapoeikn, Kal €va and ta kupla emtevypata tou Ansipootikot Aoyliopol ivar ot
divel pebodoug yia v Aton i€toiov efiomosmv. Puoika dev @ravet autn 1 e€iowor
yia va fpoupe v ayveotn ouvaptnot. ISou pia eusikn anodeién: «Xinv idia e€iowon
fa @uavape av anopakpuvape 1o onueio kata 1/2 , kat ox1 kata 1, ano ) Beon
woppomiag. Tpogavme Opme 10te £npene va Ppoupe dla@opetikT] ouvaptnot, av
un 1 addro divu de Ba ioyue 1 ouvlikn x(0) = 1. AAAG xat av axoun sixaue
v ida apxikn anopakpuvorn 1 kat ) ouyun ¢ = 0 divape pa apxikn tayutna
010 Kvnio pag (eaviaoteite pia glagpia «ogupla») mait ouv ida efiowon Ha
etavape. Eival oumg mpogaveg xat mait ou fa enpene va Ppoupne diagopetik)
ouvapmon, av un u aiio de Ba ioxue 1 ouvbrxn z'(0) = 0». Edo teheiwdvouv
OU®S Ol avuppPnoelg yiati av dwooupe v apxiki amopakpuvon (z(0) = 1) ka
mv apywkt) taxuma (z'(0) = 0) to1e 1 «guoikT» diaiohnon pag Aeyer 61 10 KIVILO
gival «katadikaopuevo» va akoAoubnoet jia CUYKEKPIPEVT] Kivon. AlQTUT®UEVO O
pabnuatikois 6poug autd OTUAIVEL OTL LITdgYEL pia uovo svvagTnst, x(t) mov wavomoiel
my eliswen 2" (t) = —w?x(t) kar 7is svvdiikes 2(0) = 1 kaz 2’ (0) = 0.

Mia t€to1a ouvaptnon Bprxape omv apyxn e napaypaeou: x(t) = coswt. «A-
nodeifape» Aowmdv du 1 anopakpuvon z(t) 010V apuoviKO tahavimtn pag sivar 1
x(t) = coswt, onou 1 yoviakl taxita w eival 1 epayeviki pia g «otabe-
pag tou ghatnpiou» k. Bakaue tn Aeln anodeifaye oe sloaymyika ylati 1 anodeiln
pag ompiytnke ot Puoikn epnsipia. Oa doUupe oT1g AOKNOELS 0Tl 0 AMEPOOTIKOG
Aoyiopog Ba pag Swoet oxetika eukora ) pabnuatikn anoddeiln nou Asinet.

Yxiua 4.2

Tapatipnon 4.2.1 Evag npooey1ik0¢ avayvmotng oTo ONUEI0 autd TPENEL va Po-
moet: Kala, motetio o1 apyotepa Ba pag dwosig avotnpr anodsién, aida xat to
duoiko emyeipnua @aivetal atpaviayto (€va KIvito mou Eexivasl and SedopevT
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feon (2(0) = 1) ue dedopevn wayutma (z'(0) = 0) kar oe xabe Beon nou Ba nepaocer
aokeital endve tou dedopgvn Suvaun (—w?x) Sev umopet mapd va éxet mpodia-
yeypappevn kivion). Ti yiverar Aownov, pnopoupe va anodeifoupe pabnuatikeg
npotacslg pe Quoika emyesipnuata; H anavinon sival var g9’ doov 11 Puoikrn be-
wpia (80 Mnyavikr) g onoiag 10U§ VOUOUS XPTOLHONOOUNE gival «kaln». TTo
ouykekpipeva ede otnpryfnkape oto vopo tou Newton (afioua yia ) Mnyavikr)
«Suvapn = (pala)-(emttayuvon)». O vopog autdg (ouotaotika Aoy® g auotnprg
anodellng nou fa dwooupne apydtePA) GUVENAYELAL 10 «ATPAVIAYTO» QUOLKO ENMIYEL-
PTUA TTOU XPTOLUONOLTOAE.

4.3 H nmapay®yog @¢ KAioT EQANTOUEVTS

Af = f(zo+h) = f(zo)

X0 To+ h

Yxnua 4.3

Ag unobgcoupe ou 1 ouvapmon f eival oplopeVT 0g [ld YELTOVIA TOU OTUEIOU
To Kai Ot eival Tapayeyiolun oto zg. Oewmpolpe 1 xopdn M N (Biene oxnua 26)
xat unobBEtoupe o611 10 ONUEio N(a:o + h, f(zo + h)) minotalet to M, dnradn o h
teivel oto 0. Tlepipevoune, yewpetpika, ou 1 eubeia nave oty onoia fpioketal 1
xopd1n Ba minawaler pia eubeia mou eival QUOIOAOYIKO VA KAAEGOUUE EQATTTOUEVT, TOU
ypagnuatog g f oto (g, f(zo)). Mnopolipe Aowmov va oplooupe v €Qantopevt
oto M va sivat pia subeia mou mepvast and to M kat €yt kAion 10 6plo, av Unapyet,
10V KAlos@v 1@V Yopdwav M N otav h — 0. Oa Solpe 611 1 napaymyloipdtna
ouvenayetal v Unapén autou tou opiou. Hpaypauka (BAene oxnua) 1 xkiion g
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M N egival Quoikd pia ouvaptnot tou b mou divetal and tov Tuno:

f(zo+h) — f(zg)  (NA)

h (MA)

Yrapyet Aomdv 10 6p1o twv xhicemv kai Sev eival tinote aiho napa 1 f'(xq) Snradn
(BAene oxnua 26) tanw = f'(xg).

Tpagoviag Af(zg, h) = f(zo + h) — f(xo) xat df (zo, h) = f'(x¢)h SAad, 10
Af(xg,h) = AN sivai n «av€non nave oto ypagnua g f», eve o df (zg, h) = KA
givat 1 «av€non nave omv egamtopevn f(xg) + (z — zo) f'(x0)». H yeopepixn
Siaiofnon pag Aeyet du n dagopa A f(xg, h) — df (g, h) = N K, dnradn 1o «habog»
nou Ba kavape av avukabototioape v f(x) ue myv f(xo) + (z — xo) f'(x0) (=
eliomon e@antopevg), yivetal, akdurn kal oe oxeo1 pe 10 h, TOAU piKpo, otav
h — 0. A¢ SoUpe pe peyaiutepn axpifsia 1 oupPaivel. Exoupe

NK = Af(xo,h) —df(xo,h) = f(zo+h)— f(xo) — f'(x0)h
_ hf(330+h)—f($0)—f'($0)h
a h
= h-q(zo,h)

alawo h) = LOFWZI@) gy,

H napayeyioipotna g f oto zo onuaivel ou 1 ¢, @S ouvaptnot tou h, teivet
oto undev yia h — 0, dnradn ox1 povo

Af(:l?o, h) — df(:l?o, h) — 0
aida xai
Af(ro,h) — df (o, h)
h
Suvifeg 1 1810tta exgpaletar g €€ To A f (g, h) — df (xg, h) eival «angipocto»
avetepng taéng and 1o h, 1 akopa: 7o Af(xzg, h) — df (zo, h) evar «ukgé o» Tov h
(svpBolisuos:

— 0, otavh — 0

Af(zo, h) — df (o, h) = o(h)

yiah —0).
Ag dmooupe toug akpifei opopots: Kat’ apyag ameiosto Aéystal pia ouvap-
wmon f(z) pe mv diowma f(z) — 0, £ = xo (axpifeotepa aneipooto yia & — xo).
To oUpforo «o» (0 uikpo) kabms kat to «O» (O ueyakro) ogeiroviat oto Meppavo
pabnuauxo Landau (a' pioo 20°Y aiwva) kat opiCovial g g&ne:

Optopdg 4.3.1 Av f, g dvo svvapmiseis 006 UEVES 6€ i TEQIOXT, EVOS 6NUEIOV T(
(avaloyor ogispot Sivoviar kar av oL sUVaQTNEEts 00iCoviar 6 NASTIUATA TNS UOOPTS
(zo,xz0 + h) 1 (xo — h,x0), ya h > 0), 107

(i) f(z) =O(g(x)), = = xo, av vadgyovv § > 0 kar M were

[ — 20| < 3= |f(0)] < Mlg(a)].
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(i) f(x) = o(g(x)), x = w0, av

yia T — xo.

(f(z) = O(g(x)), yia ¢ — =g, dwfalerar: 1 f eivar «O peyadro» g g yua
x = xo xar 1 f(z) = o(g(x)), yia x = zg, Safaletar: 1 f eivar «o pxpo» g g
yua = zg.)

Iapadeiypata:

(i) sinz = O(x), yia z — 0. Ipaypatuxa |sinz| < |z| yia Ora ta .

(i) sin% = 0O(1), yua z — 0. Hpaypauka |sin(1/z)| < 1 yua 6ka wa z.

(iii) 2% = o(z), yia z — 0. llpaypauxa 22 /z = z — 0, yia z — 0.

(iv) 1—cosz = o(z), yia  — 0. Ilpaypauxka

1—coszx 1 .,z sinf
— = —2sin’= = z2sm——>1-0:07
T T 2 5 2

yia z — 0.

IMapatipnon 4.3.2 Av ypavouue Az yia 10 h 10te 1 oxeon df (xo, h) = f'(x0) - h
yivewar f'(xzo) = df (zo, h) /Az. Ta w ouvapwon f(z) = x ba exoune

df(ro,h) =1-h="h

yia 6ia ta h, dnradn dz(xg, h) = Az. Ot napampnoels auteg odNyouv 010 «oup-
BoAouo tou Leibnitz» yia v napaywyo df /dz. Ag onueidocoupe akoun ou 1o
df (zo, h), 10 onoio yia 8eSouevo g, €ivar anhd 1 ypaupiki opoyevig ouvaptnot
f'(zo) - h, Aéyerar oo g f. Aev Ba empeivoupe TEPIGOOTEPO G| GTIUAVTIKT]
auti] €vvola ylati otig ouvaptnoesig plag petafiniig mou e€stalouie dev mPoo@epst
TIMOTE MEPLOOOTEPO amd OTL 1] mapaymyos. Onwg Ba pabete apyotepa 1 katdotaor
gival TEAEIG dIAQOPETIKT] Y1 CUVAPTIOEIS TEPIOCOTEP®V UETAPATTGOV.

Kieivoupe auti v unonapaypa@o pe pia amin sgappoyi. Ag Bempriooupse
) ouvapton f(z) = (1/4)z%. To ypaenua g sival pia napaBolt| pe «€otia» 10
onueio N(0,1) xat «Sieuberovoa» v eufeia y = —1. Temuepika opifetal g o
YE@UETPIKOS TOMOG T@V ONUEI®V TOoU anéyouv anod v sotia N kat 1 disubetovoa
y = —1. Hpaypauxa (BAene oxnua 4.4)
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Yxnua 4.4

Mia moAu yvoorn 1diotna g napafolng eival 011 «1) EQANTOUEVT] TN OLXOTOUEL T1]
yovia nou oxnuatiCel n mapaAinrog npog tov afova ouppetpiag g xat 1 subeia mou
OUVOEEL TO onueio ena@ng pe v sotia». Ag v anodsifoups: npénel va deifoupe
(BAene oxnua 27) ou v = 4, dSnhadn v = a — B xai enedn v = 7/2 — @ npénel va
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Seifoupe ou 2a — f = w/2. 'Exoupe 0u®s:
tana = f'(z)

(1 xK\ion g egantopevg gival 1 Tapaymyos)

tanf =
Kal ENOUEVRG;

tan2a =

—_

7tan6
= cot (_6)7

an’ onou mpaypauka énstar 2a — = 7/2. (Xopig va 10 moupe unobécape ou
ol yovies a, 3,7, mav ofeies, dnradn x > 0 xat 2% /4 > 1. Agpeuvrote kat 1g
UTIOAOLEG MEPITTOOEIS.

4.4 Opiopeva Baocika fswpruata yia mapayeyioipeg
ouUvVapTInoelg

O oplopudg g TAPay@you UTayopeUtnke and avaykeg e Iempsipiag kat g M-
xavikng xat o Aneipootikog Aoylopog, mou PaciCetal o’ autr) v evvold, £dmoe
epaonia obnon kal oug dUo auteg emotnues (xar og ahdeg nodreg). O opopdg
OU®S auTOg Elval olyoupa METUXNUEVOS Katl yia evav aAdo Aoyo: Sivel Aafr yia
Snuioupyia piag mAouoiotatng fewpiag mou anavidel 0 TOAAA QUOIOAOYIKA EPRTT-
HATd yld 11 OUUIEPIPOPA TV MPAy HATIK@V ouvaptioenv. Asv unapyet ap@ifolia,
ot Ba €yave peyaro pépog ano 1 onuaocia tou o Ansipootikog Aoylopog xwpig tig
£QUPUOYES TOU, adAa sival emiong Befato om Ba sixe 11 Beon tou ot Mabnuatik)
Emotun akoun kat ympig autes. LUp@ova pe pia «petapabnuatikny» apyn ot duo
auteg OYelg umopei va sival arAAnievoestieg: «Mia kadn pabnuatikn fewpia av Sev
€xel mpogrbel ano snuavTikd epIUATa AAA@V EMOTNU@V TEPIEXEL TN duvatOTia
VA EQAPUOOTEL AKOUT KAl UETA T1] ONUIOUPYIA TNG».

Ano myv napaypago autn fa apyiosl va yivetat spgavrg o mAoutog g fempiag
TOU UEAETAE.

4.4a' Ta Bswpnuata tou Roélle xat tng péong g

Eow f wa ouvapmon opiopévn oe €va klewsto diaomua [, 8] kal ouveyng o’
autd. YnevBupiCoupe 61 yia ta onpeia a, 8 1 ouvexela 100dUVAlEl PE CUVEYELA
ano defia kat apiotepa aviiotorya. Ag unobecoupe akoun ou 1 f eival napay®yioiun
010 avoryto Staomua (a, ). (Ae pag evdiagepet n Unapén napaymyev, anod dedia
ka1 aplotepa fefara, ota a, B).
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Eivai @avepo yempepika ot av petakiviooupe 1 xopdn AB (fAene oxnua 4.5)
napaAAnia mpog 10V £auto TS, o€ Kamola otypn fa yivel e@antopevn tou ypaer-

a 9 B

Yxnua 4.5

HAT0g, 08 €va oNuEio Tg, a < g < B. H x)ion g spantopgévng oto xg, dniadn 1
f'(z0) Ba eivar ion pe mv Khion g xopdig, dnradr

(F(B) = f(@)
B-a)

Awmoape AOMOV pia YE@UEIPIKA eUAoyo@avt) anodeiln 10U Tapakdim ONUAvIIKOU
Becwprpatog.

Oswpnua 4.4.1 (peong nufc) Av n f ewvar svveyns sto kAewsto detnua [, B] kar
wagaywyisyn 67o (a, ), T0te vrdoxer o € (a, B) wete:

! _f(B)ff(O‘)
f(-TO)—iﬁ_a :

Yxnua 4.6

Mia £101k1] ka1 evdla@epouca Tepintmot tou fempnuatog mpokuniel dtav
fla) = f(B)=0.
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H nepimtwon auvtn eival yveotn oav fecpnua tou Rolle. O Rolle (Farrog pabnua-
K06 1ou 170u aiwva) anedeiée 10 Becpnua povo yia nolu@vuua.

Oempnua 4.4.2 (Rélle) Av isyvouy o mpotimodésers Tov Yewonuatos Tns uésns s
kar emahéov f(a) = f(B) = 0 w0te vmagyer zo € («, B) wete f'(xg) = 0.

Mia amin napatipnorn Seiyvel OT1 0TV Mpaypatkota ta duo fempnuata sivat
1woduvapa. Ipaypatuka ag unobecoupe ou wyuetl 10 Bewpnua tou Rolle kar ag
Bewpriooupe 11 ouvaptnon

f(z) —g(z) = h(z),
onou

ﬁ(mfa)

1 YPAUUIKT] oUVAPTIOTN TS onoiag 10 ypagnua nepiexet ) yopon AB. H h 8a kavo-
notel 1g npoinofeoeig 1ou Bempnuatog tou Rolle yiati n g ival napayeyiopn, apa
katouveyng oe VAo 1o R xat f(a) = g(a), f(B8) = g(B). Ynapyxei howmov zg € (a, )
wote h'(zg) = 0, dnhadn

f(B) — fle)
b -«

Apxkei howmov va deifoupe 10 Bewpnua tou Rolle.

f'(zo) — =0.

Anodedn: Av 1 f eivar owabepr oto [a, 8] Snradn f(z) = 0 yia kabe = € [a, 5], tote
f'(z) = 0 yia 6}a ta x xai 1o Bempnua sival tepiupevo. Ag unobeocoupe Aomdv o1
unapyel z, avaykaouka oto (@, ), @ote f(z) # 0. Xopig fAafn mg yevikomag
unopoupue va unobecoupe f(z) > 0. Enedn 11 f sivar ouveyng unapyet zg € [«, S
®OTE:
f(xo) = sup{f(z) : = € [, B]},

Smadn f(ze) > f(z) yia kabe = owo [o, B]. Eneidny unapyer  pe f(z) > 0, 6a
gxoupe f(z) > 0, enopeves a < zg < 8. Oa deifoupe ou f'(z9) = 0 xarn anddeién
fa £xe1 teAe1OEL.

Enedi 7 € (a, B), unapyxel n napayeyos f'(zo) dpa xat ot f'(x) xat f'(zy)
Kal paiiota

f'(zo) = f'(xg) = f'(zq).
Exoupe opmg

i) = i, HOS0)

M Ba eival pixkpodtEPO 1) 100

r—Iq

kat enedn f(zg) > f(x) xat z > g 10 mAixko
10U UNdevog yia & > Tp. LUVAYOULE Ol

f'(xo) = f'(z5) <0.
Me te)eimg mapopolo 1pomo Ppickoupe
f(xo) = f'(zg) >0

kat enopéves f'(xg) = 0 onwg enpene va deifoupe. |
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Mapatpnon 4.4.3 H unobeon tng napaywyloipotag oto («, ) eival guoika ana-
PAITIIN yla va Y&l vOTud 10 oupunépaopa tou fewprjpatog. H undBeon g ouvéysiag
o010 [, f] Ba unopovoe kat’ apynv va avukatactabel w0odUvaua pe ouveyela ota @
kat § povo (yati;) kat gival emiong anapaitnt). Autd 1o fAénoupe pe 1o anho na-
paderyua: f(z) =0yvia 0 < z < 1 ka1 f(1) = 1. Extdg ano6 1) ouveyeia oto 1 dleg
o1 e mpoimobeoeig enainfetovial aida 1o oupnépaopa ival oiyoupa aduvarto.
IMpaypauxa f'(z) = 0 yua xabe z € (0,1), eved

f) - £(0)

=1#0
1-0 7

(BAeéne oxnua 4.7).

Yxnua 4.7

Tapatipnon 4.4.4 Ynapyouv d1a@opeg Xprolpes napaiiayeg tou Bempruatog g
neong uuns. H popen nou Seifape sival yveotn pe 1o dvoua tou Lagrange (Faihog
nabnuatxog ou 18ou aiwva). Av yia napaderypa fewpricoupe duo ouvaptioels f
Kal g mou 1Kavomolouv kat ot duo 11§ unofeoelg tou fempnuatog e PeoTg UG TOTE
1 oUVaPTNoT:

h(z) = (f(B) = fla)) - g(z) — (9(B) — g(a)) - f(x)

fa ixavonotei m oxéon h(a) = h(F) xai ug unobeoeig tou Bewpnuatog. Oa unapyet
Aowmov z € (o, B), wote:

(f(B) = f(a)) - g'(w0) = (9(B) — g(e)) - f'(w0)-

Av unobecoupe ou ov f' kar ¢’ Sev €xouv xowvn piCa oo (@, ) xar akoua
g(B) — g(a) # 0, onote avaykaouxa ¢'(xg) # 0 (ywati;), unopoupe va ypayoups
MV TApAnave OXECT] UE T1] HOPPT

18) = f(@) _ o)

9(8) —g(a)  g'(xo0)

Exoupe homov deilet 10 enopuevo Bewpnua tng peong tung tou Cauchy, 1o onoio Ha
Hag XPELAoTEL apyotepa.

- 60—



4.4 OPIZMENA BAXIKA OEQPHMATA TIA IAPATQIISIMES LYNAPTHSEIS

Oeopnua 4.4.5 Av ov f kar g wavomowotv 15 vro¥ésels Tov Yewonuatos Tns uesns
, . , , , .

s kaw av emmAéov o f' kar g' Sev éxovv kowr gia 670 (a, ) kar g(B) — g(a) # 0,

T0TE vIdgxer Ty € (v, B) weTe:

Oewpolpe autovonto ou o avayvworng Ba exer 181 emyelpnosl va det av 1 npo-
imobeon ou n f' xa1 11 g’ Sev €xouv kot piCa eivar anapaitnin. Av Sev 1a £yel
Kata@épel ag Sokipaoel T ouvaptioelg 22 kat 22 oto Swwompa [~1,1]. (Av Jev
EXEL KAV ETIXEI0N6EL, TOTE lows TOEMEL Va EaVASKEQTEL av 1, ETMAOYT, TOU Va 6T0VIA6EL
UAINUATIKG TTAV SWETY. )

Kleivoupe autn mv mapaypa@o pe pia MOAU ONUAVTIKT EQAPUOYT] Tou Bewpr}-
Hatog PEOTS TLUTS.

Ocopnua 4.4.6 Av wa svvdgmnen f ue medio oosuov éva duistnua (o, 3) éxer maga-
ywyo f'(z) ien pe undév yw oha ta x € (o, B) wote 1 f ewvar sTadeod s70 (o, 7).

Anddern: Maipvoupe wyaio zg € (a, B) xat e€etaloupe m dagopa f(z) — f(xo)
yia z € (o, 8). Ynoberoupe yopig fAafn me yevikotnag ot 2y < x. To Bswpnua
g HEOTIS TIUNG pag Aéyet o unapyet € € (zo, x) @ote f(z)— f(wo) = f'(€)(z—x0),
Smhadn (agou f'(€) = 0) f(z) = f(xo), omowo xat va eivar 10 = € (a, ().

Evag 1008Uvapog 1pomog va ek@pacoups 1o 1910 anoteéAeoua ival va mouus:
«av dUo ouvaptnoelg f kal g €xouv v idla napaymyo oe €va diaotua, f'(z) =
g'(z) yia a < x < f3, 101€ Sagépouv kata pia otafepd ¢ autd 1o Saotnua,
Smhadn f(z) = g(z) + ¢ yia a < & < B». (Apkei va napatnpriooupe ot 1 unoheon
ouvenayetal (f — g)'(z) =0y a <z < B.)

4.4 Movotoveg Yuvapinoeig

Y autr) v unonapaypago ta nedia optopou fa eival naviote diaotnuata. Iio ouyke-
kpipeva Ba Bempnooune ouvaptiosig nou opiCovial o €va avoryto diaotnua [a, b].
YUQ MEPIOOOTEPES MEPIMIMOELS €1VAl OOUAELA poutivag 1) €££€1a01 1@V UTOAOM®V
HOp@®@V dlaotnuat®v kat fa v napaleinoupe.

Mia ouvapwon f : (a,b) — R Aeyerar avfouvoa (yvrowa avfouvoa) av z < y
ouvenayetwal f(z) < f(y) via z,y € (a,b) (x < y ouvenayewat f(z) < f(y) ya
x,y € (a,b)) xa1 ghivousa (yviiowa gbivouvoa) av z < y ouvenayetar f(z) > f(y)
ya z,y € (a,b) (z < y ouvenayetar f(z) > f(y) yia z,y € (a,b)). Movdtovy
(yvnola povotovr) Agyetal pia ouvaptnorn nou eivar atiouvoa 1 gbivousa (yvroia
avouoa 1 yvrola ghivouoa).

Ilapadeiypata:

(i) H ouvapnon sinz eival yvriowa avfouvoa oo (—7/2,7/2) xabeg kat oto

[~m/2,7m/2].
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(ii) H ouvapwmon z+(z) = max(z,0) eivar atfouca oto R adrd ox1 yvnoiog
atouca (évag ardog pomog va ypayoupe my 1 sivato 2t (x) = L |z + 2,

2
navieyte xat opiote myv ).

(iii) H ouvapuon tanz esivar yvroia atouvoa oe xabe Saomua g popers

(k- 1F, 2k + 1)),
(iv) H ouvaptnon cos z sivar ghivousa oto Saomua (0, 7).
(v) H ouvaptnon —[z] eivar gbivouoa adra o1 yvioia oto R.

Mia povotovn ouvaptnon dev eival unoxpemuka ouvexng (napadetyua [z]). Ag dou-
pe 1t eidoug aouvexeleg mapouolalet. Oa meplopiotolipe oe alfouoeg oUVAPTIOELS,.
H pedém wv gbivovowv eival tedeing avaroyn (av 8edoupe paiiota pnopoipe
Va avayayous 11 pid TEPITTOoT OtV aAAn napatnpeviag otu «1 f sival atéovoa
av xai povo av 1 — f eivar gbivouca»).

Eow dowmov f : (a,b) —» R ma at€ovoa cuvaptnon xat a < zq < b. To
ouvoro {f(z) : a < x < mo} €ival IPOYAv®S U1 KEVO Kal @PAyUEVO TPOG Ta Ma-
ve Siou yua napadetypa o f(xg) eival

/ £Va Gve @paypa tou. YTMApYel AOmov
w sup{f(z) : a < z < xo}. Av ypa-

e Youpe 7 yla auto 1o sup woyuptlloOpuacte
i (kau mou eival gavepd Saiobnuka) ou
o/—O v = f(z ). Ipaypatxa, yia kabe € > 0

umapyel &1 < zo @ote f(x1) > v —¢€
(aMhiwg 10 v — € Ba tav ave gpaypa -

o Zo Jé] KPOTEPO anod 1o supremum). Tote OuwG
fa exoupe ka1 f(z) > v — ¢ yia xabe z
Sxiua 4.8 pe 1 < . Ogtoviag Aomov § = xg — I

Ba exoupe 0 < g —z < § ouvenaystaty —e < f(z) <y < v+ ¢, nou anodeikvuet
ouy = f(zo—). Tekeiwg napdpowa Seiyvoupe ou vy = inf{f(z) : zg <z < B} =
Flab),

H tnapln v Sto mheupikav opiov f(zf) kat f(z, ) Seixver ot av 10 o eV
glval onpueio ouveyeiag Ha sival acuveyela a’ €idoug katl paiiota pe nndnua

flzg) = flzg) = inf{f(z) : = <z} —sup{f(z) : = < z}.
Ag ouvoVicoupe autd ta anoteAeopata o eva fempnua.

Oewpnua 4.4.7 Av 7 f eivar avéovsa (pdivouvsa) s7o (a,b), T0Te av eivar asuvexns 6&
KATow T, 1 asvvéxewd s Ja ewa a gidovs. EmmAéov Ja exovue: f(xy) < f(xo) <

F@d) (F(xg) > flzo) > flag)).

Ag Bewprooupne @pa wia atfousa cuvaptnon f opopevn oto (a,b) xar ag
ypavyoupe: v = inf{f(z) : o < z < B}, § = sup{f(z) : a < z < B}. Av
10 ouvoro {f(z) : a < z < B} dev eival gpaypevo mpog 1a kaww (1ave) tote
10 7y () onuaiver —oco(+00). v onoladinote nepintwon ot upeg g f(z), ya
a < x < f3, Bploxovtal oto Sidotnua [y, 4] (omv nepintwon nou 1o v 1 10 § 1) kat ta
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Suo eivat +oo 1 —o0, 10te ypagouue (—oo, d], [y, 00) 1 (—o0, o). Xy nepintwon
mou 1 f elval yvrola atéouca pnopoUpe va avikataotnooupe tw [y, 4] ue (v, 9).
IMpaypatixa, av yia napadetypa f(zg) = 7y yua xanow xg € (a,b) to1e naipvovrag
yua napaderypa 1 = (a + x0)/2 8a exouvpe f(z1) < f(zo) =7, Sdu 1 < xg, MOU
gival atomno.

Ag unobecoupe 1wpa ou n f si-
vat oyt povo yvioila avfouca aiira
xat ouvexre. IoyupiCopaote ou yua 4§
kabe y € (y,0) unapyer akpifeg £va
z € (a, B) wote f(z) =y.

Ipaypauka, enedn y > v xat y =
inf{f(z) : a <z < f} 0a unapyer |
z1 € (o, ) wote f(z1) =1 <y
kal dpoia Ha unapyet z2 € (a, §), a- b |
Vaykaotka xs > o1, @ote f(xs) = . im o]
Y9 > y. To anoteleona pag i@pa ei- (; 3
val apeon ouvensia tou Bewpnuatog
¢ eVOLAPEOTS TIUTS EQUPUOCUEVOU
ot ouvexn ouvaptnon f oto dSiaotnua
[1, z2].

Evag aAlog 1pomog va ek@pacoupe 10 anoteleopa nou Pprkape sivat o e£ng:
«Av 1 f eivat yvijola povotov kat ouveyng oto (a, b), 101e £Xel avtiotpogo g oto
(7,6), dnradny = f(z) ouvenayerarz = g(y) 1 g (f(z)) =z xar f (9(y)) =y, yia
Ohata z € (a,b) xkary € (v,d)».

IoyUet ka1 xau napanave : «H g eivar yvniola at€ouoa xai cuveyng oto (7, d)».

Eow v < y1 < y2 < 4. Ynapyouv z1,z2 @ote y; = f(z1) xat y2 = f(z2) ka1
Quoika 71 < T2 (adhwg Oa eixape y1 > y2) Snradn g(y1) < g(y2).

H g Aowmdv eivat yviioa av€ouoa oto (7, §) kat enopEvms, av dev Mav ouveyTng,
oe &va omueio yo € (7,0),10te N lim, -~ g(y) < g(yo) 1 lim,_, + g(y) > g(yo)-

Ag unobecoupe, xopis Prapn e yevikomuag, ou ¢g(y, ) < g(yo). Oa exoune
10te: ¥ < y < yo ouvenayetal @ < g(y) < g(yg ) < 9(yo) xai enopeves: v <y <
yo ouvenayetar f (g(y)) < f (9(yo)) < £ (9(yo)), Shadi v < y < yo cuvenayetat
y < f(9(yg)) < wo, 10 onoio npogaves eival Grono — mapte yia napadetypa
y=13 o+ f(9(x)))-

Ag npoxwpnooupe €va Pripa napanépa kal ag eE€TGOOUUE yVTOlA POVOTOVES
Kal ouveyeig ouvaptnoelg f mou eival mapaywyiolpeg o €va onueio zg. loxuel 10
napakate fewpnpua:

N D

Yxiua 4.9

Oempnua 4.4.8 (i) Avn f evar yvijsua povorovny kaw svveyeis s7o (a, b) kar mapa-
ywyiewn 670 xo e f'(xo) # 0, T0TE 1 AVTIETOOQT, TNS g EWVaL TAQAYWYISIUT, 6TO
-1
Yo = flwo) war g'(yo) = (f'(z0)) -

(il) Av f'(zq) =0, 107e, ¢'(yo) = +00 av 1 g eivar avéovsa, kar g'(yo) = —o00 av
n g ewar p¥ivovsa.

Anodeidn: Oa Seifoupe povo 1o (i). H anodeiln wou (ii) eivar napopoia (aoxnon).
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4. TAPATQIOI

ISoU kat’ apydag pia noAu ouvnbiopévn xat Aavlaopévn anodeién. Av ypayoupe
y = f(z) tote x = g(y) xat xpnoiponoiaviag tov oupforiono tou Leibnitz yia mv
napaywyo:

dx 1
— =
dy d_zz/

Smadn ¢'(yo) = 1/ f'(x0) Puoka 1o Aabog Ppioketal oto O XPNOILONOICANE TO
oupfolro dz/dy oav mmhixo eve dev eival napd opilo mhikev. Agv gival Sliokolo
navieg va diophoooupe ta npaypata.

H tnapén me f'(zo) onuaives:

f(T) 7f('7:0) _>fl(370);
r — 2
yia z — Zg.
Eneidn) f'(z¢) # 0 Ba €xoune emiong
T — I 1

F@) = f(@o)  F'(z0)’

yia £ — xg. I'a xabe € > 0 Ha unapyer Aowmodov § > 0 wote g —d <z < xg + &
ouvenayetat
T — X 1

f(x) = f(zo)  f'(x0)
Ynobetoupe ympig PAaPn e yevikotnag, ou 1 f sivar yviowa avfouvca. Ag ypa-
youpe

< e.

) )
Y1 —f<330—§> <f($0)_y0<f<330+§> =2
kat 7 = min{yo — y1,y2 — Yo}. Ta xabe y ue yo — n < y < yo + n ba exoupe
g(y) € (xg —0/2,m0 4+ 6/2), dMradn y = f(z) ya xanow z (ouykekpipéva 10
g(y)) oto (zg — 6/2,x0 + §/2). Exoupe Aowmov Ppet ou:

9(y) —g(yo) T —m0
ly —yol <n = y—yo  f(x)— f(zo)

yla Kanoto & pe | — zo| < 4/2, kai eNOPEV®S

<e,

ly— g0l < 1 = 9(y) —g(yo) 1
Yy )

— Yo f' (o)
TOU GUUTATP®VEL TNV anddei&). O

Mapaderypa: f(z) = 2™, yia n € Nz > 0. Eivar gavepd ou 1 2™ eivar yvijoa
avouoa, apa unapyel 1 aviopoer g g, oto diaotnua (0, 00), Sion inf,~q 2™ = 0
Kal SUP, 5o 2" = 00. Oa éyoupe Aowmov g(y) = x av kat povo av z” =y, 0 <
y < 00. Q¢ ouvifeg ypagoupe y'/™ avti g(x) xar y™/™ yia m oluvlew cuvaptmon
(9(x))™, yia m € Z.
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Yxnua 4.10

To nponyoupevo anotéheopa pag divel mv napaywyo g g(z). Hpaypauka av
n

" = y 101!
1 1 1 1 _a 1 2
! = = = = — n = — w1
g'(z) = f(x)  nant n(y%)"*l nY Y

n—

Snhadiy o wimog (™)' = naz™ ! oxUel kat yia exbéteg g popeng 1/m, yia n € N.

3
:L’ IQ
; x
Vi = z'/?
................................ -1/3
."ajg
Sxnua 4.11

O avayvootng kaleital va GUPTATP®OEL OPIOUEVA «KEVA» OTO TAPATAVE Tapa-
detypa. Ta mapadsiypa, ypagoviag 24, ¢ € Q, > 0 unovooupe ot 1 ouvaptnon
opiCetal kaia, dmradn av ¢ = m/n = m'/n', yia m,m' € Z, xai n,n’ € N o1
ta (/™)™ xat (w]/”l)m, Sivouv v ida ouvaptnon. Eniong av 1o n gival neptttd
1o1e 1 /™ opiletar yia OAa ta z xai £xel mapaymyo yia oia 1a x # 0 (yuz =0
1 tapaymyos givat +oo av n > 1). Ta n = 1 guoikd 1 napadymyog unapyel yia
oha 1a x. Eivar emiong eukoio va deryteil ou o1 ouvifeig 1iSiotnieg 1@v Suvapeov
(z0F8 = g2, (2*)? = 28 onou a, B pmot) 10xUoUY.

Ag Seifoupe yia napaderypa ou z*8 = 228 dnou unobetoupe z > 0, a =
my/n1, B = ma/ne, ue my,my € Z, xai ny,ne € N. Eneidn 1 ouvapmon f(z)
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™™ givar yviola atfouca apkel va deifoupe ou (zetTH)mne = (goghymine,
Xpnolponoi@viag 1g yveotes I00TIES 1oV OUVAUERDV yla akepaloug skféteg xat
tov opiopo tou z7,q € Q, exouns

mingtmaong \ N1N2
(wa+ﬁ)n1n2 — (ZE ning )
Tm1n2+m2n1
x

m1na2 $m2n1

™M ) ( ma )m
m—l)nlng(r ng )n1n2

(
(z
(,ra)nlng( )nlnz
(

_ CUQZEB ) n1 Tl2
nou anodewkvuet ) oxéon 8 = z22f.

Mia yevikn amAt] mapatnpnorn yia IV aviuotipoen ¢ plag yviola povotovhg
ouvapmong f eival ou «ta ypaenuata 1ov f kal g €ival GUPPEIPIKA @S TPOG 1]
Sixotopo» (t@v ouvaptioewv x, z2, r3 @aivovial oto oxmua 34).

Keivoupe tnv napaypa@o pe €va anio kat onuavtko fecopnua:

Oswpnua 4.4.9 (i) Avn f evar adéovsa (pivovsa) kar mapaywyisin sto (v, 3)
e f'(x) >0 (f'(z) <O0ywa<z<f).

(ii) Av n f ewar magaywyiswn kar f'(z) > 0 (f'(z) > 0) yw a < x < 8, w076 1
I ewvar avéovsa (yvisa avéovea) 6o (a, B). Avadoya isxvouv yia g¥ivovses
(yvisia pU¥ivouses) suvagtisens.

Anédeiln:

(i) Av 1 f eivar at€ouoa 10te ta nnhika Siagopav ( )/ T — xg) eival
MAvIole PeyaAutepa 1) ioa Tou Pndevog Kat enopavmg f (’1‘0) > 0 ya kabe

xo € (, B)

(ii) Eow a < 1 < o < f. EgappoCoviag to Bempnua g HEOTS UUNG 010
1, 22] xoune f(r) — f(m1) = (22 — 1) /(€) yia xamowo € € (w1, )
Kat enopeves (z2 > x1, f'(€) > 0) f(w2) > fla1). Av f'(§) > 0 1w0te
f(@2) > f(z1).

Iapadeiypata:

(i) Houvapmon f(z) = x? eivar av€ouoa oto Sidotua (0, oc) kat ghivouoa oto
(—00,0). H napaymyog g sival 2z kal gival mpaypatikd peyaiutepn tou
undevog yia > 0, xat pikpdtepn tou undevog yia x < 0.

(ii) H ouvapmon f(z) = 23 eivar avfovoa xal pdota yviiowa oe 6o 10 R,

napdro mou 1 mapaywyos g 222 undeviCetat yia z = 0. (Eivat Béfata > 0
yia 6\a 1a z).
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(iii) Ag Bewpnooune ) ouvapnon

flx) =

22, avz>0.

{ 0, avz<0

H f(x) eivar at€ouoa o10 (—o00,00) (O0x1 yvnowa) xat f'(z) > 0 yia —oo <
x < oo (BAéne napadooeig 4.1a")

4.4y" O1 ouvaptioeig a”®, %, log

Eoww a > 0. To otipfodro a”,n € N, opiletal oav 10 yIVOUEVO 1 TAPAYOVI®VY 10@V
pe a xat 1o oUpBoro a™/™, m € Z,n € N g o (novadikog) feukog apibuog § ya
1ov omoio toyuel A" = a™. Me 1ov 1pomo autod opiletat Aomov 1 ouvaptnotn a? yia
q € Q, xa1 onwg €idape OV MPOTYOUUEVT] TAPAYPAPO IKAVOTOLEL TIG AVAUEVOUEVES
1O10TIES TV SUVAUE®V.

O£A0OUE TOPA VA «EMEKTEIVOUNE» TOV TAPATAVE® OPLOUO £101 MOTE VA OPICOUUE
wa ouvapton f(z), nou Ha oupforiCoupe nah a® opiopévn yia 0ka ta x € R xat
wote f(q) =a? av g € Q

Auto guoika Ba pumopotios va yivel kata moAAoug 1ponoug, BEtoviag yia mapd-
Setypa f(z) = 0 yua appmia z xat f(g) = a?, ¢ € Q, adla dev eival 6deg auteg
ot enextaoelg embuunieg. Ta napaderypa, 8Edoupe 1 «enéxtaon» mou Ha fpoupe va
1KAVOMOLEL TG 1810T11Eg TV duvapemv. Oa SoUpe O Alyo OTL autd UMOPOUUE VA 1O
METUYOUE AV ATAITTOOUE:

(i) n f va ival ouveyrng kat
(i) f(x) = a7, g € Q

Av unobgocoupe npog ouyunv Ot unapyet 1€tola f, 10T1e 0 OPIOUOS NG CUVEYXELAG
kata Heine pag Aeyer ou f(q,) — f(q), dnradn a?» — f(q) yia xabe akoroubdia
PM@V ¢, UE TNV 110TNa ¢, — q. Odnyoupaote Aomdv otov €11 oplopo:

Optopog 4.4.10 Ava > 0, x € R ka1 g, — q,qn € Q, 7078 00iCovpe a® = lim a.
TMa va gival «kadog» autog 0 Oplopog TPEMEL:

(i) Na umapyet 1o lim a’, xat

(i) Av ¢, = x xaiq), = 2, qn, g}, € Q, 101€ lima’ = lim afn .
Kat o1 o auteg i&iotnieg pnopouv va Seryfouv eukora pe 1 forfeia g
IMpoétaon 4.4.11 Av a > 0 kar ¢, — 0 pe g, € Q, 07 a9 — 1.

H nepimwon a = 1 sivatl wepippév xat 1 nepimtwon a < 1 avaystat sukoia
omv a > 1 (nwg;). Mnopoupe dowmodv va unobecoupe a > 1. Hapatmpoupe ou 1
undbeon a > 1 ouvenayetal (tetpippévo) a? > a? owav ¢ > ¢ xal emougveg

-1
(a\qn\) — gl <a < alanl
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Apkei dowmdv va Seifoupe ou al?l — 1. Tpagoupe lgn| = An/Bn xat B, =
I, A, + Y, (ahyopibuog g dwaipeons) pe A, By, IL,, T, > 0 xar 0 < Y1 A,
Kal €XOUUE: )
altnl = gAY < g

Ottoupe Aomov a'/Mn = 1 4+ ~,, SMadh a = (1 +’yn)n", Yn > 0, xai apkei
va deifoupe Ou v, — 0. And tov wno wou diwviupou tou Newton €xouue a =
(1+ vn)n" > 1+ 10,7y, onote xat 0 <, < ‘1{1.

Hoxéon B, =InA, +1,,0< Y, < A, Sivel apeows I, = [B,/A,] nou
ouykAivel oto anepo, apa (a — 1)/, — 0 xar enopeveg v, — 0.

Tupvaye 1opa ota (i), (ii). H ouyxhion g ¢n,gn — , ouvenayetat ou 1 ¢p
glVal @PaypeEvT Kal eNOUEVES 1o lim a?™ eival Siagopo tou undevog (yati;) xat €101

1
=lima%¥ "% =1,

Smiady lim a% = lim a% yia xabe q), Ue q, = .

H napatpnon avt) anodeikvuel 1o (ii) xar Seiyver ou yia va Seifoupe 10 (i)
apkei va 1o dsifoupe yia pia ouykekpipevn akoroubia g, pe g, — .

Awakeyoupe pia ¢, avouoa, onote 1 a?™ eivar atouoa kat (enewdn yia napa-
detypa al» < am“) QPAypevT, apa ouykAivouoa. Mével va deifoupe 611 pnopou-
pe va Stare€oupe v g, avouoa. Iaipvoups eva pnio g1 pe x — 1 < q1 < x, €va
PO g2 > q1 pe . — 1/2 < ¢o < z x.0.x. To yeyovog ou o1 piyroi eival nukvoi otoug
TMPAYHATIKOUG OEIXVEL OTL UMOPOUNE va OYNUATIOOUPE pia t€tola akoioubia, 1 onoia
an6 1ov 1pono kataokeutg g Ba sival auiouoa (1 Sexadikn napdotaon wu T yla
napadetyua, divel aueoa pia t€toa akohoubia).

Eyxoupe homdv wwpa €va akpifr] opiopd 1ou oupforou a” xal ot ouvexela
fa pedetnooupe g 10TNES ToU, Kabws kat ahdeg ouvaptioeis (2%, log, ) mou
ouvdeovial pe v ouvaptnon a” nou ovoupaletal ekdetivn ue Basn a.

Iapatipnon 4.4.12 O tponog mou akorouboupe yia va opicoupe v a” eivar a-
vap@ofmita oAt xovia ot Siaobnuki) eikdva mou €xoupe oto pualo pag (av
Behape va Ppolpe 1o 27 = 2314159 Bq 10 mpooeyyiCape pe 22, 231, 23:14 93,141
23,1415 93,14159 ) 'napd ug kamoleg 1eXvikeg Suokohieg mou mapouotalet. Oa Sa-
OOUJE OTO EMOPEVO KEQAAALO EVAV «OIKOVOUIKOTEPO» TPOTO Oplopou pe 11 Porbeia
TOU OAOKATPOUATOG,

4.4% H exbeuxn ouvapinon a®, a > 0

O Bidtmieg a® T = a%a?, (a®)¥ = a®¥, a=% = 1/a®, (ab)® = a*b*, a > 0, 8 > 0,
z,y € R eival aueoeg ouveneieg tou optopou. a napadety pa,

(ab)® = lim(ab)? = lim(a® b%) = (lim a?)(lim b%") = a®b”

Omou ¢, pla akoioubia pmev pe ¢, — .
Ava=1,a" =1 yia oiata z xat av a < 1 1018
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pe 1/a > 1. Ta va peletnooupe Aomov GUVEYELT, TAPAY@YIOIUOTIA K.T.A., apkel
va e€etaooupe Vv nepintwon a > 1.
Ynobetoupe Aomov a > 1. Av x —y > 0 to1e unapyet akoroubia g, € Q, go € Q
UE ¢n > qo > 0 yia 0ka wa n, ®wote ¢, — = — y (yiati;) kat enopueEveg
a.’ﬂ
— =a""Y>a’ >1,
ay -
Smhadn n a® eivar at€ouoa av a > 1 (av a < 1 tote n a® eivar gbivouoa).
Y10V MPONYOUUEVO GUAAOYIONO Xprotponolnoape v povotovia g a?, y € R.
TTou ypnotponoindnke; Tlog anodeikvietat;

Ipotaon 4.4.13 H a” eivar svveyns sto R.

Anédeiln: Eoww x9 € R. Tlpénet va deifoupe lim a®, x — zg dnradn
lim(a® — a®°) = lima® (a®" " — 1) = a®° lim(a®"*° — 1) = 0,

yua & = zg. Apkei dowmov va deifoupe ou lima® = 1,2 — 0 (Sradn n ouveyela
yua z = 0 ouvenayetai ouveyela naviou!)

v apyn e napaypagou deifape ou ¢, — 0 ouvenayswat a?» — 1 (g, € Q).
Exoupe enopeveg a'/” — 1. Eoww twpa ¢ > 0. Oa unapyet ng € N dote 0 <
al/m7 — 1 < e xai enedn 1 a” eivar avfovoa

1 o
0<z< —=0<d*—-1<am —1<e.
No

Aeifape domov on lima® = 1 yua ¢ — 07 xay, enedn a™® = 1/a®, fa €xoupe

emiong lima®” =1 yia x — 07, dnradn lima” = 1, yia z — 0. O

Yxnua 4.12

Yo oxnua 4.12 gaivoviar (oxnuatka) ot nepuieoes a = 1/3,1/2,1,2,3.

Ipétaon 4.4.14 'H f(z) = a® evar magaywyisin 7o R.
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Anédderin: Tlapampoupe xat’ apyag ot

Enopéveg, av undpyet 1o limy, o (a” — 1)/h, Snhadi nnapaymyos e a® yua x = 0,
10Te UNAPYEL 1) Tapaywyog yia onowodnnote z kat wyuel (a®)’ = f'(0)a™, Snradn 1
Tapaywyos g a® ivat 1 idia 1 a* moAlaniaotaopev emi pia otabepa!
IMapatnpoupe xat apydag ou
a’hfl_lfah 7hah71

“h —ha* Y Th

kat a=* — 1, h — 0. Apkei enopéveg va deifoupe ou 1o limy, o+ (a® —1)/h
UNapyet.

Ioxupilopaote axoun ou apkei va napoupe h = 1/k, k = 1,2,..., Snhad
va Seifoupe ot N akoroubia k(al/’“ — 1) ouykdiver. Ag anodeifoupe mpota tov
1eEAEUTAIO 1O UPIOUO.

pagoupe yx = k(a'/* — 1) ondte Ba éyoupne

a = (1+yf)k
_ 1+yk+@(%)2+_._
1) (k— !
k(k—1) “(k I+1) (y?k) L
—1) (k= (k- k

I
—_
+
<
>~
+

|

o e
N
£l (-

H oyeon autn deixver ou 1 vy eivar gbivovoa. Tlpaypatuka av yia xamnowo k
elxape Y < Yr41 101€ Oa eiyape xai

— gt (1] LI B
a = Yk X 2 kyk

1 1Y
< 1+yk+1+5(1k—+1>yk+1+"'
1 1 kE—1
Sl Y TR IR (6 TR
i () ()
N 1 1 1 1 k
(k+1)! kE+1 k+1
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nou eival guotka atono. H y, sival Aomov @ivouca kal @payuevn npog ta Kate
(> 0) apa ouykhivet.

Ag Seifoupe 1opa, yia va ereidooupe myv anodeiln, ou (a — 1)/h ouyxiivel
yia h — 0F. Tpagoupe k = [1/h] ka1 éxoupe

1 1
a*+1 —1 a® —1 ar — 1

==
ol
—

Swunk <1/h<k+1,1

i ((k+1)(ak% —1)) <Pl k4l (k(a% _1)),

kE+1 h k
and omou eukoia énetal om 1 (a — 1)/h ouyxhiver, dtav b — 0%, O
O apibuég e

H nponyotupevn anddein nepiexel kat eva akoOpa evolaQePOV CUUTEPACUA: 1] AKO-
Aoubia (1 + %)k ouykAivel. Ilpaypatka

(o) =g (g e v [(08) ()

KAl EMOUEV®S
1+ 1" < |1+ ! o
k k+1

Smadn n (1 + ]E)k eival au€ouoa. Emiong
k
1 1 1
14 = 1414 — 4o a =
<+k> < Lbld gt
S P T A
2 22 2k
1
= 1+1+17W<3,

onote 1 akoroubia (1 + %)k g avfouoa kat gpayuevt ouykiiver. To lim (1 4+ %)k,
kabog k — oo, oupfoiriletal pe e xatl 10outal TPOCEYYIOTIKA UE

2,718281828459045235360287 . ..

Evag ailog xpnoipog timog yia 1ov aptpo e mpokumiel ano my avieotnia

141 k<1+1+1+ o
k) — 1 2 k!

Av dowmdv ypayoupe
1 1
bk:1+a+”.+ﬂ
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10te 1 by, Ba eivar avfouoa kar gpayuevn (idia anddeln onwg nptv) enopeves da
ouykAivel kat Ba £xoups:

<l 1 ! 1

Ano mv aiin pepid yia omotodnnote Quoiko m, av k > m, a €xoups:

1+1k>1+1+1+ (2] pom-1
k - 1 2! m! k k

Kal agnvovtag 10 k va Teivel 010 Aneipo,

L L,
e>ld ot t = b

H SuiAn avicowma b, < e < lim b, yia 6ha ta m deiyxvel 6u e = lim b,,,. Yuykev-
TPOVOUUE Ta TAPATAVE anoteAeopata os eva Bempnua:

Oeapnua 4.4.15 O akolovdies

1\* 1 1
ap = 1+E Ka1 bk:1—|—ﬂ—|—----|-T

ewar avlovees, ap < by, poayugves kay exovv o 1010 0010 Mov sUUBOANI(ETAL UE TO
yodupua e (~ 2,718281).

O apiBpog autodg eivarl pia and g onuaviikotepeg otabepeg mou epgavifovial
ota Mabnuatika. Eival eviiagepov va Sowooupe kal pia akopn mapaotaoct] tou e,
aut m gopd pe wa @hivouoa akoroubia. e = lim(1 + £)F+! xar n (1 + 1)k
¢oBiver. H oxeon e = lim(1 + %)’H‘l gival oxedov npoavrg:

! 1\* 1
(1.4_%) :(1-{—%) (1-{—%)—)6-1:6.

INa va deifoupe oun (1 + %)k“ eival gpbivouoa, npénel va deifoupe:

1+1 k+]< 1+ Ly
k k—-1)

viak=1,2,3,..., 3adn (k+ 1)1 (k—1)% < k21 3 (k2 - DR (k+1) < k20!

mn
1 k2 \" 1\
T4 (——) =(14——) .
+k<<k2—1> <+k2—1>

H te)eutaia avicotna anodeikvietal og e€ng:

1+ ! k—1+k ! +-->1+ i >1+1
K2-1) k2 —1 k2 —1 k’
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Eva apeoo nopiopa sival 1 mapakdim XPNoipTn aviootid:

1\ * 1\ B
1+ — Z 1+ — ,
(1) (o))
yiak=1,23,...

Mia wpaia egappoyn autg ug aviedtag eivar 1 (e*)’ = e*, dniadn n e*
ootutal pe 1 napaymyo tg! Ipaypauxa exoupe Seifel ou: (e*) = ce® onou
¢ =limk(e'/* —1). Ot avicotneg

1\ 1) k1
<1+E> <e< (14‘%)
Sivouv 1 < k(ex — 1) xat (k + 1)(ek+r1 —1) < B — 1 ar’ énou ouvayoupe:
limk(e'/* — 1) > 1 xat limk(e'/* — 1) < 1, Snhadn lim k(e'/* — 1) = 1.

H 1316uta autn pag odnyel va xpnotponoloUpe ouvifog v e kat oxt ug a®,
a # e. Otwav yua mapadetypa Aéue exbetikt) ouvapinon xwpig va avagepoupue faon,
fa evvooupe naviote v e”.

Yuyva smiong otn BifAloypagia YpnolponoloUpe 1§ ASyOUEVES UTEPBOAIKES OU-
VapTNoelg Ol OMOIEG £XOUV 1IO10TIIES MAPOUOIES UE AUTES TOV TPIY®VOUEIPIK@V OU-
vaptioswv (ot fempia 1ov piyadik@v ouvaptioewnv Ha pabete ou 1 oxgon autr
gival akoun mo otev)). Or ouvaptiosig auteg eivat:

T _ T

e’ —e
e unepPolrikd nuitovo: sinhx = — (N shz)
, . e +e "
e unepPolrikd ouvnuitovo: coshz = — (N chx)
et —e*
e unepPohrikt egantopevn: tanhz = —— (fthz).
pBoAicr) egantopgv o (thz)

Or unepforikeg ouvaptroeig opiCovial yia oda ta z € R. Idou o1 ypagikeg mapa-
OTA0EIS Kal PEPIKES 1810TES Toug (o1 amodeifelg eival amheg kat agrnvovial otov
avayveorn).

cosh?z — sinh?z = 1 sinh (—z) = —sinhz
cosh (—z) = coshz tanh 2 = sinh 2/ cosh
sinh 2z = 2sinh z coshz  (sinh )" = coshz
(coshz)' = sinhz (tanh z)" = 1/(cosh z)?

Keivoupe autn v napaypa@o pe €va anoteAeopua Alyo Sla@opetikou Xapaktipd.

O apiBudg e eivar appnrog.

Ipaypatka €0t Ou o e givat o pudog m/n, m,n € N. H oxgon

b1 1
p=ld gtk e
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sinhx

1 coshx

Yxnua 4.13

Hag AEyel 101

0< (14t gop =) =i L
= — 4.4+ —) = lim
n 1! n! k—=oco \ (n+ 1)! (n+k)!

1 axopn

1 1 1
= lim + + .-+
k—00 <n+1 (n+1)(n+2) (n+1)---(n+k)>
= lim gy,
onou
1 . 1
= m+1)--(ntk)

Aniadn o betikog aképatog apibuog

m 1 1
— [ — -1 — — — ... _
A n(n 1 1 n!>

gival 1o lim gy.
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TTapatnpoupe dumg ot

1 1 1 1
O<gr < §+T3+2_3+”+§

= 1+1+1<1+1+...+ 1>
2 6 8 2 2k—3

= 1+1+1<2 1><1+1+1 2
2 6 8 2k—2 2 6 8

1

12

Omnote 0 < A < 11/12 nou guoika eival arono.

Iapatipnon 4.4.16 ToyUet xau noAu oxupotepo. O e o1 povo dev eival pnrog,
Onradn dev eival piCa efiowong tng popens ax + b = 0 ue a,b axepaioug, arira
gival xat unepfatikog, dnAadt) Sev unapyel TOAUG@VUNO onotoudnnote Babpou ag +
a1x + - - + apx™ Pe aKEPAIOUS GUVIEAEGTEG TOU va €)1 oav pia pifa 1o e.

To onuavukd autd Bempnua anodeiytnke to 1872 ano 1o I'dddro pabnuauxo
Hermite xat Alyo apyotepa o Tsppavog pabnuaukog Lindemann, pe mapoupoia
pnebodo, €8e1fe 10 1810 anotéreopa yia 1o 7. To tedeutaio autd anot€deopa ival 10
kAeldi yia va Serytei ot «o kUkAog dev tetpaywviletal pe kavova kat Siafryn.

H MoyapiBuixi) cuvaptnon

Av a > 0 xat a # 1 tote 1 ouvaptnon a® ivat yvrola povotovi (at€ovoa av a > 1,
@bivouoa av a < 1). Eniong

lim o = 400, xai lim a® =0
Tr—00 Tr—r—00

av a > 1 xai
lim a® =0, «xat lim a® =+
T—r0Q0 T —r—00

ava < 1.
Or anodeifeig sival etikoAes. Ta mapadeiyna,

a®>a =1+ (@a=1)) > 14 [z](a—1) = +oc

owav & — +oo av a > 1.

Mia npogavng napaiiayrt tou Bemptuatog g evOIAUEOTS TIUTS Hag AEYEL Topa,
ou yia kabe y pe 0 < y < oo, unapyel akpifeg eva z (Sdu 1 ¢® eival yvijoa
povotovy)) wote o = y. To z autd Aéysiar hoyapifpog pe Baon a wou y kat
oupPoriCetart log, y.

H ouvapwon log, z, x > 0 eivat Aoumov 1 aviiotpon g a® mou eival oUVeEXTS
kal napayeyiowun. Eivat Aowov xai nlog, x cuveyrns kat napayeyioiunoto (0, +o0)
Kat yia myv napaywoyo g fa exoupe:
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(av z = a¥). To c givat 10 limy_,o(a® — 1) /h.
O 1diotneg g a” nou deifajle CUVENAYOVTAL AUECA OTIG YVROTES IOOTIIES T@V
Aoyapifpwv:

(i) log,(zy) =log, = + log, y, don

a'08a T Hl08. Y — glog, zglogy — 4y — gloga (29)

(ii) log,a =1,

(iii) log, 1 =0,

)
)

(iv) limyyoolog, z = 400 av a > 1,

(v) lim,_,g+ log, 2 = —oc av a > 1 (u yiverar av a < 1;),
)

vi) log, a¥ = ylog x, 161 a¥'%8: % = (¢'°8. T)¥ = 4¥,
a . a b

EWika av a = e ypagouye logz avt log, = (1 xat Inz) xar ovopaloupe auto 1o
Aoyapifuo @uoiko 1 Nenepeio (av a = 10 ovopaletat dexadikdg 1 Aoyapibuog tou
Briggs).

Yrnapyetl pia oAU amin oxeon petalt Aoyapibpmv g npog dagopeg faceig. Av
yia napadetypa a > 0,b > 0 1618: a = b8 @ ka1 enopévag av log, = =y (z > 0),
1018 a¥ = x, dnhadi bY1°8: @ =z ondte log, z = (log, a)(log, 7).

Ano 1 oxéon a® = €®1°8® ynopoupe elikoia va Ppoupe pia aAAT pop@t) TG
otabepag ¢, mou epgaviletal oy napaywyo g a*. Mpayuauka, fprxape (a*) =
ca®. Ano mv aan pepa (@) = (e*1°89) = log,(e*!1°8?) = (loga)a® Snradn
c =loga.

Mmnopoupe Aowmdv wpa va ypayoupe (yia a > 0) (a”)' = (loga)a®, (e*) = e*
yia —oo < x < +00,

11
~logax

(log, =)' kat  (logz) =

8=

yia z > 0.
Xpnowpo eivar emiong va napatprooupe ou (log|z|)’ = 1/z yia 6da a z # 0.
Ta z > 0 1o €xoupe 1o deifet. Av x > 0 1018

1

(105 )’ = (log(~2))' = —— = =

H ypagixn napactaon g log |z| @aivetar oto oxnua 4.14.

H cuvapmon z®, 2 > 0,b € R

‘Exoupe 1191 opioet 1o oupforo zb kar pnopoUne va avayoupe tn peAET g ouvAap-
mong autng ot ueretn g log x napampaviag otu:

.’I,‘b — eblogm
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log |z|

Yxnua 4.14

Snhadn n 2b eivat olvleon 1V yvwotev mAgov ouvaptiosnv e® kat blog z. Eyoupe
yia napadetypa on yia b > 0 n zb eivar at€ouvoa, teiver 610 +00 yia £ — 400 Kat
oto undev yia & = 0. Av b < 0 1618 11 2° eivar ghivousa xar teiver oto 0 otav
r — 400, ka1 010 400 OV  — 0.

H napaymyog g 2P eivat autr akpiog mou nepipévoupe, dnradi bz~ 1. Tpay-
Hatika,

1 1
aP) = (ePlos®Y = p=(ePlog ™) = p_gb = pgpbt
(z7) = (e ) m(? ) o T

Snhadi yia onoodimote b € R woyvet (2°) = bx®~! yia z > 0.

O1 avTioTpog@eg TPLYDVOUETPIKES KAl Ol avIioTpo@es UepBolikeg ouvaptnosig

To00 o1 IPIY®VOUETPIKES GO0 Kal ot UTEPPOAIKES CUVAPTNOELS Eival Yviiola LOVOTo-
VEG O£ KAMola daoTnuata Kal ENOUEVES £X0UV avIioTpOPeS 6° autd.

(i) sinz, —7/2 < z < 7/2. S0 Sidomua auto N sin z eiva yvnola atouvoa, £xet
ENOUEV®G aviiotpogo, v onoia fa cupforiCoune pue Arcsinz 1 (to€nuz). H
Arcsin z opiCetal 610 Saotnpa

[1,1] = [sin <77T> ,sin (g)} ,

ouvexng oto [—1, 1] xat napaywyioiun oto (—1,1).

H ypagixn napaotaon g Arcsin z, Onmg £XOUUE AvAQEPEL, TPOKUTITEL ATO T1]
YPAQIKT TAPAcTAoT] TS Sin 2 e KATOMIPIOUO ®F TPOS T1] SIYOTOUO Y = .

Av zg € (—1,1) ka1 g = sinyo, yia —7/2 < yo < 7/2, 101€ yvwpiCoupne

OoTL:

1 1 1
(Arcsin z)/ = = =

=0 (sin y);I:y0 cosyo V1 — 22

Sot cosyo > 0 yia yg € (—7/2,7/2).
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Yxnua 4.15

Y10 onueio 1 1 mapaymyog ano apiotepd g Arcsin z, Onwg avapevetal Kat ye-
@UETPIKA, eival +oo. Yinv avartuén g fempiag yia povotoveg ouvaptnoeig
dev efetaoape MV MEPIMI®OTN MAEUPIK®OV MAPAY@Y®V. TOG0 01 SlaTUI®OELS
000 Kat o1 anodeifeig eival mpo@aveig TapaiAayeg g NEPINI®OTS E0MTEPTKOU
omnueiou.

Ag Seifoupe Aowmdv an’ subeiag ou (Arcsinz) - = +00.

i
z=1

Eotw M > 0. Eneidn (sinz)),_, = coszg = 0, Ba unapxer § > 0 oote

™ 5 < <7r=>Sina:—1<1
- — T < = _— < —,
2 2 .7:7% M-

Onhadr)

™

T
cosd <sinz<l=>-—2_ > M
sinz — 1

T'pagoviag sin z = y, €({OUUE AOUTOV:

Arcsiny — 3

cosd<y<l=
y—1

> M,

10 omoio Seixver ot D~ Arcsinz[,—» = +00. Opota Seiyvetat 6u 1 napa-
yoyog ano de1a oto £ = —1 eival mait +oo.

Iapatipnon 4.4.17 'Eva @uolodoyiko sp@tnua sival yiati TEPIOPIcape v
ouvaptnon sinz oto diaomua [—7/2,7/2] xar ox1 oe dAka dwaotnuata, yia

napadeiyya, [7/2,3m/2], onou ndh 1 sin z eivar povotov.
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(i)

(iif)

Agv umapyel xat apynv ka-

velg Aoyog yiU autd. Xe Kka-

fe Swaomua g poperg [kt — Arcysin
w/2,kn + ©/2], yia k € Z,
1 sinz sivar yvhola Hovoto-
v (at€ouoca yia k Cuyo xar  Arcisin
obivousa yia k povo) xat e I
mopevwg fa €xel kal avtiotpo- Arcosin 1
o1 Arcgsin, yviola povotovr, i
ouvexn oo (—1,1) pe upeg
ow [kr — w/2,kn + 7/2] xa1
pe mapayoyo: (Arcgsinz) =
(_1):@\/#7 yia z € (—1,1).
O napayoviag (—1)* Sixatoro-
yeital ano myv e£1¢ mapatrpnon:

Arc_1sin

Yxpa 4.16

Arcopsing = 2km + Arcgsine = 2km + arcsinz

Kai
Arcopyising = 2(k 4+ 1)m — Arcgsinz = (2k + 1)7 — arcsin .

XpnolUonmoloU e PEPIKES QOPES 1o oUpPoAro arcsinz yia va mapactnooupe
HE TNV «TASIOTIUT OUVAPTNOT» TOU 0t KAabe  aviiotolyel T¢ Amelpeg TIPES
Arcgsinz, yia k € Z. O axpifn)g oplopdg xat 1 PEAET] @V TASIOTIU®V OU-
vaptoe®v dev Ba pag anacyoinoet edw. O kAadog 1wv Mabnpaukev otov
OMOI0 PUOIOAOYIKA aVTKEL autn 1] peA€tn, sival 1 fempeia 1@V pryadikov ou-
vapinoe®v. Ava@epoupe povaya ot ol ouvaptioels Arcgsinz mou opicape
Aeyovial kAadot g MAEIOTI UG ouvdaptnong arcsin z kat 1 Arcsin z npoteimv
KAadog.

Avaloyesg mapatnprnoeig 10YUOUV Kal yid Ti¢ aviioTpoOQes T®V COSE, tanx,
aiia fa tg mapareiyoups.

cosz, 0 < x < 7. Y10 Siaotmpua auto 1 cosx eival yviola @bivouoa €yst
EMOUEVEE avTioTpogo v omnoia fa oupforifoupe pe Arccosz. Av 0 <z <«
e —7/2<7/2— 2 <7/2xary = cosx av xat povo av y = sin(n/2 — x).
Yuvayoupe ot Arccosz = 7/2 — Arcsin z xal eENOUEVES
ﬁ ouav —l<zx <1
(Arccosz)' =
—o0 owav z = —1 11 (Meupikn) tapaymyog).

tanz, —7w/2 < x < 7/2. H Arctan opiCetai 6to —oo0 < z < 00, eivat atfouoa
Kal €£XEl TAPAywyo:

—1 -2 2

1 +

(Arctanz) = < 5 > = (W) = (1+tan?y)™!
cos? y cos? y
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—Arccosz

Yxnua 4.17

omou x = tany dnradn (Arctanz)’ = 1/(1 + z%) yia —oo < x < 0.

Ta ug aviolpogeg @V U-
mepPfoAlK@V oUVAPTIOE@DV OEV
yxpetalopaote vea oupfora—
unopoupe va tg exkgpaloupe
pe 1 Ponbeia g ouvapinong
i ; log. (To id0 1w0YUel ka1 yia 1g
—r/2 : - /2 AVTIOTPOYES  TPIY@VOUETPIKES

:' OUVAPTIOELS, UE  KATAAATAT
EMEKTAON TG  OUVAPTNOTNS
logz, yia wyadika z, onwg

¥ pag didaokel 1 Becwpia aplbpev

10V Uyadik®@v ouvaptioEav).

. Syt 4.18 , , , i

(iv) coshz, x > 0. Y10 ]glaon]pa auto 1 cosh z eivar yvnowa atouvoa, cosh( =
1, lim, 4o coshz = 400, KAl ENOUEVHG UTAPYEL T AVIIOTPOQT] 1S ¢ OTO
Swaotua [0,00). Av z > 0 kat coshy = z 101e (¥ +e7¥)/2 = z, dnhadn
(e¥)? — 2z(e¥) + 1 = 0, an’ omou énetal ou e¥ = x + Va2 — 1 dnhadn
y = log(z + V22 — 1) (yiau anoxleioape ) piCa z — Va2 — 1;).

Bprxape Aowmov ou 1 aviiotpo@n g cosh z, z > 0, eivai nlog(z + Va2 — 1).
Xpnowponoteital naviwg ot Piproypagia, kat’ avadoyiav npog v Arccos
xat 1o otipforo Arccosh. Tpagoupe Snradn Arccoshz = log(z + vVz2 — 1)
yaa xz > 1.

(v) sinhz yia —oc < z < oo0. Me 1ov 1010 pdno akpifeg Ppiokoupe ou 1
avtiotpogn ouvaptot, nou oupforiCoupe Arcsinh, sivar nlog(z ++vx2 + 1).

(vi) tanhz yia —oco < z < oco. Hapopowa ndki, 11 aviiotpoen cupforiletar pe

Arctanh z xat eivai 1) %log }fﬁ

Eite pe 10 fe@pnua napay®ylong aviiorpo@ou ouvAaptnong Kat amAeg 1010TIIeg
1@V unepfolik@v cuvaptnoemv eite an’ subeiag fpiokoups sukoia TIg TAPAY@YOUS
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. sinhx Arctanhx

Arcsinhz

. coshz

Arccoshx

Yxnua 4.19

1OV avToTPOQ®V UTEPBOAIK®V OUVAPTNOE®V:

(Arccoshz)' = —, z > 1,

(Arcsinhz) = ———, —oc0 <z < o0,

(Arctanh z)' = -l<z<u.

1
1— a2’

O1 ypa@ikeg Napactaoelg 1@V avioTpOP®V UNEPBOAIK®V GUVAPTNOEDV Qaivov-
1at oto oxnua 4.19.

4.4’ 01 otoye1®Be1g oUVAPTNOELS

Ag avaokonnoou e TI§ OUVAPTNOELS TOU PHeAETNoape pexpt t@pa. Eival ta noAucovu-
1a Kal o1 PIIEg GUVAPTIOELS, Ol TPLYOVOUETPIKES KAl Ol avTOTPOPES TOUS, Ol Utepfo-
AIKEQ KAl Ol avIioTPOPES TOUS, Ol OUVANELS PE Tpaypatiko ekfern, o1 exbetikég kat ot
avtiotpo@es toug Aoyapifuikeg. O1 ouvaptnoelg auteg Aeyovial Basikes sTorxendders
6VVa0TNEELS KAl ouvaptnoslg mou kataokeualovial and auteg PE TS OTOLXEIROEIS
adyefpikeg npaeig (Sev Ba dwooupe axpifr) opilopd) Ayovial otoie1@dels. L1ov
EMOUEVO Tivaka ouvoyiCoupe TOUg TUTOUG TOU £XOULE BPel Yia TI§ TApay@yous v
Bacik®@V GTOIXEIOO®V GUVAPTTOE®V. L UEPIKES MEPUTTOOELS Ol oUVapPToelg opilov-
101 Kal 0Ta AKPa 10V dlAcTUATEV ToU anoteAouv 1o nedio opiopou. ['a napadsty pa
nz®, av a > 0 unopei va opiotei xat yia ¢ = 0 (0* = 0) xat padiora av a > 0, tote
UNApyel 1 napaymyog g ano dedia oto 0 xat wovtar pe 0, av @ > 1 kat pe 1 av
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a=1(av 0 < a <11 napayeyos anod defia oto 0 eivar +00. Oa agnooupe otov

Avayveotl) v SEpeUvIon aUI®V TV TEPITTHOOERV.

Yuvapmon f(z) I1edio opiopou Iapaymyog
¢ (otabepa) —o0 < x < 00 0
2", n=12,... —x <z <00 nx" !
",n=-1-2,... £0 nx" !
2% a € R, z>0 az® !
a®,a >0, —o0 < x < 00 (log a)a™
e, —oo < x <00 e’
log,z,a>0,a#1 x>0
log || z#0 1
sin(z) —00 <z <0 cos(z)
cos(x) —o0 <z <00 — sin(z)
tan(z) —oo <z < 00, COS%(”) =1+ tan’(z)
4 Qk+1)I ke,
sinh(z) —o0 <z <00 cosh(zx)
cosh(z) —00 <z <0 sinh(z)
tanh(z) —o0 <z <00 mshlg(m) =1 — tanh®(z)
Arcsin(z) -l<z<l1 1171362
Arccos(z) -l<z<l1 o
Arctan(z) -0 <z <00 14—1.12
Arcsinh(z) —00 <z <0 \/ﬁ
Arccosh(z) z>1 \/712771
Arctanh(z) -l<z<1 —

H napayoyion 1@v o101(s1@d@v oUvapIos®yv ival topa OOUAELd pouTivag.
Y10v enopevo mivaka SivOUPE pepika mapadesiypata, ta omoia fa pag ypeiactouv

010 EMOUEVO KEQPAAALO.

Yuvapton [edio Opiopou apaywyog
Vaz? +br + ¢ az? +br +c>0 T F;%:bbm+c
log(z +. Va2 + z?) —oo < <0 Ve
Arcsinh(1/xz) z>1 —
log | tan(3)| zreRz #kmkel e
|z|® z#0 az|z|*?
] Arcsin(Z) lz] < a \/{ﬁ%ﬁ
2 (Arcsin(2) + (&Va2 — 22)) |z] < a a? — x?

TToAU ouxva cuvavidape emiong GUVAPTNOEIS TOU £X0UV TEDI0 OPIoPoU €va did-
OTNUA €KTOS ANO MEMEPACUEVO TATIHOC ONUEI®V TOU KAl GUUTINITOUV UE Ui OTOTYEI@OT]
ouvapton oe kabe €va and ta unodiactrpata ota onoia ta onueia avtda YepiCouv
10 apyiko dwaotnua. H ouvapinon log |z| yia napadetypa gival t€tolag poperg. Xta
AKpa 1@V UNOSIaCINUAT®Y 1) CURIEPIQOPA NG ouvaptnong (av eival ouveyng, av
£XEL Tapaywyo, av eival ouveyns and defia 1 and aplotepd) mokilel.
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4.4 OPIZMENA BAXIKA OEQPHMATA TIA IAPATQIISIMES LYNAPTHSEIS

Avti va mepiypayoups e€aviinuka a=2,-1
AUTEG TIG TMEPUTTIMOELS, TO ONOlo gival a-
mha Bepa poutivag, Ba dwooupe eva tu- 1
KO Mapadelypa:
B
0 z=<0
fz)=< 2% >0 a>0,beRrR
b =0
Yxtpa 4.20

Mapampevtag 6u lim,_,g- f(z) = 0 ouunepaivouue ot av b # 0 1 ouvapton
pag Sev eival ouveyng and apiotepd apa oUte Kav oUVEXT.

Av a # 0 1o1e lim, o+ f(z) = 0 xa1 enopéveg nah oty nepimtwon b = 0, 1
ouvaptnoT ival ouveyng kat ano dedla apa cuveyrng oto 0.

Av a = 0, 1018 lim, _, g+ 2° = 1 xa1 enopéveg 1 oUVApINON SeV sival cuveyTs.
Ta b = 1 sivat ouveyng ano delia.

Ag e€etaooupe twpa v Unapén napaymywov ano dsfia kat apiotepa oto 0. Av
b# 0101 D™ f(0) =4ooyuab>0xat D f(0) = —occ yua b <0

fla)—f0) b

= — = +oc,z 0,
z—0 T

avb>0kal—%—>—oo,x—>0’ av b < 0.
Av b =01t D~ f(0) =1 (repippévo). Av b =0 kat a # 0, t01e

DY f(0) =az*" [,—o=0yiaa>1

Kai
DTf(0) = 40 yia a < 1,

agou
x) — f(0 x®
fla) — 1) =T gl oo,z = 0T, yaa < 1.
xz—0 T

Bhénoupe Aomodv ou yia b= 0 xata > 1, 1 f(z) eivat ox1 povo ouveyngs addra kat
napaywyioiun oto 0. Te@uetpikd €npens va 10 TEPIPEVOUNE AUTO, ylati poOvo yid
a > 1 1o ypagnua g f(x), z > 0, epantetar tou afova 1@v .

‘Ooo peyaiiepog yivetal o ekbeng a 1000 «kailteprp yivetal 1 oUupnePIQopa
g ouvapmong oto 0. ( «kordave» kaiutepa ta dUo koppaua g f.) Av yua
napadetypa a > 2 101€ Quoikd a > 1 ka1 €101 £youne Tp®tn tapaymyo f':

] _ 0 z <0
f(ﬁ?){ (],.’17"‘71 z>0

Onradn
0 z <0
’ _ . _ >~
f (T) - (],g(.’li), Onou (}(’I‘) - { wafl z > 0
Enedia > 2,a—1> 1, apa xai n g €xel napayeyo (kat oto 0) xat €wot kat n f

£Xel OEUTEPT] MAPAY®YO.
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4. TAPATQIOI

H xatavonon mg aning autng teXvikng pag entipenel va opiCoupe ouvaptnoeig
TOU 1KAVOMOIOUV OPLOUEVES Mpodlayeypapupueves ouvinkes. Idou €éva mapadsiypa
£vOg TUmou poPAtjuatog mou spgavietat ouyva:

IpéBAnua: Bpeite pa suvaptnon f(z) —oco < x < 0o, 11 onoia va eivai otabepa
ion pe 1 yua z < 0, va woutat pe €va noAue@vupo Babpot 3 yia z > 0 kat va sival
SU0 QOPES MAPAY@YIOLUT).

Me tov 0po duo @opeg napaymyioun evvoolpe ou Pefaia du unapyet 1 (kat
givat nenepaopevn) 1 f"(z) yia Ora wa .

H xataokeur) pag t€toiag ouvapmong f eivat eikodn. Av f(z) = ag + a1z +
asz? + azx®, x > 0, 101e Ba MpEMEL va 1GYXUOUV 01 160TITES

f(0)=1, f'(0) = f"(0) =0 (yati; )

Onhadn
ag = 17(10 = 2@2 = 0,

OTOTE 1] CUVAPTTOT]
1 z <0

yia napadetypa givar pia Aot tou npofAnuatog (Bpeite 0ieg 11g Alioeig tou npofir-
Hatog).

Ot oUVaPTIOELS TTIOU AVACKOMTOAYE G aull TV Tapaypag@o €ival Quolka amo
1g mo ouvnbioueveg. Iavimg mpenel va tovicoupe Ol MOAU OUXVA, akOun kat
oe amAd npofAnuata, xpsialopacte kal AAAeg ouvaptnoels. Xapakinplotuko sivat
10 MapAadelya ToU anAol eKKPEPOUS, 1] UEAET] TOU ONMOIOU OONYEL 0TI AEYOUEVES
EANEITTIKES 6UVAOTNEES. ATOOEIKVUETAL OTL 01 GUVAPTIOEIS AUTEG OEV £IVAL OTOLYEI®-
Seig (1 anodeiln dev eivar eukoln kait dev Ba pag anacyoAnoet). Oa enaverfboupe
010 MAPAdEIY A AUTO OTO EMOUEVO KEPAAALO.

Aoxriosi.

1 v napaypago 4.2.1 ;; agnoape avanddelkio 10v 10Xuplopd «Metall tov
ouvaptioemv x(t) —oo < t < oo, o1 onoieg €xouv B-napaywyo povov 1 cos(kt)
wavonotel v eiowon z'(t) + kz(t) = 0 xai ug ouvbrxeg z(0) = 1, z'(0) = 0»

4.5 Aoxnoeig

1. O o uplopog autog eival oUvenEela evog Yevikol Bemptipatog 1ov Slagopikov
eflomoemV aAAd pnopeite va tov deifete katl pe 1a peoa mou dabetete topa.

(a') Tpayie z(t) = coskt + y(t) xar Seifte ka1 ou 1 y(t) wavonoei mv
gliowon y" (t) + k*y(t) = 0, —00 < t < oo, kat ug ouvlrkes y(0) =
y'(0) = 0.

(B") Asi&te ou 1 eliowon x”'(t) + k2xz(t) = 0, —co < t < oo, ouvendyetal
Ot 1) oUVapTnoN (m’(t))z + k2 (a:(t))2 etvat otabepa.

(y') Xuvduaote ta (a') xar (§') yia va oupninpmoete mv anodeifr).

(8) Tioag BupiCer and mv unyavikn 1o (§') pouua;
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=~

(@1

(=]

(a') Av nouvapwoen f eivai ouveyrg oto [a, ], napaywyioun oto (a, §) xat
unapyet 1o opto lim, ., f'(x) 1o1€ Undpyet kat 1 D7 f(a) xat 10ovtat pe
10 OPLO AUTO.

(B") Aei&e ou 1 unobeon ou unapyet to lim,_,,+ f'(z) Sev unopei va napa-
Anglei (Snradi Bpeite éva napaderypa onou 1 DT f(a) Sev umdpyet 10
limm—)a+ fI(T))

(a') Touwa eival 1 yeouetpiki} onuaoia mg oxéons f'(zo) = +00, xy eomte-
p1ko onpeio tou nediou opiopou g f; Tda gpemnon yia 10 —oc.

(B') Kataokeudote pia ouvapinon f(z), a < x < § wote DT f(zo) = +o0,
D~ f(xo) = —o0 yia xanoio g € (a, B).

. Av f(2), g(x) sival modvevupa, f(z) = (z — a)kfg(x), k € N, xat g(a) # 0
1018 10 k Aéyerar modhamiduna e piCag a tou f(z). Aeifre ou pa piCa
oM amhotrag k > 1 eivat pia piCa tou fE—1 (z).

. Aeifie ou (f x )W) (z) = ZI;:O A x)g" M (x) onou fO)(z) onuaiver f(z)
Kat ol ouvaptnoelg f kal g unotifetal napay®@yiolpeg 10UAAYI0TOV k QOPES.

. Eowo f(z), @ < z < oo, wa ouvapinon kat A, B € R. H eubeia y = Az + B
Agyetal aoUum®iog, yla £ — oo wu ypagenuatog s f av lim, . {f(z) —
(Az + B)} =0.

(a') Bpeite mv acUumieot) tou ypagnuatog piag av unapyet ug f(z) =

V2 + 1,z > 0.
(B") Opiote kata avaloyiav aCUUNIEIES yla & — — 00 Kal d®ote Tapadetyua.

(y') Iote n eubeia z = A Ba Aéyetar aotpmiet ou ypagrnuatog piag f;
Ipoteivete evav opiopo nou va ouvenayetat otz = 0 eival actipnto
g f(z) = 1/z xa1 fpeite g aotuniwieg g tan .

(8') Bpeite 11¢ Tapay®@yous 1@V GUVaPTOE®V:
651"2””, T € R, (logaz)(logz)z7 >0, 2% x>0 =z z>0.

(e") Aiverar ou n ouvapmon f eival acuveyng oto z = 0 xai ou 1 ¢'(0) dev
UTIAPYEL.
i. Eivai owortr) 1 oyt 1 npotaon: «H f + g eivar acuveyng oto z = 0»;
Av eival owotn dwote anddeiln, av Ox1 dwote avimapadelyua.
ii. Me g idieg npoiinobeoeis, idia epmtnon yia mv npdraon: «H (fg)’
dev unapyet oto x = O».
(ov') H f eivar napayeyiowun oto (0, 00) kat lim, o f'(z) = 0. Aceife ou
lim, ,o{f(z+1)— f(z —1)} =0.
(C') Bpeite 1 egamtopéves g napafoing y = z? + 1 mou mepvave amd
mv apxn (0,0). TTou t€uvel tov afova t@v 1 €QamtopevT g idlag
kaunuAng oto onueio (1,2);
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()
(6)

(8")

‘Eoww ou ta (z,,0), (0,y,) eival ta onueia TOpng 10V EQATTOUEVEOV TNG

y = 2 ota onueia (n,n?), n € N. Bpeite 1a opa lim z,,, lim y,,.

Aeifte 10Ug WNOUG 10V Mvakmv (cerida 82).

Bpeite 10 peyalitepo Siaotnua g popeng (—a, a) pe v douna: «H
ouvapton f(z) = (sinz)(cosx) €xer aviioogn oto (—a, a)». Bpeite
MV aviopon g f xat iy napaywoyo .

Ynobetoupe du ot ouvaptnoeig fi(z), . .., fn(x) €xouv napaymyoug tou-
Adayiotov n ta€ng os €va didomua (o ,B). T'pagoupe

filz) o fa(z)

file) .o fu(@)

(6mou gV @) snuaiver mv A 1aéng napaywyo g g). Aceite ou

Hlz) o fal
fite) .. S,

dw .

S T R e 1o
A% . f@)

Mapatpnon: H opiCouoa W (z) Aéyetat opiCouvoa tou Wronski xat £yet
e@appoyeg ot fempia 1ov Siagopikav e£10MOE@V.
Awote napadeiypata (Ue OUYKEKPIPEVO TUMO—OXL AMAG UE YPAQPIKES
IAPAGTACELS) GTOLXEINO@V OUVAPTINOE®V (TOAUGVULA, IPIY®VOUETPIKEG,
exbeukes, ... ) f, g, h, ¢ wote

i f(= )—0 f2)=1,f(1)>0

i g(=1)=0,9(2)=1,4'(1) <0.

ii. h(k) =0, k €Z,|h(x)] <1/2, 2 € R, h(1/2) #0.

iv. ¢(0) =0, ¢(3) =1, ¢'(1) = 0 xa1 1 ¢ eivar yvrioa avouvoa oto

[0, 3].
i. Bpsite, 6nou unapyouv, Ti¢ TApdy®@yous T@V oUVAPTNOEDV:
r—1 1+2 1 T
, arccot , lo {tanh (tan —) } .
r+1 1z’ & )

ii. Bpeite 11¢ ' napay®youg 1@V ouvaptnoE®v:

et log z, e** sin (31 + %) .

(18) Acite 1oug wmoug:
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i. cosh(x + y) = coshz coshy + sinh z sinh g,
ii. sinh(2z) = 2sinh z cosh z,
iii. tanh(2z) = amg
iv. (-2 + 55 sinh(4az))' = (sinh z cosh z)2.
(1€") Av f(z) = (z—1)(z —2)(z — 3)(z —4), 101e 1 f'(x) €xer akpifmg TpeIg
dtagopetikeg npaypatkeg pileg.
(o) Acite ou n efiowon e* = 1+ x £xet akpifog pia npaypauki piCa. HMowa;
(1C') Aei&ie 10 Seltepo uepog tou Bewpruatog 4.4.8 (oerida 63).

() Aivetar 1

1 1
FOEAR TS

Aceifte ou 1 B, ouykdivel oe evav appnro apifpo.

(10) i Aeifie ou 1 efiowon tanz = x exel aneipeg piCeg kal paiiota
axpifeg pia og xabe Sraotnpa g poperg Iy = (kn—7 /2, kn+7/2)
ya k €Z.

ii. I'pagoupe ay yia 1 piCa oto daotnua I, £ = 1,2,.... Bpsite,
av unapyet, 1o lim(ag+1 — ag) xar Soote ye@UeTpIKT epunveia tou
AMOTEAEGUATOS GG,

(x') Eva xwviio M xaveital wotayes and 10 A npog to O pe tayutma
1m/sec. H axiiva OA tou xUxdou sivar 1m. Yy 8eon B fpioketat
Hia @etevt) mnyn kat (ieitat 1 tayutqta mg okiag N tou onusiou M
nave oy nepigepeta (deg oyxnua 4.21).

A
N
/2
B
0
Sxnua 4.21

(ka') Aeifte 10 napakai® xprnoipo Bempnua: «Av 1 f gival ouvexng kat po-
votovn og €va daotnua I, 101e 1 glkoOva peow g f omoloudnnote
Swaotnuatog j C I eival eniong eva Siaotnua».
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KE®PAANAIO

To OAOKAHPOMA RIEMANN

O ane1pootikog Aoy1opog AEYETAL OUXVA «OlAQOPIKOS KAl OAOKATP®TIKOG AOYIOUOS».
O opog dragopior, yia ouvaptnioelg piag petafAntng, eival tautdonpuog He ToV 0po
napaywyiowpn (BAene napaypago 4.2). H «ohoxAnpworn», €va pepog nou g onoiag
fa peletnooups ot ouveyeld, SIKAIOAOYEL TOV OPO OAOKANP®TIKOS Aoylopog. Ot
apyeg e «oAokAMpwong» avayoviat ot pgbodo g «efaviinong» mou xpnoipo-
nolovioav ot apyaiol yia v gUpeot] OyK®@v kKal epfad@v. 1o €pyo yia mapadstypa
ToU ApYundn «Ie1pay@vicpos g napafoAng», Tou ava@epaps Kal Iponyoupusva,
avantiooovial pe favpaotr) akpifeia o1 facikeg EVVOIES TG OAOKATPROT.

Ytoug pabnpatikoug tng avayevvnorng, 0ikotepa oto Newton, ogeiloupe v
ouvdeon petall napayoylong kat odokAnpmons. To ovoua tou peyarou I'eppavou
pabnuaukou Riemann (pg€oa dekatou evatou aiwva) undpyet otov titdo, ylati u-
napyouv dia@opeg Bempieg 0ok ATpwong, kat autr nou Ba pag anacyoAnost oQsirete
Baoka og autov.

5.1 To npoPfAnua tou epPadots

5.1’ H peBodog g efaviinong

Q¢ gpPadov evog emnedou oxnuatog A fBewpolipye 10v apipo nou mpokumtel otav
ouykpivoupe 10 A pe €va tepaymvo misupag 1. Kat' apyag dnradn anodidoupe
eufadov 1 oe autd 1o tepaywvo (eite MEPIEXEL EITE OX1 TIG TAEUPES TOU) KAl ANOdE-
XOUAOTE Ot 1] EVEOT] dUO 1] TEPICOOTEPEYV anA®v oxnuatev (opfoyevia, piyeva,
moAUy®Va,. . . ) «pue EEva eowtepika» gival 1o abpolopa v epfadov v avuotoi-
xov oxnuatov. Etor odnyotpacte eikola otov tumno yia 1o epfadov opboywviov
L€ PIES TAEUPES.

H nepintwon twyaiou opboymviou avayetal 0° autnv, av IPOCEYYIOOUUE TI TAEU-
PEG UE PIIOUS, Yid MAPAdEIY A UE MId MEMEPAOUEVT] OeKadIKT] mapaotdaot toug. Me
g¢va amho texvaopa Ppiokoupe emiong tov twno yia 1o epfadov piyovou (fAéne
oxnua 5.1).



5. To OAOKAHPOMA RIEMANN

1x1

fa

=
+
=

2 =f,
(517)1) + %(62712) = %ﬂv.

N =

Yxnua 5.1

H nepintoon tou kUkAou sivat tumikt] g pebodou g e€aviinong. Ag eivar a 1)
aktiva tou KUkAou, v, 1o UYog Kal g, 1] TAEU-
PA KAVOVIKOU MOAUY®@VOU pe 2™ MAEUPES eyYeE-
ypaupévou otov kUkro. Onmg gaivetal eikora
ano 10 oxnua, av F eivatl 1o spfadov tou ku-
KAOU TOTE:

1 1
2”51)”9” <E<2" <§vngn + (o — vn)gn> )
H axoloubia %2”1)” 0n €lVal mpo@aveg avéovoa
(10 toAUy®vo pe 2n+ 1 mheupég Ba nepieyer emi
mieov 2" 1piyova g popens ABI'A) gpacoe-
tat ano w F.

Yxnua 5.2

Anod mv aiin pepia
1 n n
0<E—§2 Unon < 2™ (@ —vp)on = (@ —vy) $p < (@ —vy) s

OTOU S, MEPIPUETPOS TOU MOAUYRVOU KAl § MEPIPEPELA TOU KUKAOU. TTpogavmg Opwmg
(¢ —v,) = 0, onote
%vn (2"0,) = %vnsn — F,
yian — oo. [lapampeviag i@pa o1t 10 v, GUYKAIVEL GTO @ KAl 10 S, 010 S (av BErete
€101 0piCOULE 10 UTKOG NG MEPIPEPELAG), PTAVOULE 010 oupnepacua B = as/2.
duoika Ba Mrav pataio va emvosi kaveig kat and pia pebodo yia kabe oxnua.
Ta 1a ocuvnbiopéva yempeipika oxnpuata sukoia fAénst xaveig, ot Ha apxovos va
€xel pia yevikn pebodo yia va Ppioxet epfada «kdatm» and 10 ypaenua piag fstikrng
epaypevng ouvaptnong f. To epfadov tou apiotepd oxnuatog yia napadetypa sivat
abpoopa mevie spfadov oxNUAtEV TET0ag HopenS. Me 10V 0po «kda1® amd 1o
ypagnua piag betukng f» evvoolpe 10 oUvoro

{(ry) s a<e<fra0<y<f(@)}
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W

Yxnua 5.3

To oupforo nou fa ypnoiponoloUpe yi' autod 1o spfadov Ba sival fﬁa f(t) dt xat
fa 1o ovopaloupe opiopévo orokimnpeua g f oto daotua [a, 5]. To otpforo
autd fa 10 opicoupE PE TPOMO TOU va £XEl VOT|UA Kal yia Ox1 avaykaotka fetikeg
ouvaptnoets. Aev fa opifetal Opmg yia 0Aeg 11g ouvaptiosis. Exeiveg yia tig onoieg
opiCetal Ba Aeyoviar Riemann-olokAnpmotjies.

TTpwv Eexiviooupe 1 yevikn fewpia Ba dwooupe akoun eva napadsiypa. ITo
OUYKEKPIPEVA, XPTOLHONOIOVTAS T1] ONUEPIVT] YA®Oood TV pabnuatikov, Ba peletn-
ooupe £va mPOBANuIa mou anacyOAnos 1ov ApY1undn Tov Ipitov ai@va Ipiv v apy1
MG XPIOTavIKTS Xpovoroynong. Oa pakpuyopricoups Alyo ¢” auto 1o napadeiypa
L€ OKOMO VA MPOETOIUACOUUE KAAUTEPA TO £3AQOG Y1 TV VEVIKT] MEPITT@OT].

5.18 O Tetpaywmviouog tng mapafoirg

Oempnua 5.1.1 (Apxwunidng) 7o eubadov tov ywoiov OABT uetalt s magabodrs
f (z) = 22, 70v déova Twv = ka1 s eveias & = 1 160U7ar pe 70 1/3 10U guBador’ Tov
opYoywviov OABI .

Anodeiln: Ag yxwpicoupe 1o Saomua [0,1] oe unodwaotuata [zg, 1), [T1,22) ,

oy [Tn—1, zy] Maipvoviag ta onueia g, T1, T2, ..., Ty @01 0 = 19 < 11 < To <
s < Tpoq < Ty = 1 oe xabe Sraomua [z, zrp1] w0xve 27 < 2?2 < 'TIQcH yia
T € [Tk, Tpt1] KAl €EMOPEVES TO aviiotoixo xopupatn tou epfadou nou Cnrape Ha
eival peyarutepo and 1o eppadov tou opfoymviou pe Baon [z, Tr41] xat Gyog x4
Kat pikpotepo ano 10 epPfadov tou opfoymviou pe v idia Paon kat Gyog aziﬂ. Av
Aowmov ovopacoupe E 1o (nroupevo pfadov, Ba exoups:

n—1 n—1
Z (xp_1 —xp)xh <€ < Z (Th—1 — k) Thyy
k=0 k=0

Ag ypavoupe ¥, yia 1o apiotepd dbpotopa xat X a yia 1o defia. To A avu-
oto1 el 011 SlapEPIon T, X1, - - . , Tn 10U [0, 1] TOU Bewprioae.
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5. To OAOKAHPOMA RIEMANN

0 Tk Tht1 1

Yxnpa 5.4

To ouvoro X 5 Omou A 1) «Slapepion» tou
[0, 1] eival npo@aves un Kevo kat @pay-
HEVO TPOG Ta MAVE, Yid TAPAdEIYUa amo
10 E, onote xat ano 1 LA yia onotod-
note A'. Yndpyet Aowmov 1o supremum
autou tou ocuvorou. I'pagoupe:

1
/ 22 de = sup Xy,
Jo

omou A Swapepion tou [0, 1] xat ovoua-
Coupe 10 fol z? dx «xd1w Darboux olo-

KAfpoua» g #2 oto [0,1]. (O Darboux
mav o T'addog ye@PEPNG TOU dEKATOU
£VATOU a1va).

‘Opota opioupe 10 «tave Darboux olokAnpoupar

-1
/ z? dx = inf {EA : A Suapgpion ou [0, 1]}
Jo

1 71
/demSEg/m2dm.
20 70

fa £xoupe mpogaveg:

O¢loupe va Seifoupe ou fol x2de =

0

rl o . f ,
Jo % dx. Yty nepintoon aut) ypagoupe

1 9 f , , , . ,
|y #* dz yia mv ko autr) Ba pr kat Ba v ovopaCoupe to Riemann olokAnpopa
1k 22 010 [0, 1]. Ag mapatnprooupe kat’ apxdg 6T yia onoladinote dapgpion A,

1 71
X(A) §/ z? dx §/ 22 dr < 3(A)
Jo 0

Kal ENOUEVEG

=1 1
OS/ demf/ mdengsz.
Jo Jo

Av dowmov yia onotodimote € > 0 pmopotpe va Ppoupe A dote LA — XA < € Oa
gxoupe tedei@osl. Autd Oumg eival apketa sikoro. Iaipvoupe

A:{o,l,g,...,ﬁ:1},
n n n

n € N, ka1 €youue

B\ k2 1%,
SR O

k=0
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5.2 OPIZMOS KAI BAZIKES IAIOTHTES TOY OAOKAHPQMATOX.

n

n—1 n—1
- E+1 k) (k+1)%* 1 1
@)=Y () B e S Y= R
k k

=0 :=0

Kal ENOUEVEG
— 1
YA —Za=—nf=—.
AT =AT B n
Apkei Aomov va napoupe n > 1/¢ yia va €xoupe LA — U < €. O

Av wwpa uunboupe ou:

- (n+1)(2n + 1
Z k2 = n(n + )6( n+1) (Swote anodeifn pe enaywymn),
k=0

BAénoupe ot £xoupe Seilsl
1 nn+1)(2n+1) n? B
e 6 R

1 1 1 1 1 1 1
“1+—-)(1+—) ——<E<|(14+—-]|1+—].
3<+n><+2n> n< <3<+n><+2n>

Ot axodoubieg aprotepa xar 8ef1d ouykdivouv oto 1/3 enopeveg 1/3 < E < 1/3,
Smadn E = 1/3, nou eivat akpifeg autd nou Behape va Seifoupe.

1 nn+1)2n+1)
n? 6

OnAadn

5.2 Opiopog xar Paocikeg 1810TNTES TOU OAOKANP®UA-
10G.

5.2a' O opiopog tou Darboux.

Eyxovtag yia odnyo6 10 nponyoupevo napadsiyua, fa opicoups to ohokAnpmua Rie-
mann, yla gpayueves ouvaptnoelg oe £va kAeloto diaotnua [a, b] (Sev unobetoupe
1wpa Ou o1 ouvaptnoels eivat > 0.) Aivoupe np@ta HEPIKOUS 0PLOUOUS.

‘Eva nenepacpévo ouvoro A = {xg, 1, ..., Ty} 1€1010 ©OOTE

a=x9g< a1 < -<xp =D,
ovoupaCetat Stapepion wou [a, b]. MMiatog g Siapepiong A ovopaloupe tov apibuo
d(A) = max{z1 — xo, T2 — T1,...,Tn — Tp_1}-

To olvolo t@v Siapepioemv tou [a, b] Ba 1o oupPoriCoune ue Dla, b] 1 arha D]IUA,
av Sev unapyet xivduvog cuyyucems. Mia Stapgpion A’ Aéyetal ekAemtuvon piag
Srapgpiong A, av A’ D A. Aépe akopa oun A’ eivar Aemtotepn and v A. Me adda
Aoyla mepvape and pia Sapgpion A os pla ekAEntuvorn g, av g npoobecouus
kat aiha Salpetika onpeia.
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5. To OAOKAHPOMA RIEMANN

ISoU pia amAt xat yproiun wiotia tov dapepiosmv: Av A, A’ lo diapepiosig
wou [a,b] 101e 10 ouvoro A U A’ givar pia exienwvon kat v dvo. Kabe aidn
exkAéntuvon kat v duo neptéxel v A U A, H anodeién sivat tetpippev.

Eow wpa f pia ouvapuon oplopev o €va kieiotd daotnua [a, b xat A =
{zo,21,...,2n} € Dla,bd]. Te xabe ¢va anod ta Swomuata [zg, 1], [x1,x2], ...,
[Tn—2,Tn_1], [tn—1,2Zn] N [ €ival gpaypevn kai mpog 1a Tave Kai Ipog 1a KA.
Ovounaloupe my xar Mj aviiotorya 10 inf xai sup 1@v upov Mg o auvla ta
Staotnuata, dniadn opiloupe

my = inf{f(x): zp <z < zp11},

Mk‘, :Sllp{f(ﬂ'?)l.’l'?k <z S.’Iik+1},k:0,1,...,’ﬂ,* 1.

OpiCouye t@pa yia xabe Siapepion A 10 xai® xai 1o nave abpowopa g f pe toug

TUMoug:
n—1

S(f,8) =) (wrpr — zi)my,

=0

n—1
= (wrs1 — )M

=

H avicovma X(f,A) > i(i, A) eival mpogavrc. Toyvel kat kau napanave: Av
A, A" € Dote X(f,A) > ¥(f,A"). Apxei va 851{011118 on A’ D A ouvenayetat
S(£,A) < S(f, A) xar S(/, A < 5(f, A) Siom 161 fa éxoupe

B(f.4) <B(f,AUA) <E(f,AUAY) <E(f,A).

Meéver Aomov va Seifoupe v tedeutaia unoypappiopgvn npotaot. H oxgon A’ D
A onuaiver 6u 1 A’ €xel nepiocdiepa 1) 1a idia Sraipetika onueia pe v A. Apkei
Aomov va e€gtacoupe v nepint@on mou 11 A’ €&l £va mapandve Siaipetiko onpeio.
Eoww Aowmov ou A = {a:ma:] ..... :Un} kat A" = {xo, ..., Tp, Yk, Tht1s - -, Tn
dnradn n A’ €xel napandve 10 onueio Yy ue T < yr < Trr1- Av ypayoups

my, = inf{f(z) :zp <z <y}
my = inf{f(z):yr <z <@pia}
My = sup{f(z) : zx <z <yi}
My = sup{f(z) :yr <2 < apta},
Ba exoupe:
I(f,A") = E(f,A) = my(yr — 1) + my (Tr — yr) — me(Th — o)

= (mlk —my)(yr — Tx) + (m;cl —my)(Zr+1 —yx) >0,

S10TL MPOPAV®S mk > my, xar my > my, dnradn Z(ﬁ_A') > X(f,A).

Evielag mapopota anodeikvuetat ot %(f, A') < B(f, A).

H yewpsipixn onuaoia tov 60wv sinape peXpl 1o0pa eival amAovotdtr), av oke-
@toupe Kal maAl to mpofAinua tou epfadol katw and 1o ypagnua upag f > 0. To
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5.2 OPIZMOS KAI BAZIKES IAIOTHTES TOY OAOKAHPQMATOX.

Y
g M z
r M, A 1% M o
T K
mi
A mo
N ms -
A B
x

0 a = Io Z1 €2 xr3 =

i(f, A) = (CU] — CU(])M] + (ZEQ — ZL‘])MQ + (ZE3 — :UQ)Mg = Spﬁ(ABFAEZH@BA)
E(f,A) = (21 —xo)m1 + (x2 — z1)ma + (3 — z2)mg = epf(AIKAMNZEBA)

Yxnua 5.5

X(f, A) napotaver 1o epfadov piag eveon opboywviev mou «apooeyyilet ano ka-
t» 10 (otievo epfadov kat 10 L(f, A) Sivel aviictolyn «IpocEyyion» anod nave
(BAene oxnua 50)

To otvoro {E(f,A) : A € D} eival npogaves un Kevo Kal gPayuevo npog a
nave, dion onotodnmote L(f, A) eival éva ave @paypa tou. YIapxet Aomov 1o

, , , . , b ,
supremum autot tou ouvorou (afiewpa ouvexelag). Oa 1o oupforiCoupe pe [ f 1
—a

fbf(a:)da: kat fa 1o kadrouye kdrw Darboux olokAiowua s f s7o [a, b.

To oUvoro {i(ﬁA) A€ ;0} €lvVal mPoQav®mS UT KEVO KAl QPAYUEVO TPOG
1a kG, dou xabe X(f, A) yia napadeiypa gival éva kaiwo @payua tou. Yrapyet

Aow6v 1o infimum autoy tou ouvorou. Oa 1o cupPorifoupe pe fif 1 fo(:U)d:U
kat fa 1o karouye avw Darbouz olokAowua s f 70 [a, b].

Aivoule t@pa 1oV oplopd tou ohokAnpaopatog Riemann piag @paypevng ou-
VapINoTK.

Opioudg 5.2.1 (Darboux) M goayuévn svvdgmnsn f, oowsusvn se éva kAeisT0
—b

SuisTnua [a,b], Aéyetar Riemann olokAnowewn svo [a,b], av [ f = fbf. H xown
. g,

avtr Tiun Aeyetar Riemann ook njowua s f kar svpBoliCetar ue fab fn ff f(x)dz.

O opiopog nou dwoape kat 1 oulnmorn nou nponyndnke diver oxedov apeca pia
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wavT xat avaykaia ouvOnkn yia mv Riemann oloxkAnpmotpdtnia piag ouvapinong
I

Oempnua 5.2.2 M poayuévn suvagtnsn f ooispevn 67o kAesTo dudstnua [a, b) evar
Riemann olokAnowswun av kaw uovo av, yu kive € > 0 vraoxer A € D([a, b]) wérow
wWeTE

i(f:A) 72(]‘.: A) <Ee.

Anoderén: Ynobetoupe npota ou n f eivar Riemann ook Anpeoiun, onote

—b

L{+%>/U=/]>EUAU

;)

3

N ™

yia kamnoieg dapepiosig A, A" (yiati;). Av wwpa A = A" U A" givar pa kovn
exAémuvon wv A, A, 161 1 1edeutaia avicoa Kat ot avieOTNIeg

(£,A") > X(f,4), X(f,A) <Z(f,4)

nou deifape MPONYOUUEV®S OUVETAyOoVTal
€
a0

S(£,8)+5 > T(£.4) - 2

2

OnAadn

Avtiotpoga, av unobecoupe ot yia kabe € > 0 unapyxst A € D 1€1010 ®OTE
X(f,A) — X(f,A) < g, 1018 01 TPOPAVEIS AVICOTTES

—b

yﬁms/vs/fsﬂﬁw

a

ouvenayovrial

Kal ENOUEVEG

O

IIpwv mpoymprooupe, ag d®oOUE EVa MAPAdEIY A Ulag QPAYUEVTS CUVAPTTOTS TOU
dev eival Riemann oloxAnp@otun.

H ouvapon tou Dirichlet nepiopiopevn oto Siactmua [0, 1], Snradn nouvapmon

1z pmog oto [0, 1]
0 =zappmog oto [0, 1]

) = {
dev eivar Riemann olokAnp@oiun.
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5.3 O OPIEMOE TOY RIEMANN

Ipaypatuka, yia onowadinote dapepton A = {0 =zg < z1 < --- < z,, = 1}
wu [0,1] My, = 1 xat my, = 0, diou oe kabe diaotnua [z, Tr41] unapxouv xat pruoi
xat appmrot apifpoi. Xuvayoupe Aomov ot

n—1

2(f,4) =) (whyr —2x)-0=0

S(f,4) =) (whyr — ) - 1=0

k=0

—1
Kal ENOUEVEG f:}f =0<1= fof, Snradn n f Sev eivar odokAnp@oiun.

5.3 O opiouog t1ou Riemann

Ag yupiooupe yia Aiyo oto npdfAinua tou spfadou. Alaiobnuikd toudayiotov umo-
polpe va mpooeyyicoupe 10 eufadov kat® anod to ypaenua pag f > 0 opiope-
vig oto [a,b], xopis va acxoAnfoupe pe ta X kaX. Amia yia kabe Siapépion
A={a=uz <z < <z = B} naipvoupe pia tuxaia emioyr onueiov
E={,.. &1} woiexy <& < ppr viak =0,1,...,n— 1 xai oxnuatiCoupe

10 afpoloua
n—1

D FHAE) =D (@rer —z) (&)

k=0

IMepipgvoupe 1opa 6t av 1o miatog d mg dapépong (uneviupiCoupe 10v oplopd
tou d = max{z1 — Zo,...,Tn — Tn_1}) t€ivel 010 0, 101€ 10 Y _(f, A, Z) Ba teivel

oto gpPadov nou Cmape. Evag «etiloyog» Aomdv opiopog yia 1o ff f Ba Muav:

B
/ f=1im 3°(7,4,2).

Avuotuy®s 0 oplondg autdg dev xer vonmua Kal mPenel va katahrafoups kaia
10 yiati. O Aoyog eival amhda o1l dev €YOUPE OpIoEl €vvola Opiou TS HOPQTIS
limy 0 > (f, A, Z). Me 6oa éxoupe net, povo av 1 »_(f, A, =) mav pla ouvaptn-
o1 wu d Ba unopovcape va pidnooupe yia to opro. Adha o Y (f, A, E) kabe addo
Tapa 1101 GUVAPTNOT Elval’ MPAyHaTikd ON@S NETAl ANd 10V oplopo tou, e€aptatat
ano ) dapgpion A, dnradn pia n — ada g, z1, . . ., T, TPpAYHATIK@V aplfucov kat
ano myv emroyn E = {&, &, .-, En1}, ONAadn akoun wa n — ada. Kat yia va
noupe OAN v aAnfeia 1 kataotaon gival akoun Xelpotepn, yiat ta &g, &, - -, €t
efaptevial ano wa xg, ..., Ty, agou npenel Ty < & < Tpy1. O1 pabnupauxoi &-
gualav fewpia mou xadlmiel autég g nepimi@oelg (Pewpia Siktiwv, 1) ouykiion
Moore-Smith), adla Sev ypeialetar va @racoupe ¢ autnv. Apkei va Bupnfoupe
10V «€Y1AOVTIKO» OPIOUO TOU 0PIloU Kal, XPNOIHONoIVIAS TOV 04V HOVIEAO, Va Te-
prypayoupe u fa Behape va eivar 1o dimg_,o Y (f, A, =)». To anoereoua eivai o
EMOUEVOS OPIOUOG:
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Opondg 5.3.1 (Riemann) M goaypgvn svvagtnsn f oowspévn 670 k\ewsto Oud-
snpa [a, 8], Aéyetar ohokdnowsyn 6’ avto, av vrdgyer gvas agiduds I wov Ja Tov
YOA@OUUE ff f xar Ya tov ovopalovue olokdnowua s f e7o [, B, wete ya kdde
e > 0 vmagxer & > 0 pe v 106mTa yia kade Nausmen:

A:{Oz:ﬂ?(]<.’131<"'<517n:6}

kar kave emdoyn = = {&o,.. . En—1tue v < & < T pek=0,1,...,n—1va
wyver: mhatos(A) = d < § suvendyeTar

E:UMLE)—fo

O opiopog tou Riemann untpée o npotog 1otopika akpifng oplopdg tou 0AokAT-
popatos. Oa Pacicoupe v avamtuén g bempiag otov oplopod tou Darboux, mou
gival evvololoyika aniolotepog, kat fa avafaroupe yia apyotepa v anodeién tng
wodvvapias Twv Vo 0oIEuv.

<eE.

5.4 H oloxAnp@oilpoinia 1@V HOVOTOV®V KAl OUVE-
X®V OUVAPTNOEDV
To kprtnpio mou dwoape otV nponyoupevT napaypago fa pag fonbrost va Seifoupe

MV OAOKATP@OIUOTIIA 1000 1@V HOVOTOV®V 000 KAl T®V OUVEX®V OUVAPTIOE®V.

5.4a’ Movotoveg cuvaptnoeig

Ag unobecoupe ou n f eivar at€ouvoa oo [a, B]. Atakeyoupe oav A ) Siapepion
TOU avTIOTOL el 08 X@PLOUO Tou [, B] oe n ioa tunuata Snhadr),

f-a f-a B—azﬂ}

s+ k s, N
n n n

A:{a,a+

Yy nepintewon autr a £xoupe

E(f,A) - X(f,4) = i:(mlﬂ-l =) (Mg — 1)
k=0
= i(mH =) (f(Try1) — fl2w))
k=0
B B _a n—1
= - Z(f(?“kH) - f(Tk))
k=0
= 220 - st)).
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Eoww wpa € > 0. Tlpgnet va dsioupe Ot UNAPYEL N @OTE

duoka autod sival maviote SUVATO” APKEL va TAPOUE

(B=a)(f(8) = f(a)

€

n >

5.4 Xuveyeig ouvapinoeig

Ag unoBeooupe wpa du n f eivar ouveyrg oto [a, f] kat e > 0. Tpenet va fpoune
A € D wote

n—1

Z(.’I:]H_l — .’I:k)(Mk — mk) < E.
k=0

Enedn n f eivar ouveyrng, fa unapyouv &, &) o10 [zk, T41] @oTE
My, = (&), xavmg = f(&)-

Ag xavoupe kat’ apyag mv undfson ou 1 f sival Ox1 povo ouvexns, aria ou
£XEL KAl apaywyo gpayuevt) oto («, B), dnhadn ou unapyer 1 f'(z) yia z € («, 5)
kat |f'(z)] < M yua a < x < f yia kanowo npaypatko M.

To Bempnua g HEOTS TIUNG OTNV TEPIMT®OT AUTH] Lag AEYEL OTL

My, —my, = f(&) — (&) = (& — &) (&),
onou &' kamnotog apibpog petall v &, kat &, kat ENopEVaS
My —my < [§ — §IM <|zpi1 — 2 |M < d(A)M,

omou d(A) to mhatog g A.
Av homov napoupe pa A pe d(A) < e/((M +1)(8 — ), wte

S(.A) - B(HA) = (ke — w) (Mg~ my)
k=0
€ n—1
< Foaarep & T
&
= oo
< E.

Av KaAoOKEQPTOUYE TOV TAPATAV® OUAAOYIONO, BAETOUNE OTL 1] TAPAY@DYIOLUO-
wa g f pag ypelaotnke uovo yia va deifoune o6u n f kavonotel pia ouvlnkn
Alyo 1oxupdtepn anod ) ouveyxela oto [a, ). Iho ouykexpipeva v €r¢:
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Jw kade € > 0 vrdpyer 6 > 0 wete ya 6Aa Ta x1, T2 and 10 wedio 00UV NS f

21— 2a] <8 = |f(01) - flas)] < e.

Mia ouvaptnon mou tkavonolei ) ouvinkn autr oto nedio optopou g Aéyetat
OpOI0U00Qa sVVEXTS 0 autd. H 0AokATp@OoIpotia 1oV CUVEX®V GUVAPTNoE@V gival
1®PA APECT] CUVENELA TOU MAPAKATE OTHaviikou fempnpuatog.

Oempnua 5.4.1 Av 7 svvdgmnesn f eivar svvexns 610 kA&t dudstnua [a, ], Tote
eWar Kar opopooea sVvexs 6 avto, dnhadrn yw kade € > 0 vmdoyer § > 0 ue v
Witnra: ya kade x,y € (o, B] pe |z — y| < § énerar |f(z) — f(y)| < e.

Ye enopevo kegaiaio a dwooupe v anddeiln tou fempnuatog autol kabog
Kal oplopeEvVa oYOAA MAVE OV OpoLOUop@T ouvexela. [lapatnpolpe navimg, Ot
1 €101k1] mepintwot mou anodeifaye sival apket) yia v napanepa avantuén g
fewpiag. Ipaypatikd, eva amhod mopiopa g e91KNg autig nepintmong eivat ot «Os
ONTES, 0L TOVYWVOUETOIKES, 01 UTEOBONIKES, 01 NOyaouuikes, 01 EKVETIKES 6VVAQTNGEL
koS Kar 60vOVasuol uE amAES MEAEEIS 1 6UVIEGEIS QUTWY EWVaL ONOKANOWGIUES 6€
kdVe KAew6T0 Srdstnua [, B] mov mepigxeTar 670 medio 0gIEUOU TOUG.

TIpaypauxa ot ouvaptnoslg auieg eival Tapaye®yiotues oto medio Opiopol Toug
Kdl Ol Mapay®yol T0Ug €ival OUVEYEIS. e €va KAEI0TO AOMOV dlACTNuUa auteg ol
TAPAY®YOL EIVAL PPAYUEVES, EMOUEVEOS QappOCETal 10 aNOTEAEOUA TOU anodeiaus
napanave.

5.5 Idiotnteg 1ou ohokAnpedpatog Riemann

‘Onmg xatl oV IEPII®OT T®V OPICU®V 1) CUVEXELAS Kal 11 Tapay®@you, €101 Kat
1®PA TMPENEL va anodeifoupe ToUAaY10ToV TI¢ amAEg IOIOTTES TOU OAOKATPROUATOS,
AUTEG TOU «aVAUEVETAL» vd £XEL 1] Kalvoupyla evvola mou opioaps. H anodeién sivat
1 avtapoiBn yla €va TETUXNUEVO 0plolod, 1), av BEdete, 10 avaloyo g MEPAUATIKTG
enainfevong piag Bewpiag ot Puokn). Ta va sipacte OUwS €IAIKPIVEIG, TPEMEL
va moUpE Ol 08 apKETES MEPUTIMOELS 1] doudeld auth eival ayyageia (oudloyiopoi
POUTIVAG, MEPITT®OIOA0YIA, . . . ). DTG MEPITIMOELS AUTEG EIVAL «AVAYKAIO KAKO».

Oa XpNolponoINoou e T0US oUUPOAIOHOUS TV TPOTYOUUEVEOVY TAPAYPAP®V Yia
1a A, My, my,, xopig va enavaiappavoupe xabe gopd 10v opiopod 1ous,.

. o . : B e _
(i) Av f(z) = c = owabepa yia a < z < 3, 0te fa f=c(f—a).
[Ipaypatukda, oy mepintemon autn €Xoupe My = mj = ¢ Kal ETOUEVRG

n—1

S(f,8) =Y (w1 —ar)e =c(8 —a)

S(f,4) =D (@ —ar)e = (8 — )

onoTE Kal [if = Tif =c(f—a)
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(ii) Av o1 f xat f eivar ohokAnpeolues oto [a, f], tote ka1 f + g eivat ohokAn-

P@WOLUT] Kal oY UsL:
B B B
/ (f+.q)=/ f+/ g
J o J o J

Xpnowponowoupe 1a myg, My ya 1o inf xar sup ug f + g o1 [wg, Tr41],
a my, My yia myv f xat @ my, M} yia mv g aviiotoxa. T'a xabe 2 oto
[Tk, Tht1] EXOULE:

f@) +g(z) < My + My

Sniadn 1o M;, + M} eivat mpogaves ave gpaypa g f + g 610 [, Trq1],
apa sival peyaiutepo 1) 160 anod to supremum g f + g oto ido diaotnua.
Yuvayoupe domov ow: My < M| + M} xai opoiwg my > mj, + mj. IIok-
Aamhaoaloviag auteg ug aviooueg pe v eukd apbud (rpr1 — xg) xa
npoobetoviag yia kK =0,1,...,n — 1, Bpiokoupe:

> (i + mi) (w1 — )
ka($k+1 — zy)
= X(f+9.8)<X(f+9,4)
= ZMk(-TIH-l — Tk)
<Y (M + M) (g — )
= S(f,A) + (g, A).

Z(f,A) +Z(g,A)

IN

Omhad)
(E(f,A) +2(9,4)) <XE(f+9.4) <L
<I(f+9,48) < (B(f,4) +3(g, 1)) .

And g 1eAdeuTaisg AVIOOTIES TPOKUMTEL APUEOA OTL

FEoww wpa € > 0. Ano 10 kpiuplo 0AOKATP@OIUOTIIAS Tou EEPOUNE oUVa-
youue ot unapyouv Aq, Ay 1€1010 @OTE

0<T(f,A) - 2(F.A) < 5

= £

Av A = Ay U As 1 xowvr) exdéntuvon tov Ap; Ay, 10TE 01 avicOTI|IES QUTES
fa e€axoroubouv va woylouv av Becoupe A oty Beon v Ay, As (yiati;).

TIpooBetoviag 1ig avicoOTeg TOU TPOKUNTOUV BPICKOUE:
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TOU OUP@®VA TAAL JE TO KPITNPLO pag Oeiyvel Ot 1 f + g eival oAoKANPOoLT).

'/ab(f+g>='/ab.f+/abg-

Eotw £ > 0. Asiape npiv Alyeg ypappeg v aviootjia
X(f,A)+X(9,A) <XE(f+9.4) <

b
< / (f+9) <S(f +9.8) <S(£.A) +5(g,A)

Mevel va deifoupe om

yia onowadnnote A € -([a, b]). Enedn f; f =inf £(f, A) Ba unapxet A; té1010
®OTE

b
S(f,A) </ f+%Yl(lIi;

kat mapopota fa unapyet As 1€1010 @OTE

— b £
(g, Ar) < / 9+ 3

Ot avicotnieg autég Ba woylouv kat yia v kowvi] ekiemtuvon A tov A, A,
onote fa €xoupe

b b
f(f7A)+f(g,A)</ f+/ gte

Me 6poto ourroylopo Ppiokoupe

b b
Z(f,A)+Z(g,A)</ f+/ g«

(umopoupe va unobécoupe ou 1) idia Stapgpion A epgavifetar xar oug dUo
avicot|ies yiati;)

Yuvdualoviag 6oa €inape Tapanave OUVAYOUUE:

/abf+/abg—e</ab(f+g)</abf+/abg+g,

apa, eneldn 1o € eivat avbaipetog Betikdg apiBpog

'/ab(f+g>='/abf+/abg-

IMapatipnon: H anodeiln autr Ba 1rav cuviopotepn av ypnolponolovoaus
10V opiopo tou Riemann, yiati avti yia avieotnieg fa xpnoiponolovcape v
poYavt 100TIa:

E(f +g7A7E) = Z(-f7A7E) + Z(g)A)E)'

Aev axoroubnoape autn v pebodo yiati Sev €xoupe akoun anodesilel v
100dUvVaia 1OV OPIoU®V.
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(iii) Av f ohoxAnpaoiun oto [a, b] kat A npaypaukdg apifuog, tote kat 1 Af eivat

OAOKATP@OIUT Kal loYUsl
b b
/ Af = /\/ I

H anodeiln eival napopola xat a@nvetal otov avayveot.

(iv) Av f, g ohoxAnpmoiues oto [a, b] kat A, pu npaypaukoi apiuoi, tote 1 Af + ug
£ival OAOKATP@OLUT Kat 10YUsl

/:(Af+ug) =>\'/abf+u'/abg-

Anoddeidn: Aueon ouvensa v (ii) xar (iii). O

(v) Av a < ¢ < b, t01e 11 f eivar ohoxkAnp@oiun oto [a,b] av ka1 povo av eivai
oloxAnpworun ota [a, ¢] xai [¢, b]. Toxuer 101e

[1=f [

Anoddedn: Ag unobecoupe du 1 f eivar odoxdnp@oiun ota [a, ] xar [¢, b].
Eow eniong € > 0. Ynapxouv A; € -([a, c]) xat Ay € -([¢, b]) €010 dote

Kat .
X(f, A1) — Z(f, A1) < 35,
b —
X(f,Aq) S/ f<I(f,Ay)
Kat B ‘ .
IIpogavog, B B B
S(f,A) = (f, A1) + 3(f, A9)
Kat

Z(f:A) :Z(faAl)-l_Z(f:A?)
av A = Ay U A, € ([a,b]) neveon v A, As.

Yuvayoupe Aomov ou:
c b o
s < [+ [ resa
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(vi)

Kat
S(£,A) = Z(£,A) = (5(f,41) = B(f, A1) +
+ (S(f,80) ~S(f, M) < S+ = =<
Exoupe eniong

b
&ﬁ&ﬁ/fﬁfmA)

—Q

Yuvdualoviag tig 1peig tedsutaieg aviootnteg BPioKouE:

L[?(Lﬁﬂyl%)
Z?=LU+LU.
[

H aMAn xateubuvon eival eukoAd1EPT KAl a@rveTal oTov avayveot). O

Si(f/A)iz(faA) <§g,

onote

TTapopola €xoupe

Av adda€oupe v tpn pag ohoxkAnpaoiung oto diotnua [a, b ouvapong f
oe £€va onueio 10 odokAnpwua dev arraler, Sradn av f(x) = g(x) yia dha
1a z € [a,b] ex1dq iowg and © = xq 1ie

[r-[s

duoika 10 1810 Ba 1woyvel av airaloupe v Tun g f 0g £vVa NENEPACUEVO
nAnfog onueimv (tEplUpeVn enaywy).

Anddeidn: Iapanpolpe katapyag ou n h = f — g eivar naviou 0 oto [a, b]
£K10¢ 10@¢ anod 10 xg. Apkel Aowmov, Aoym g 1dotmag (iv) yia A = 1 kat
= —1 va deifoupe ou fabh = 0. Av h(zg) = 0 10 anotgdeopa eivat
apeon ouvenela g wWotnuag (i). ‘Eotw dowmov h(zg) # 0 xat € > 0. Ag
napoupe pia Stapepion A pe mharog d(A) < £/(2|h(zg)]). To moAu duo dpot
v abpolopatev mou opiCouv ta X(h, A) kat X(h, A) Ba sival Siagopot 10U
UNdevog kat o kabévag ano autoug Ba sival xat’ andoAutn LT PKPOTEPOS TOU
d(A)|h(zo)| < /2.

Oa £youpe Aomov

b —b
—s<§(h,,A)g/hg/hgi(h,A)<a,

—a

" . . . b . f
ano OMOU APECA EMETAL OTL TO fa h unapyet kat woutat pe 0. O
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(vii) Avm < f < M, a < gz < bxal f ohokAnpeotun, t0te

b
o)< [ £<Mb-a)

Anoderln: I'a kabe A €xoupe

S(F.A) = 3 e — 20 My € MY (@1 — ) = M(b—a).
k=0 k=0
n—1 n—1

2(f,4) =Y (wrpr —x)my > m Y (w1 —a) = m(b—a)
k=0 k=0

(viii) Av f(z) < g(x), a <z < bxa f, g ohoxhnpoolues oto [a, b] 1o1e
b b
/ f< / g-

Anodeiln: Apxei va deifoupe ou fab h > 0 yia xafe oroxAnpmoiun h pe
h(z) > 0, a < z < b (yiati;). Auto opwg eival gavepd yiat 1 unobeon
h(x) > 0 ouvenayetat my > 0, apa X(h, A) > 0 yia onowadnnote diapepion
A, |

() b b
/ / S./a 7,

yia xabe f odoxinpworur oto [a, b].
Anodeiln: H exgovnon g 1diotiag auvtng eival Alyo «moviprp». Ag v
anodeioupe Katapyas aQeA®s Kal PETA ag QOUUE MOU TNV «IATHOAUE>.

Exoune
=f(@) < fz) <|f(@)| viaa <z <D,

onote o1 1Wdoteg (ii) kat (viii) pag Sivouv

/abf|</abf</ab|f,
'/abf <'/ab|f-

ITou mv matoape; Ma @uoika €mnpene katapXdag va anodsi§oupe Ot 1 oAo-
kAnowswotna s f svvemdyetar mny olokAnowswotnra s | f]. Eutuxeg 1
anddetén eival eUkoAn kat agnvetat otov avayveotn. (unddeiln: H Siagopa
My, — my, yia v | f| 8ev &enepvast my aviiotoxn Siagopad yia v f.) O

Onhadr)
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(x) Mua yevikevon. To fab f(x)dz £xe1 opiotei novo oy nepimwon a < b. Oa
gival Yproipo vad 10 OPIcOUNE Kal otig mepimi@oels a = b xata < b. O opiouodg
gival o e&ng:

Optondg 5.5.1 Av a = b karn f evar ogispévn 670 a Jetovue

Ava > bran f ewvar ohokdnowswun s7o [b, a), dérovue

[s==]

Evar ToAD VK00 va Sovue 0T1 ONES 01 1010TNTES TOU JEIEAUE 16X VOVY KAt UE TNV
YEVIKEUNUEVT, aUTT] EVVoua TOU OAOKATowpatos. Jia magdaderyua av a > b kar o1
f» g evar odoxAnouwsiues svo [b, al, tote

[uro=-[ura=[s-[o=[s+[s

H emalndeven Twv vroAowmwy 10T TWY A@NVETAL 6TOV aVayVweT],

5.5a' Ta Baocikd Bewprjpata yia 1o oroxAfpopa.

Ta duo fewprnuata mou Ha anodeifoupe o’ autn v napaypag@o eivai and ta o
pavtikotepa tou Anelpoouxkot Aoylopou, yia autd kar ovopaloviar «Ogpeiicodn
Oewpnuatar. Ouolactuka Ba cUVEECOUV TIg EVVOIEG TAPAYRDYLOT KAl OAOKATIP®OT].
H avaxaiuyn toug anodidetar otoug Newton kat Leibniz. Eivar akpifog auta ta
Becwpnpata mou oprofetouv pia véa smoxn yia tov Aneipootikd Aoylopod Aiyo peta
mv Avaygvvnor xat yia moAAoug v anapyr tou.

Ag Bewpriooupe wia ouvapmon f odoxAinpmoipn oto Staotua [a, G]. Aev unobe-
toupe ou f > 0, ald eival okOmpo va €€l 0 avVayveOoTng autl] TV TEPITI®OT] 0T0
HuaA6 tou, yia va mapakoAoubel 11 YE@UETPIKT] ONpacia 1000 T®V AMOTEAEOUATOV
000 Kal 1wv anodeifemv nou fa dmwooupe.

Agifape (10ouma (v)) onav a < z < S 101€ 10 f; f umapyet. H yevikeuon
ToU O®OAPE PAAIOTA OTO TEAOS TN MPOTYOUUEVTS MAPAYPAQOU A EMIPENEL vd
OpICOUE TO f(: f ya a <z < f. Supnepaivoupe AOIMOV OTL T0 OAOKATp@UA f(j f
opiCel wia ouvapmon, ag v ypayoupe F(x), oplopévn oto diaomua [a, 5],

):/Iﬁ yaa <z < p.

Ag peleujooupe ) ouvaptnon autl. H Siagopa F(x + h) — F(z) napiotaver ye-
®uUetpika 10 opiloviia diaypappiopevo epfadov oto oxnua 5.6. To epfadov autod
TPOPAV®S Eival PIKPOTEPO ano 10 epPfadov evog opfoymviou pe faon h xat vyog M,
onou M eva ave gpayua g |f|, xat |f(z)] < M, yia a < z < 3, kal enopeveg
teivel 010 0 pe 1o h. To cupnepaopa Aowmov eivat: av 1 f eivar 0AokANp@OLUT 0T0
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« r x+h 0

YxnNua 5.6

[a, 8] 101 1 ouvapwon F(z) = f: f eivat ouvexng oo [a, f]. H akpiffiic anodein

eival e€iocou amin. Exoups:
ro+h o zo+h
[ [ A= s
Ja Ja Jxg

E —_
M =E£.

Anodeifape Aomov, kan napanave anod 1 ouveyesia g F, Snradn oyt povo ou
N |F(z + h) — F(z)| eivat wxpn pe o |h| adda kat ou woyvet n oxeon

|Fxo +h) - Flao)| < M.

|F'(wo + h) = F(xo)| = < M|h|

Kal ENOUEVEG
|F(z+h)— F(z)] <M

O1 pabnuatikol Ypnolponolouv yia 1ET01ES OUVEXEIS ouvaptnoelg tov opo «Lip-
schitz ouveyeic», adda Se Ba enextabolipye 6" autn v €vvola. Exoviag opuwg topa
Ogiel OT1 UTIAPYEL «TEPIOOEUNA» GUVEYELAS OTO Tg Ha e€etdooupe Pnnemg unapyet kat
1 mapaywyog g F oo xzg. H anavimon sivat apvnukrn xopig kanoia smmpoobetn
unobeot. Auto pmopoupe va 1o kataAafoupe dpueoms Pe eva mapadsiypua. Oewpoupe
1 ouvaptnon

flz) =

H f eivat ohoxAnpeoiun oo [a, 5] (yati;) ka

F(m)—/f—{ 0, ava <z <o

T —m, avzg<x<f,

1, aveg<z<pf
0, ava<z< .

(yuati;). H yeouetpikn epunveia tou napanave winou sivar npogavrg (fAéne oxnua
5.7).

O winog mou Pprxape yua v F(z) enainbevel apgome 1 ouveyea g F xat
Seixvel eniong ou n F' Sev unapxet oo zg (F'(2f) = 1, F'(zy) = 0). Av 6peg
T # g 101

] 0, ava<z<xg
F(az){ 1, avzg<z<p,
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Yxnua 5.7

dnradn yia & # o n F' unapyet xat wouvtat pe f(z). To oupnépaopa auto sivat
yevikd kat ovopaletal mowro Jeuedundes Yewonua tov Ameiostikot Noyisuov.

Oempnua 5.5.2 Av 1 [ eivar odokAnoueiun 6o [, 8] kar svvexns 6to zg € [a, f]
Tote N svvagtnen F(z) = f; fi v a <z < B, eivar mapaywyiswqn 670 Ty Kai 1
wapdywyds s wovtar ue f(xo).

duowka av g = a (xg = f) evvoolpue cuvEXela kal napay®ylon ano dedia (apt-
otepa).

Anodedn: fa eferaocoupe v nepimtwon a < g < F kat a unobetoupe ou |h| <
min{f — xg, o — a} olws woe g + h € (a, ). H nepimwon g = a g = S
gival avaloyn xai agnvetal otov avayveotn. Kaleital eniong o avayvootng va
napakoioubnoer GAa ta fripata g anodeing oto oxrnua 5.8.

X0 To+ h T

Yxnua 5.8
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O¢houne va deifoupe ou F'(xg) = f(zg) dnradn ouw:

- <F(az0 + h})l — F(zo) f(m0)> W

Eoww npaota h > 0. Oa £xouys:

F($0+h)—F($0) -
D= — )

L= g =m0 b
_ ‘{%f;{ﬁ-h f f’I‘o+h }‘
= FL S = fao))
< HLENE = f@o)l.

Eoww ¢ > 0. Enedr 1 f unotébnke ouveyng oto g Ba unapyel 6 > 0 wote
|h| < & ouvenayewa | f(z) — f(zo)| < €. Av dowmov |h| < §, tote | f(z) — f(z0)] < &
yia zg <z < xg + h, xat enopgveg 0 < h < § ouvenayetat

:“

F(QZO + h) — F(ZE())
Y - f(@o)

1 [froth 1
<i |- faol < phe ==,

Zo

nou anodetkvuel ot F' (zd) = f(x0). Opota anodeikvioups ot F' (z) = f(z0) kat
enopevas F'(zg) = f(xzo). (Aixaiodoynote Oda ta fripata g napanave anodeing.
ITou xpnowponownfnke 1 undbeon h > 0;) O

TIp1v mpoy@PMooupe 0e 0XOALA KAl EQAPUOYES ToU Dempnuatog autou ag mpoym-
pnoouue og €va nopiopd tou nou ovopaletal 8 Jepeluides Jewonua tov Ameiosti-
kov Noyisuot.

Ag Bewpricoupe mah wia ouvaptnon f opiopgvn oto [«, 8] xar ouvexn yia kabe
z € [a,f]. Eoww topa G ma alkn ouvaptnon pe medio opliopou nait 1o [«, 5],
napaywyiotun oo (a, ), ouvexng ot [a, f], kat i€woa wote G'(z) = f(z), a <
x < . Mia 1€to1a ouvaptnon Ba ovoualetat agyur 1 adosto olokAnowua s f (mo
onavia Ag€yetal kat avunapaymyos).

Acifape ou 1 ouvapinon F(z) = f(: f eival éva aopioto orokAnpoua g f.
Suunepaivoupe Aowmdv ou 1 F(z) — G(z) sivar otabepa oto (@, ) xar (agou ivai
ouvexTq) enopeveg otabepd xar oto [oz B]. ©a gxoupe Aowmov F(z) — G(z) = «¢,
yaa <z < B Avz =010 F(a) = [T f =0dapa c = —G(a) onore:

ﬂm:mm—mm:/ﬁ

B8
Fm:/f:Gm—Gm)

Oeopnua 5.5.3 Av G ewvar éva adoisto olokAnowpa s f, a < x < 3, 10t ff f=
G(B) — G(a).

Kat e101kotEPa

Aceifaye Aomov 1o:
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Suvifeg 11 G opiletal oe éva diotnua (v,0) pe v < a < B < 0 kai gival
napaywyloiun o~ auto, onote 1 ouvexela ota a, 8 eival autoparr.

Yy napanave anodein Seifape ou av G (z) xar Ga(z) sivar Sto adplota
oroxhnpouata g f 10te 10 Go(x) — G (x) eival otabepa kai enopevmg av Eepoupe
£va aopioto oAokATpwua, ta Epoups OAa.

TMa 10 adpioto orokAnpoua da YprnoitponoloUpe 1o id10 oUPPOAO UE TO OPIOUEVO
oloxAnpepa adla x@pig opia oAoxAnpworg, (ta «, 8 o1o ff Aeyovial opia oAoKAT-
PROTG, Tave 6p1o 1o B kar katm oplo 1o a). Oa ypayoupe dmradn [ f 1 [ f(z) dx
yia kabe ouvaptnon tng onoiag 1 napay®yos 1ooutal pe f oto nedio opiopou g f
(mou umotifetal ou eival eva diaotnua).

O twinog ff f = G(B) — G(a) £xar emkpatnoel va ypagetal ff f=G()5,
Smhadi xpnotponototye 10 oupforo G ()2 yia m Sgopa G(B) — G(a).

Me ta 0oa €XOUNE MEL PEXPL TOPA, GUVAYOUUE OTL «O UTOAOYISUOS OQIEUEVIWV
ONOKATIQUUATWY avaYeTar 6TNY €V0EET, AOXIKWY 6UVAQTIEEWY (A0QETWY OAOKANQWNG-
Twy )». Auto Sev elval naviote andd akoun kail av 1 mpog 0AoKATP®OT ouvaptnot
gival OTOIXEI®ONG. XTI¢ MEPIMIMOELS AUTES AV EVOLAQPEPOUAOTE Yia TNV aptBunukm
TLUT] 1] V1A pia KaAT) TPocEYYIoT eVOS OPIOUEVOU OAOKATPOUATOS, XPTOLUOTOIOUUE
dragopeg puebodoug mou faciCoviatl 010V 0plopod TOU fa f-

O nivakag 1@V Tapay®@yov OPIOUEVEV OTOLXEIOOMV OUVAPTIOE@V TTOU O@OAUE
010 TPONYOUUEVO KEQAAAL0 OIVeEL GXEDOV QUTOUATA £VA MIVAKA AOPIOT®V OAOKATP®-
natwv. To ypappa ¢ a onuaivel, @g ouvimg, pia otabepa. Ot tinot woyvouv yia ta
x yia ta onoia ta def1d peln opiCovial (kai €xouv, dnwg EEpoupe, 10Te Tapaymyo).

5.6 Baoikeg texvikeg odokATp@ONS

Onwe avapévoupe TOAAES ISIOTIES TG TAPAYROYIOTS UETAPEPOVTAL OE AVTIOTOIYES
110TNTEG Y1a TNV aoplotn oAokANpwoT). Oa e€e1a00UNE PEPIKES QO AUTES NOU £ival
101aitepa XPToleg 0TOV UTOAOYIGUO A0PIoT®V, Apa Kal OPIOUEVEYV OAOKATP@UATOV.
Etot, yia napadetypa, n yvwotn oxeon (aF + BG) = aF' + G «, B otabepég,
ouvenayetat moxéon [(af +ag)=a [ f+8[g.
Mapaderypa: T'a wyaio nodvuevupo f(x) = ag + anx + -+ - + a,z"™, €xoupe

2 n+1

/f + + 7 + + T
=cC ol X1 — @ .
' J 0 12 nn+1

ITio evliagepovieg ival o1 Kavoveg OAOKATP®OTS TOU MPOEPYOVIAL and oV TU-
1m0 napay®ylong ouvbeng ouvaptnong (kavovag g aiuoidag) kal and tov wno
TAPay®ylong yivopevou. Agyovial aviiotolya «ohokANp®on e avikataotaony (1
aMhayt) perafAnuig) kat «oAokANPwOTN Katd pePT).

5.6a’ OloxAnp®on pe avukataotaon

Av F(z) sival €éva adpioto ohokAinpeua g f, oe €va ddomua a < = < f,
Smadn av F'(z) = f(z) yia z € (a, ) xa1 g(y) yia v < y < § pa napaymyioiun
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! 1
2" dx = +e, n#£-1,ne —dx =loglz| + ¢
n+1 x
Z.oz+]
% dr = +¢, neR a#-1 a® dr = +c¢, a>0
a+1 loga

cosrxdr =sinz + ¢

sinzdr = —cosz + ¢ 7,
cos

dr = Arcsinz +c

/
/
[erdr=e e
/
/

T da: = Arctanx + ¢

= — Arccosz + (g + c)

sinhx dzr = coshz + ¢

/
/
/
[
[ o=
/

/coshmdw —=sinhx + ¢

1
/#dmftanhw—}-c
cosh

[Mivakao 5.1 Tlivakag aopiot@v 0AOKATP@UATOV
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ouvapton pe mv Wiota g(y) € (o, f) ya v < y < 4, 101 1 ouvben ouvaptnon
F(g(y)) opiCerar xat 1 napaywyog tng divetal anod tov wno (kavovag aiuoidag):

(F(g(y)))’ =F'(9(y))9'(y) = fl9W))g' (),

yia vy < y < 4. Me adha Aoyia nouvapmon F'(g(y)) eival éva adpioto odokAnpoua
s f(g(y))g' (). Tpagoune ouvnbeg autn v d1ota ¢ e&ne:

'/f(g(y))g’(y)dy = '/f(m) dz.

Puoka autod onuaivel o1, KTOg anod pia mpoabetikt) otabepd, 1 oUVAPTNOT TOU Y TOU
TMAPLOTAVEL TO APIOTEPA PEAOG MPOKUMTEL AMO T1] GUVAPTNOT] TOU & TOU MAPIOTAVEL TO
3e16 perog, av avukataotnooupe 10 & pe g(y).

Hapatipnon 5.6.1 Popuaiiotikd o napandve TUNOG MPOKUITEL ANO TO OAOKATIP®-
pa [ f(z)dz av owm Beon tou z BEcoupe g(y) xar o Beon tou «Sagopikot» dz
10 dg(y) = ¢'(y)dy. Puoika 10 dz oo oroxhipepa [ f(z)dr eival andaog olp-
Bolo, mou Ppioketal kel yia va pag BupiCet 10 A, = Ty — T oto afpooua
> f(zk) (k41 — x) tou opiopot tou Riemann. O napanave tinog divel pia oAl
xpnoiun pebodo oAokATP®OTNS 0TI MEPIMI®OEIS TOU TO0 OAOKATIPOUA TOU APIOTEPA
HEAOUG €lvVaAl EUKOAOTEPO OTOV UTOAOYIOUO.

Tapadeiypata
(i) [(2z + 3)® dz. ©cwoupe 22 + 3 = y dhadn z = (y — 3)/2 ka1 €xoupe

1 1y 2z + 3)*
/(2$+3)3dﬂ?=/y3§dy=§yz+0:7(wg ) +C.

(ii) [ cos® zdz. Ed@, onewg kai oe AAAeg nEPUII®OELS, SEV @aivetal Apeoa 1 «ka-
A aviikataotaot. Oa pnopovos Kaveig va dmoel d1a@opoug kavoveg mou a
KAAUTITAV apKETES MEPIMIMOELS AAAG Osv Ba akoloubnooups autn ) taktiki.
E$ adlou og xapia nepint®oT ol Kavoveg autol 0gv MPOKelTal va avikata-
OTOOUV TNV gunelpia mou npogpyetat pe v efaocknon. [Hapatnpotpe o1

cos® & = cos® zcosx = (1 — sin” z)(sin z)’

Enopgvmg, 8etoviag sinz = y:

3 .. 3
/c0s3mdm: /(1*y2)dy:{3+y*%26+sinm7Sm T

3
2
/aze*”" dx

(iii)

I
|
N = N =
m‘ \\
mce
. QU
<
Il
o
|
|m
@



5.6 BAZIKES TEXNIKEZ OAOKAHPQEHY

/(Tjiia;)m = /(az—a)fm(a:—a)'d:v

./y’mdy

c+loglyl =c+loglz —a|, avm=-1
— y7m+1 (’I‘ 7Q)(7m+1)

- £ 1
—m+ 1 —m+ 1 avm#

ax + 8 _ alz+3)+ - F
,/m2+7$+6dm o / (¢ +7) +4a*v dz

2(x + 3) "
J (@+7)2+ 222

4

ay dz
+(8-+ :
( 2)/(3,4_%)2_,_%

Ynoloyiloupe Ywptotd ta Stio ohokAnpdpata tou B péroug ypagoviag k? =
(46 — %) /4 (= =6/4 > 0):

(e

L= / 2ufgmm _/w(+g)+yym
(z+ 1% + 22 (x4 2)2 + k2

(e 3) s

d
= /gy:c+log|y\:c+log

= c+log|z® + vz + 6|

.o / dz / dx
’ (x+1 )+4—5%ﬁ (z+3)* + &

_ / _1/ % ) dx
TR {(f@+7 }2+1 k %}2+1

1 d
= —/ Y :c+—Arctany

k) y2+1 k
1 xr+ 2
= ¢4+ ——" Arctan —2—.
\/40 — 2 \/40 — 2
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5. To OAOKAHPOMA RIEMANN

5.7 OloxAnpemon katd HeEPT)

O wnog (fg)' = f'g + fg' odnyel autowg 010V TAPakate TUTO TOU €ival YV@CTOS
0av «tUN0g OAOKATIPEOTS KATA UEPT:

/ f(@)g (@) dz = f(2)g(z) - / f(2)g(a).

O twinog ypagetal ouxva og e&ng:

[ tag =19 [ g

Kal €€l MAPA MOAAESG EQUPUOVES TOCO Y1d UTOAOYIOUOUS OAOKATPOUAT®V 000 Kal
yia v e€aymyn feopnuk®Vv anoteAeouat®ov.

Hapadeiypata

(i) ff log x dz. Ynoloyilwm np@ta €va aoploto ohokAnpepa g log z e ohokAn-
P®OT] KATA UEPT:

/logazdaz = /(az)'logazdaz:xlogm—/x(logaz)'daz
1
= zlogx — | x—dx =xlogx —x + ¢
x
Exoupe t@pa:

2 9 4

/logmdm:(mlogmfm)h:210g272+1:fl+10g4:10g—.

J1 €

ITio ouxva MPoY@PAE TAUTOXPOVA GV EUPEGT] TOU OPIOUEVOU OAOKATPOUA-
10¢, 08 MEPITTIOOEIS 0AV TV TAPANAvV®, YPAYOVIAG:

2 2 ‘ 2 4
/logazdaz = /(x)'logmd:ﬂ:azlogwﬁ—/ x—dx
1 1 1T
= 2log2—1logl—(2—-1)=-1+1log4
= log-—.
e
(i)
/:U2cosxd:n = /HZZ(Sin:U)’d:U::UZSin:U—/Q:USiDZEdZE

= xzsinx+2wcosaz—2/cosazdaz

= z2sinz + 2z cosz — 2sinz + c.
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5.7 OAOKAHPQEH KATA MEPH

(iii) [ % de, A =% —46 = k2 < 0, p = 2,3, .. .. [Ipoywpape omwg
oto napadetypa v (oeAida 113) xat exoupe

/ (az + B) dr — a/ 2(x + 3)

2] @rarop

«a dx
(-9 | o

YnoloyiCoupe xwpiota ta SUo oOAokAnp@puatd 1ou ' peloug

(22 +yz + o)+ 2.

2(x + 3) (22 + vz + 0) dx
I, = ——=——dzr =
7 4yt O (% ¥ e+ )
_ d_y:(, y—H!
oy —p+1
1 1
= C —

p—1 (22 +yz+o)r1"

p— dx . k‘(z: ) dx
b/W+W+MH/}m“W+m

L —2m /diu
J yr+ e

Mag pevel €101 VA UTOAOYICOUNE 1O

Kal va avikataotnooupe 0 y pe (z + v/2)/k. Oa fpoluue €va wno yia 1o

oAlokAfpwpa autd, ag 1o kaiéooupe I, ouvaptioet tou I, 1. Metwa an6 p—1
Bripata Ba gracoupe oo I = [ % 10 onoio Epoule va 10 UTOAOYIcOUUE

(= Arctany + ¢). Exoupe Aowmov:
/ dy / 1+y® —y°

o = oAy
Jo+y)r ) (T4y?)e

/ il */ v dy =1, 1*1/1/721/ dy
J @yt @y 2 ) Ty

1y

_ 1 (A+y?) 1 2y 2y
= qul*5'/y(1+y2)udy—lufl75'/1/(14'1/) (1+y7)'dy
= Lot g [ @) Yy

-1 ) ' '

= I, + 2(1117 0 {(1 _,_52);#1 _/ (1 +Zz)“1}

2u—3 1 Y
20p—1) A4yt
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5. To OAOKAHPOMA RIEMANN

Snradn Bprxape 1o I, ouvaptnoet tou I, ;. Sv npotedeutaia w0oTNIa XPT-
OLUOTOITOA UE OAOKATIPGOT] KATA PEPT].

IMapatipnon 5.7.1 Ta odoxdnpeuata (iv) xkar (v), oehida 113, xar (iii), oeAida
115, Ba pag xpelaotouv oV ENOUEVT] TAPAYPAPO V1A TV OAOKATP®OT] PITIAOV GU-
Vaptiosmv.

5.8 H olokAnp®on 1@V pNIaV ouvapioc®v.

v napaypago autn fa Seifoupe ou pe g pebodoug mou avantuape PEYPL 1®-
pa pnopoUue va OAOKATP®OOUNE ouvaptnoels g popens P(z)/Q(x), omou ta
P(z),Q(x) eival tohu@vupa xat 10 @ £€XelL 1V HOpQ@T):

Q@) = (z —a)" - (z = ap)™ (@° + Mz +5)™ - (2 + 1z +00)™,
Onou ay,...,0n € R ny,...,my ENKm’ygféMz <O0yuul<p<A

Iapatipnon 5.8.1 v nmpaypatkotmia kafe TOAUGVUNO PTOPEL va ypa@iel wg
pia otabepd emi éva MOAUGVUHO TN¢ TApAmave pop@ns. Autod sival mopiopd tou
Aeyouevou Bepehimdoug Bemprpatog g «Adyefpag», cUp@@va pe 10 onoio «kabe
un otabepd moAuwvupo £xel toudayiotov pia ev yevel pyadikn piCa». Ny napa-
Mave datun@oT 10 TOAUGVULO UTOPEL Va £Xel Kal Uiyadikoug OUVIEAEOTES. LINV
MEPIMT@®OT TOPA MOU TO TOAUGVUUO £XEL IPAYUATIKOUS OUVIEAEOTES, TOTE 01 kKabapa
pryadikeg piCeg 1ou gpgaviCovial ava (euyn ouCuyov piyadikev apifpov kat ta
Celiyn autd dnuioupyouv toug mapayovieg g popens (22 + yx + 6)™. Aev Oa
Tapouclaooupe 0@ auth v fewpia, S0l QuoloAoyika avikel oy fewpia v
HIyadik@v ouvaptnoe®v. LToug UTOAOYIopoUS 1o fempnua dev eival xproipo, yia-
1t dev pag diver pebodo va Ppiokoupe pileg. To o1 1 anddeiln 1ou Bewprjuatog,
napda 1o ovoua tou, xpeialetar péoa tou Aneipootkou Aoyiopou (1 Oswpia 1@V
HUIyadlK@Vv ouvaptnoe®v ival KAtd KAmola €vvola 1] EneKtaot] tou AmMEpooTikou
Aoyiopou yia uiyadikeg Guvaptnoelg), Unopoupne va 1o SOUNE and v Mepinieor
noAuevupou fabuot 3 (yia modudevupa Babuou 1 kar 2 1o bempnua sival yveootd
ano ta Tvpvaocwaxa Mabnuatxa).

IIpaypauxa pe v Ponbeia tou Bempruatog g evdiapeong upng deifape ou
xafe nodumvupo 3ou Babpol €xetl pia tourayiotov piCa. Av Aotmov

f(x) = ap + 17 + azz® + azz®, az £0,
fa unapyer mpaypaukdg p Eto0g @ote f(p) = 0, xar enouEvVeS
f(@) = f(x) = f(p) = ar(z = p) + as(a® = p°) + a3(z® - p°) =
1

a a
ag(x—p){x2+xp+p2+—2(az+p)+—} =
as as

a a a
as as as

Snhadt npaypatt n f(z) £xel MV HOPPT) TOU MEPLYPAYANE OV apyT TS Tapaypa-
@ou. Ta v anodeiln naviwng xpnotponotnoape to fempnua g evolaueong nurg,
OnAadt) eva Bewpnua mou katefoxnv avrkel otov Aneipootikd Aoyiopo.
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5.8 H OAOKAHPQEZH TON PHTON SYNAPTHZEQN.

H pebodog oroxinpwong pnev ouvaptioewv P(z)/Q(z) ne napovouaot ¢
g popens nou neptypayape (Bewpmuka Snradn OAev @V PNIOV CUVAPTHOERDV)
ownpiletal o1o mapakaim bewpnua nou ovoualetar Oswonua avalvens 6e awAd KAdG-
suaTa.

Oeopnua 5.8.2 Av 7a duivupa © — aq, ..., T — qp ewar NagogeTikd ava dUo, Ta
Touivupa T2 +y1 x4+ 01, .. ., 22+ Yz + 0y MagoosTikd av Mo, o1 Sukovovses ’yf) —40,
aovnrikeSyua p = 1,. .., AK@a Ny, ..., Ng, M1, . . ., M) QUEIKOL AQUINUOL, TOTE VITAEXOUV
sravepes A, ... AT L AL AT AL AT L AT T, L T dete
P@) A Ay
Qlz) =—o (z —a;)m
1
44 Ap - Aizk
T — oy (z — o)
iz + Al a4+ AT
(2 + vz +61) (2 + iz + 61)™
Lz + A} "z + A
(22 + maz +6)) (22 + Az + 5y)™

omov P, Q molvuvuua wete o Baduds P va eivar yvisia uikootepos tov aduot tov @
Kaz

Qz) = (x—a1)™ -+ (z— ap)™ (@® + M1z + 61)™ -+ (2° + 1Az + 0))™.

Iapatipnon 5.8.3 Extedloviag v dwipson P(z) = n(z)Q(x) + y(z), onou o
Babuog tou y(z) yvroa pixpdrepog tou abpou tou Q(z), fPAénoupe ou

Pl) oyl
0@ - " Q@)

xatl emopevms 1 unobeon «o fabudg P va sival yviola pikpotepog tou fabpou tou
()» Sev fAamtel ouoldOTIKA TNV YEVIKOTNIA.

Anédeiln: H 18¢a g anddei&ng sivat moAu amin kat fa pag Swoel kat v enmpo-
ofletn minpogopia, ou ot otafepég Af, ..., A" eival povooruavia oplopéves.
Oa YpNoLHONONOOUNE ENAY®YT @S MPOoS 10V fabud ny +no + -+ 2mq +--- +
2my = N tou Q). Ta N = 1 10 Bewpnpa sival tepippevo. Ynobetoupe N > 1.
Av moteyoupe katapxag myv avaiuon os kAdopata mou Agst 10 Bempnua, 101
1 Tapaoctaoct

Plx) AP Plo) - AP Qi)

Q@) w—an)m Q(z) ’
onou @1 () 10 ToAu®@VUNO %, HETA TNV ek1€Ae0T] TV pafemv Ha npenst va
TAPEL TNV UOPQPT| 52((?) onou B, Q2 modumvuua, Qq(x) = % xat o fabuodg tou B

gival yviola pikpotepos tou fabuot tou Q2 (yiat;). To A7' dowmov kabopilerat,
av auto sival duvatov, ano v ouvinkn:

-117-



5. To OAOKAHPOMA RIEMANN

To molvuvvpo P(x) — AT Q1 (z) dungettar ue x — av, dnhadn
Play) = A" Q1(a1) = 0.

To ou mpaypatuka 1n ouvlrikn auti kabopiCer 1o A}'' mpokimiel and 1o ou

Q1(a1) # 0 (nati;).

H idia oxeyn pag kabodnyei kat yia v kabopiopo wv I, A" Exoupe:

P(x) 3 M4+ AT Pz) — (T x4+ A7) Q1 (2)
O) ~ @+ ma + o0y o)
onou Q1 (z) eival 10 noAuGVULO % Ta I, A", xabopiCoviar omeg

KAl mPoNyoUnEVa, av auto eival duvatdov and v ouvOnkn:
To molvivupo P(x)— (DT x4+ AT Q1 (z) Suageirar pe to Tonivopuo o2+ x+6; .
Av ypavyoupe p1z + p2, @1 + g2 1a unorowma @V dapecenv 1wwv P, Q1 dia
tou 22 + vz + 6; 1 mapanave cuvhikn 10oduvapel pe v
Yraoxer 6radepd B téT010 WeTE :

(C7" + AT @z + g2) — (p1x + p2) = B(z® + iz + 01)

Aniadn:
q]F;nl +0Aqn1 —B:07
@I + @ A" =B =p,
0- F;T“ + qu;T“ - 51B = pP2.
Ta va sivat homdv duvatdg o kabopionodg v T, AT npénet i opiCouoa
qi 0 -1
D=|g¢ ¢ —mn |=-6¢+nage g,
0 @ -4

va eivat # 0. Katapyag anoxleigtal g1 = g2 = 0 yuat 101e kat 10 TOAUGVUPO

Qi(z) = % fa énpene va Sapeital pe 22 + Yz + 6y, 10 onoio Sev

oupBaiver. H anodein eivat eikodn ahda oyt iereiog tetpippévn. (To 22 +y12+
eival avaymyo ( Sev ypagetal @g yivouevo moAuaviney lou faduov), Sivtt 7 —
457 < 0, xai enopéveg yia va daipei 1o (1 Ba mpénet va Siaipei Evav and toug
avaymyoug napayovieg tou. To tedeutaio Opme dev unopei va oupfei).

Eotw dowmdv go # 0. Oa €xoupe

2
D=—q {51 (q_1> - (q_1>+1}7
q2 g2
xat ene1dn €€ unobeoewg 712 — 401 <0 gngtar D # 0.
P(z) Tz+A

Agaipoviag Aomov ano 1o o0 a\(/a) OpoO NS HOPQTIS (z:?x)"' n e
B(z

avayouaocte O Jia PIIl GUVApPTNoT 2(2) onou 10 moAvwvupo B(x) £xetl fabuo

HiKpOTEPO and tov Babpd tou mtoduevipou Qo (x) xat o fabudg tou tedeutaiou sival
pikpotepog 1ou V. H enaywyikn unofeon pag kat ot mapatnproels auteg OUUTATIP®-
vouv glikoAa v anodeié. O
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5.8 H OAOKAHPQEZH TON PHTON SYNAPTHZEQN.

Tapatipnon 5.8.4 Av pag smtpénoviav 1 pnot plyadikov apibucv, 1 anddsin
fa Mav onuavuka andovotepn (yiati;).

Hapaderypa: | MW ApyiCoupe pe v avaiuon

1 A B r Az + FE
= + + + .
(x —1D>(x+1)(2z2+1) =xz—-1 (z—-12 =xz+1 2241
H Baoikr] pebodog mpoodiopiopol 1wv ouviesotov A, B, ', A, E cuvictatal, agou
kavoupue T1g Mpa&eig o1o B peAog, 010 va el0MOOUPE TOUS CUVIEAEOTES TV apib-
UNT®V Kal va AUCOUPE T0 oUOTNUA Tou TPokuntel. Ag epappocoups v pebodo ato
napadelypa pag:

1 A B I  Az+E

G- 1P@+ D@+ 71 @12 741 2+1

Az - D+ D)2+ D)+ B+ D) (@2 + 1)+ Tz - 122+ 1)+ (Az+ E)(z + 1)(z — 1)?
(z—1)2(x+1)(22+1) ’

OTNOTE TPETMEL
1= (A4T+A)2* +(B—2I-A+E)23+(B+2T—A—E)2*+(B—2T+A—E)z+(— A+ B4+T+E)
Onradn

A+T+A=0

B-2'-A-E=0
B+2-A-E=0
B-2r+A-E=0
-A+B+T+E=1

Atvovtag 10 olotnua Pfpiokoupe

3 1 1 1 1
A=——, B=-,T=-, A=—-, E=-.
8 4 8 4 4
Evag aAog 1ponog va Ppolijie ToUg GUVIEAECTES, TOU AVTIOTOIOUV OE TAPOVOUACTES
Mg ROPQPTS (& — arg )™k gival va mToAAanAaoldooUNE TNV OXE0T] TOU Sivel v avaiuoT
wou P(z)/Q(x) eni (z — ay)™* xat va Becoupe = ay. Yo napadetypa pag, yia
napadetypa, nolamractaloviag eni (z — 1)2 xat 8groviag z = 1 Ppiokoups: B =
m = %. [MoAhamiaocialoviag emi ¢ + 1 xat Bgtoviag © = —1, Ppiokoupe
_ 1 _ 1 _ 1
I'= CI-D2((-1)?+1) — 42 — &

H o)loxAfpwon t@pa g ouvaptnong EESE avayetal 0g yveota

1
z+1)(z2+1)
OAOKATPp@pATA.

/ dx
(o - 120+ )@ + 1)

_7§/ dx +1/ dzr +1/ dx +1/:U—|—1d
T 8) e 174) @128 av1 a2 1™

31 | 1] 1 1 11 | +1|+1/ dz +1/ 2z
=——loglz — 1] - >-——+ = log|=x | ——+= | ——dx
g8 dg—1'8"% 1) P¥178) A

3 1 1 1 1 1
:glog|az—1|—1m glog\x—l—l\—l—ZArctan(x)+§10g|az2—|—1\—|—c.
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5.8a' OloxAnpeuata mou avayoviai 6e 0AOKATp@uUATA PITOV CU-
VAPTNOE®V.

TToAAES POPPES OAOKATP@UAT®V aAvVAYOVIAl 08 OAOKATP®OT PIIOV GUVAPTTOERV.
TTapouotaCoupe PePIKES AMO AUTES TIG MEPIMIMOELS. Oa YPNOIUOTOIOUUE TO YPAUpd
R yia pmiég ouvaptnoeig piag 1 nepioodtep®v petafimev. Fa napadetypa R(z, y)

fa onuaiver pla ouvaptnon g Hopers QE ; onou P, () moduemvuua tov T, y.

i) [ R(cos(z),sin(z))dz. H avukataotaon tan & = y, (z = 2 Arctan(y)), ava-
YEL T OAOKATP@®UATA AUTA 0E OAOKATP®OUATA POV cuvaptioemv. [Ipaypa-
TKa, fa exoups:

1 42 ) 2
cos(z) = - 1/27 sin(z) = Tyw (2 Arctany)' = T2
y Y Y

OMOTE 10 OAOKATPp®UA yivetal

1—y? 2 1
/R y27 y‘ dy,
, T+y? 1+y?) 1492

OMAadt] to oroxAnpoua pning ouvaptnons. H pébodog autn eivatl apketa emi-
mov1), yla autd emdi@KOUNE ouxva, avaloya pe v popet g R va fpolus
amioliotepoug 1ponoug orokANpwons. Av yia napadeiypa 1 R(cos(z), sin(z))
gxet v popen cos(x) Ry (cos(x), sin(z)) ka1 oty pu) ouvaptnon Ry (z,y)
eneavifovial povo apuieg SUVANELS TOU Z, TOTE 1] aviikataotaot y = sin(z)
avayet o [ R(cos(az) sin(z))dz oe ohoxAnpwua pning ouvaptnong (yiati;).

2y

Mapaderypa: [ =2 S . Ogoupe y = tan(x/2), ondie sin(z) = Th,7 Kau
£YOUpE:
dx 1+y?
/ = [ S Aretan)dy
1+y? /
- — =lo +ec.
% 1+y gyl

Av xa1 edm 10 OAOKATPOUA UTOAOYIOTIKE EUKOAA, Ag OMOOUUE Kal £va AAAO
PO UTOAOYIOUOU.

/sijfm) N / 25in (2 d)wcoq(ﬁ) :/% (co@l(%)) (*anl(§)> dz =

/ (tan(%l))’dx _ cHOg‘tan (g)‘

‘ran( )

(ii) [ R(e®)dz. H avuxataotaon e® = y avayet 10 oroxipoua oo [ R(y) y )
YV MEPINTOT autr avayovial Kal 1d OAOKATPOUATA PTIOV GUVAPTTIOEDV
1@V UTEPBOAIK®V OUVAPTTOE®V.
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Mapaderypa: [ sinh?(z)dz. O¢toupe y = ®, ondre sinh(z) = 3y — 1) xa

£YOUE
1 1\’ d
/sinh2(az) :/— (y——) W _
4 y) vy
1 , 1 1 1 B dy
(o) il a4
4, Y Y 4|, . J oy

—2

1y |y
L E A Y =
4{2-{-_2 oglyl| + ¢

sinh(z) =

4 —E—FC.

1
[5(62“ —e %) — 24 +c=

1 1
(iii) [ R (az7 (Z;Ig) ") dz, n € N. H avukatactaon y = (fcl;jr-s) " avayet 10
OAOKATIP@ A 08 OAOKATIPG®UA PNTTIS GUVAPTNOT.

dz
z/z—1"

Hapaderypa: [ Ottoupe ¢ — 1 = 42, onote

(iv) [ R(z,Vaz? + bz + ¢)dz. Ta ohoxAnpeuata autd givat 1 e18ik1] nepintworn
n = 2 ohoxinpepatev me wopers [ R(z,\/P(z))dz, éomou P(z) éva no-
Auovupo Pabuou n. Tnv nepimtwon n = 1 mv £€xoupe ouolaotika egtdoet.
Hpaypauxa 1o [ R(z,Vax + b)dz avayetat oe odoxipoua pruig ouvaptr-
ong va fecoupe y2 = ax + b. Ag SoUpe Aentopepeotepa yiati.

= 2Arctany + ¢ = 2 Arctan vz — 1 + c.

H avukatdotaon y? = azx+b, Snradnz = sz*b petatpensr v R(z, vazx + b)
ot pitn ouvaptnon R (y%b) 1/) xat 1o oroxkAnpoua [ R(z,y) oto

2 2 ! 2
- - - 2
/R<y b,y> (y b) dy—/R<—y b=y> —ydy-
a a a a

‘Hiav ouctactikd yia v UETATPONT] autl] 10 yeyovog ot 1 y2 = azx + b
2

€xel pMiT) AUon @g mpog 1 x = & ;b. Eto1 yia napadetypa 1 avukataotaon

y? = az?+bx+cSev eival 1 KATAAATAT Y1 TV LETATPONT] TOU OAOKATPOUATOS

| R(z,Vaz? + bz + ¢)dz oe ohoxAnpopa piis ouvapmor. [paypauka fa

siyape
bt/ —4(c—y?)
N 2a '

x

Omhad)
/R(m, vaz? + bx + ¢) dx
' !
—-b+ 2 _4(¢ — y2 b+ 2 _4(c — y2
:/3( b+ /I —4(c y),y>< b VI 4l y)) i,
) 2a 2a
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OMAadt], ev YEVEL OAOKATIP@GUA TAAL UT) PITIS OUVAPTNOTS.
Ag unobecoupe xat apyag on a > 0. Mia pikpn addayr omyv napanave 19€q,
nmou ogeiretal otov peyaro EAPetd pabnuatiko tou 18ou aiwva L. Euler, fa
nag Swoet mv embupm avukatactaon. O¢toupe az? +br +c¢ = (y++/ax)?.
Topa pnopolpue va fpoune prid 1o z ouvaptiosl y (yiautd npoobécape tov
opo azx):

c—y?

- 2\/ay — b’

OMOTE T0 OAOKATPO®UA PETATPEMETAL OGS EETIG:

R(z,Vaz? +bzx + c)dx
/R c—y? \Va c—y? c—y? 'd
= — a :
, Qﬁy—b’y 2\/ay —b) \2\/ay — b Y

Av a < 0, 1ot 10 p1I@VUNO az? + bz + ¢ Ba £xel Stio npaypatikég pileg p1, po,
(aMhiwg Ba fitav < 0 yia 0da ta z) kat fa £xoupe:

X

. ya(x — pa
wr? +br -+ e = a(e — pr)(z — pa) = (5 — pr)? UE—L2).
T — P
Av dowov Bgcoupe y? = agf:ppf), 10TE UMOPOUE va AUGOUUE TAAL pNId @G
2
npog = kat fa €xoupe x = %, onote

/ R(z,\/az® 1 bz + 0) =

ap> — pry> (ap: — pry? aps — pry?
R oy’ s ) ) (o) e
a—y a—y a—y

Mia Sagopetikn pebodog yia v orokAnpworn Ba fiav, pe petacynuat-
OpOUG avaloyoug HE autoug NOU XPNolUonomoaue oto napadetypa (v) oe-
Aida 113, va avayfoupe oe ohoxinpouata g popens [ R(z, va? + 1) dz 1

J R(z,Va? —1) 1 [ R(z, V1 —a?).

To [ R(z,Vz—1) pewarpénetal oe orokhipmpa puig ouvapmong tou e
pe v avukataotaon z = cosh(z) xat 1 [ R(z,v1 — 2?) dz peratpenetar
0g OAOKATP@UA PTG ouvaptnong t@v sin(y), cos(y) pe v avikaiaotaor
x = sin(y).

Iapadeiypata:

2 2

(a) H ouvapuon y = Va?2 — 22, —a < z < a, TapIOTAVEL TUUIEPIPEPEIA UE
aktiva a. To ohokAnpepa ffa Vva? — x2 dx, napiotavel enopevwg 10 epfadov
10U dlaypapplopevou nNuikukiiou xat fa mpénel va ooutatl ps %waZ. Ag 10

enanfetcoupe. Otoupe = = a -sin(x), —F <t < I kai €xoupe
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5.8 H OAOKAHPQEZH TON PHTON SYNAPTHZEQN.

YxnNua 5.9

a 3
/ \/a27m2dm:/ acostacostdt =
J—a

jus
2

a2/ cos? t dt,

us
2

2 9 T
tdt = —.
/7 cos 5

Kal pevel va dsioups ot

H anodeiln eivat etkoin:

us

/

jus
2

‘ 1 (2 ‘
cosztdt:§/ 2cos tdt =
J-3

jus

/

us
2

(1+ cos(2t)) dt = % (g -(3)+ %/ cos(2t)(2t)' dt =

N | =

N——

s
2

1 [/ 1
g+ §[ﬂcos(y) dy = g + Zsin(y)

Iapatipnon: Aev npenel va SEQUYE TN TPOCOYTS TOU AvVAyV@OTI OTL XPT)-
olgonomoape dUo @opeg v €€ng 1010Tta:

Av iz = q(t),y <t < § eivar mapaywyisiun tote
q(d) é
[ t@dr= [ sa@)d oo,
Ja(v) Sy

Eda Befaia exoupe kavel, x@pic va 1o mouus, kat aideg unobeoelg, onmg 1
oroxAnpeorpdtna wv f(z) xat f (q(f)) q'(t). Aev a ya&oune va Ppoipe tig
akpifeiq mpoiimobeoeig, Ba unobecoupe ania ot o1 ¢ kat f sival 1€101e¢ MOTE
va 1oYUEL 0 TUTOG AOPLOTIS OAOKATIPOOTS HE AVTIKATAOTAOT)

/ f(z) dz = / fa®)dmdt  (z=q®).
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5. To OAOKAHPOMA RIEMANN

To apiotepod perog eivatl pia ouvapmon F(z) xat to 8816 pia ouvapmon G(t)
wote F(q(t)) = G(t). Enopéver

q(d) b
/( : f(z)dz = F(q(8)) = F(q(v)) = G(6) = G(v) = / fla(®)d'(¢) dt.

Av 1 ¢ sivat yia napadstypa auouvoa, tote €xoupe pta diatobnuika Eexabapn
eikova: Otav to ¢ petafarietat ano 1o v pexpt 10 § 10 ¢ = ¢(t) perafairear,
avfavopevo kat auto, and g(y) €wg ¢(d). Av 1 ¢ dev eivar atouvoa, yevikote-
pa povotovr, 1ote 1 datobnuikn eikova ival mo mtoAUmAok1. Ag gaviactoupe
10 '[01 x dz. Tpagoviag # = sint, 0 < ¢ < /2, eival gavepod xai avaiuuka

kat dtawohnuka, ou
1 w/2
(/ a:da::/ sint cot t dt.
0 0

[y

1 2
/mdm = 21*0217
Jo 2 |, 2 2
w/2 11 w/2
/ sintcostdt = ——/ (sint)(2t)" dt
Jo 22 Jo
1 [ 1 -
= Z/o sinydy:Z[—cosy]o
1 1
= —|—-(-)-(-1)| ==
HESISVEE)

Maipvovtag wopa z = sint, 0 < ¢t < 57/2 (o1 0 < t < 7/2), olpgwva ue
1oV napanave twno fa enpene nait va Bpouye:

1 5m/2
/ mdm:/ sintcostdt
Jo Jo

w/2 5m/2
<— / sintcostdt+/ sintcostdt).
0 w/2

Auto mpaypau @aivetal omotd yiati f:;;/Q sintcostdt = 0 onwg @aivetal
apeca and €va amAo UTOAOYIGHO. XT1] YEVIKT MEPIMI®OT 10 TeEAeutaio olo-
KApopa fa avictol oUoe oe €va OAOKATPOUA NS UOPPTIS fj g'(t)dt, o-

nou g(v) = g(8) (mapte g(t) = F(q(t)), omote g'(t) = F'(q(t))q'(t) =
f (q(t))q’(t)). Eva 11010 6pwg odokAnpowua sivat guoika 0, diot

)
/ g'(t)dt = g(8) — g() = 0.
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5.9 TO ATIAO EKKPEMES

® [ViTi

' . ] 2 '
©¢toupe x = sinh y onote 1 + 22 = cosh” y ka1 £xoupe

/\/1+$2daz = /coshycoshydy

eV +e v\’ 1 9 9
/(T) dy:zi/(ey+e Y+2)dy
1 . 1 .
1e%v le’2y+y+
12 12 "2°7°

1
= Zsinh(?y)+%+(z

1 1
= 37 1+372+§10g($+ 1+.7:2)+(:.

Me tov petacynuatiopd tou Euler fa npoympotcaye og e€ng: 1+22? = (y+x)?
Snadi z = (1 —y?)/(2y), ondte

1—92\ [1-92)
/\/1+az2daz /<y+ y)( y) dy
2y 2y

B /1+y21+y2d _ 1/1+2y2+y4
B 2y 22 7 4 y?
1
= 3 /(zf3 +2y ' +y)dy
1 y72 yZ
= ——([Z-+21 -
4<2+ ogly| 5 | te

1 1 1 _ (V1+a22—1x)?
S | \/1 2 _ S e e e
8 (VI+a2— x)? QOg( e w) 8 te

ONou 610 TeleuTaio fripa aviikataotoape 10 y pe vV 1 + 2 — x.

ITot kavape Adbog; Anavinon: movideva! Amrovotata ot SUo EKQPACELS TTOU
Bprxaue Stagepouv petall toug katd pia otabepa (amodeite 10).

5.9 To anlo exkpepeg

Ta ohoxinpwpata [ R(z, \/p(z) dz pe p(z) nolu@vupo fabpot peyakitepou tou
2, ev yevel dev exgpalovial pe 1 forfela otoxeimdov ouvaptioewv. O mepi-
mieoelg fabpou 3 1 4 odnyouv ota Aeyoupeva edieimntikd orokinpopata. H moid
evolagepouoa bempia toug Le@elyel and 10Ug OKOMOUS AUI®V TOV OTUEI@OE@V.
Eexivael faoka and tov Nopfnyo pabnuauxd N. Abel (apyr 19ou aiwva).
YNUEI®VOUNE 0Tl T€101a OAOKATPp®UAta ep@avifovial akOun Kal o€ anid, Tou-
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5. To OAOKAHPOMA RIEMANN

Adylotov ot Satun®ot), mPoPfATuata On®S yla mapadelypd 1 €UPson TOU uTl-
Koug eAdetmuikoU tOfou 1) 1) HEAEIN NG KIVIONG TOU amAou skkpspous. Ag e-

0

{(cos@ — cosby)

Yxnua 5.10

fetaooupe Aemtopgpeotepa 10
anAo ekkpeles. Ipagoupe g
yia v emtayxuvon g fapu-
mag (=~ 10m/sec?) xat Oe-
@POUE TIG OUVAUELS TTOU TIPO-
gpyovtal ano tpifr), avriota-
on agpa x.Am.). H f¢on tou
exkpepoug kabopiCetar ano
yovia 8 = 6(t). Hepipevou-
HE, AmO 11 QUOIKT] E€NMONIEiA,
ou 1 ouvapton 6 = 6(¢) ba
gival pia ouvexng MePLOdIKT]

ouvaptot, pe nepiodo T io1 pe 10 Xpovo nou ypelaletat 1 pala yia va emotpeyet
oty apyik1 g Beon, ebivouvoa yia 0 < ¢ < T'/2 xar avéovoa yia T/2 <t < T.

Ag unobBeocoupe Aomov ou fplokopaocte oty apyn g xivinong, onodte 1 6 sivat
¢bivouoa. H apyn g Satrpnong g eveépyelag ouvenayestat Ot

2 dt

2
1m <€d9> =mg(cosf(t) — cosby)L.

H pabnuauxn epunveia tou ou 1 6 @biver oty apyn g xivnong ba sivar 1

unobeon ou df/dt < 0, onote

do \/2,
da

<

(cos @ — cosfy)

|& | |

- _\/ﬂ (1—2sin22—1+251n2%°>

OnAadm,

5 0

d9_ qg . 200 . oc
E—Q\/z <S1n E sin 5)

H unobeon % < 0 onuaivel 6u 1 0 = O(t) avuopegetal kAt yla v aviiopoQr

g t = t(6) Ba £xoupe

dt_l\/? 1
df 2 gsin%‘) 1—k2sin2g

)

yia —fy < 8 < b, onou Becape k = 1/sin(fp/2). To ¢ howmov Ba eivar eva adopioto
OAOKATIP@® A NG TAPATIAVE® GUVAPTIOTS KAl ETOUEVEG O TPOGOIOPIG PO TOU avayetal

OTNV €UPEGT] OAOKATPOUAT®V TN LOPPTIS

/ do
. 1—k2sin%6
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5.10 OAOKAHPQEZH ME TH BOHOEIA TOY YIOAOTISTH

Ta oloxAnp@uata autng TS HOPPTS AEyovIal «EAAEIMTIKA a' £i00UG UE T1] LOPQPT|
tou Lagrange».
I'pagoviag sinf = g, 10 napanaveo orokAnpeoua petacynuatietal g e&ng:

/ df B / cos B db

J /11— k2sin%6 J cosfv/1— k2sin%6
| =

J A=y - k)

Smradn eivar mpaypauka e popers [ R(z, \/p(z)) dz, dnou 1o p eivar toducevupo
4ou Babpou.

5.10 OloxAnpwoon pe n Borjdeia tou unoloyiot

O aplBunuikdg UNOAOYIOUOE EVOG OPIGUEVOU OAOKATP@®UATOS ff f(z) dx otav Si-
vovtatl ot apibuoi a, 8 xai 1 ouvapinon f akopa kat 6tav Oev unopouue va fpoups
pe 1 BoriPeia otorxe1dev ouvaptioe@v o yia o [ f(z) dz, Sieukohivetal toAu
pe mv Ponbela v uroroyiotwv. Autd av yveoto and moAda xpovia kat £Xouv
avamtuyfei pebodot yia va yivetar 6oo to duvatdv anodotkotepa autn 1 douAeld.
Oa moupe Aiya Aoyla oto tehog 10U kegaiaiou xat Ba pabete nepioodiepa oe arra
pnabnuata. Ipog 1o 1€hog g dekagtiag 1ou 1970 ApX10av va XPrnolponolotvial Ipo-
YPAUHATa UTOAOYIOT®V Ta omoid Oev divouv POvo aptfpuniikeg ipeg ailia extedouv
Kal aoploteg OAOKATP®OEIS 08 OAESG TIG MEPIMTIOOEIS TOU AUTO €ival duvatod va yi-
vel. Ewol yia napadetypa, dheg o1 odokAinpwoeig nou pabape (pniev ouvaptnoemv
R(z,/az® + Bz +7),...) unopouv va yivouv pe 11 forfela 1@v unoloyotev.
Auto Sev mpénel va npoxaiei ekmAngn, yiati evvololoyika toudayiotov, otav sivat
yvwotn 1 fempia 1 unodrownn epyaoia sivat Souiela poutivag. Paiveral dpwg ot U-
nnpyav apketd npofAnpuata nou €npene va emAubouv pexpt va yivet duvatrn 1 xpron
1®V UTOAOYIOT®V Y1 autod TO OKOMO Kal autd dikaloAoyei 11 xpovikn kabuotépnon
0 autd 1oV TopEa.

ISou 1 evioAn xat 1 anavinon evog unoioyiot (anod 1o npoypapua macsyma)
Y1d TOV UTOAOYIGUO TOU OAOKATP®UATOS

/ rdx
J (=12 +1)(z2+1)

avaloyou pe auta nou eidape oty evouna 5.7. (H anavinon dobnke oe Ayotepo
ano 1sec!)

(cb) integrate(x/ ((x-1) "2x(x+1)*(x"2+1)) ,x) ;

log(x2+1) _log(x+1) atan(x) log(x-1) 1

(d5)
8 8 4 8 4x-4
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5. To OAOKAHPOMA RIEMANN

5.11 Tevikeupeva olokAnpouata

To ohrokAnpmpa Riemann opiotnke yia @paypEveS oUvVapInoel OPIOUEVES OE Eva
KAe010 Sidomua [a, B]. Eivair nodU xprioipo va enekteivoupe tov oplopo kat yia
ouvaptroels (OX1 avaykaotika payueves) oploueve oe AAATS Hop@Tig Siaotruata.
Aivoue Tp®Ta T0Ug OXETKOUS OPIOUOUG:

Opwonodg 5.11.1 (i) Av n f ewvar ohokAnowswun se kade duistnua [y, 5], a < v <
B kar vmdoxer To 6010 lim,_, \+ ff f 10te Aéue omi vIdEXEL TO YEVIKEUUEVO
ONOKATIOWNA fer [ ka1 1s0UTar pe 10 MAgamavw 6pl0.

(ii) Av n f ewar ohokAnowswn se kave Sudetnua s pooens [a, 7], @ < v <
B kar vmdgyer o dowo lim,_,5- f; f, 10te Agpe om vmdgxer TO yEVIKEUUEVO

, B8~ . L
OAOKAT QWNG fﬂ [ ka1 ws0vTar pe To magamavw 6.

(iii) Av vmdeyovv ta f;Jr f ka ffr f yw kdmow v, a < v < 8, 1016 Aéue om
VITAQYEL TO ONOKAT QWA f;Jr f+ f57 . (EVrola paweTar 6T av vIdoYEL TO ff;
TOTE VTAOXOUV Ta, f(jJr, | fﬁ Ka ya omorodnmote dAlo 6, a < § < 3, kaa 1 Tipn

700 [ {’f J: f evar ave&dornn s emloyns tov v, a < v < (.)

(iv) 7a olokAnoupara f{jo, f{ffr f f o ff;o, ffooo ooiCovtar avaloya. Ja naodadery -
ua, To f;o f vmdoxer av 1 f ewvar ohokAnowsiun € kade MdeTnua TNS UO0ENS

[a, M], M > a kar vrdgyer To 6w lim py_, fm £, w0 omoio ooiCeTar ws 1 Ty

TOU f:o f.
Mia TeIpip PEVT] TApatnEnoT OXETIKA UE Td VEVIKEUPUEVA OAOKATP@UATA E1Val OTL
1 Unap€n, yia mapadetypa tou ff f ouvenayetai kat mv Unapén v ff+ f, ff f,
.fgf.Avoz<’y<Bt(')te

onou 1o M eival eva ave gpayua g |f| oto [a, 5] (1o onoio unapyel Aoy® g
oroxhnpwoipotnag g f oto [a, f]). And v avicotqa aut) €netar apgoa Ot

. B B B B
lim, o+ [0 f =[] f, Snhadn [ f= [}, f.

O1 evilaQEPOUDES ENOUEV@E MEPITTIMOELS EIVAl EKEIVES OTIG onoieg 1] f dev eivail
oroxAnpaoilun oto [a, ] (1 1o Staomua eivar g popers [« , o), (—oo, 8], (a, 0o),
(—oc, ). Auto umopei va oupfei

(i) owav 1 f Sev eival opiopevn oto @ 1 610 S 1) Kat ota dUo 1)

(ii) otwav 7 f dev eivar gpaypev.
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5.11 T'ENIKEYMENA OAOKAHPQMATA

YNUEIOVOUNE aKOUA OTL Ta VEVIKEUPEVA OAOKATP@UATA GUVAVIIOVTAL TOAU OU-
XVa Kat eival onuavikotatd 1000 og dagopous kAadoug tov pabnuatik®v 6co kat
OE EQAPUOYES.

IIpwv mpoxmpnooupe o e@appoyes fa dwcoupe €va anAo aAld onuavikod kpi-
P10 yia v Unapfn YEVIKEUPEV®Y OAOKATP@UAT®V. Oa 10 Silatun®@ooupe otV
MEPUITEOT SACTIUATOS TG HOPPTIS [ar, 00), adda 1o Uel pe g npogaveis ailayeg
KAl OTI¢ UTOAOLITES TEPITT@OELS,

Av |f(t)] < g(t), a <t < 00, Kar 10 f:oq VIAQYEL, TOTE VIGQYEL KAl TO f:o 7,
e’ os0v 1 | evar olokAnowenn ¢ kade dudsTnua s pooens [a, M|, M > .

Anédde1ln: Asiyvoupe mpota OT1 UTAPXEL 1O f:o ( (t) + g(t )) dt. Hpayyanka |
unobeon pag ouvenaystar ou 0 < f(t) + g(t) < 2¢(t), apa n (M) = fm (

' 0 ] ' ] ' OO
g(t)) dt eivar av€ouoa ouvapion tou M kat gpacogtal npog 1a nave and to 2 fa g
(yuati;). Yuvayoupe Aoumov Ot unapyet 1o 0pio

M

lim (f(t) +g(t)) dt,

M—oo

dnradn 1o f;o (f+g). E€ unobeoeme Oume umapyet kat 1o limas_, oo faM g(t) dt, apa
fa unapyet kat 1o

A}@@(/QM(H@—/QM )‘MIgnoo/ /

OnAadt) Ba unapyet 1o f;o f. O
Agrvoupe otov avayvmot] va dlatun®osl kal va anodeifel aniég 1810teg
1OV YEVIKEUUEV®OV OAOKATP@OUAT®V AVAAOYES UE aUIég nou deifape yia ta amia
. . B B
ohoxhpéuata (ya napaderypa [ f + [ g = f (f +g) xAn.).
Av dev unapyet xivduvog ouyxUoewg da ypagoupe amia fa f avi yua f{i fn
5
Ny 1
IMapadeiypata: (a) f0+ z%dx. To olokAnpwua sival yevikeupevo «oto 0»,
yuati 1 2% Sev opiletal yia = 0 (sx10¢ yia a € N, olpgmva pe 10ug oplopols Tou
SOOaYE OE AUTEG TIG OTUEIROELG).

Ava=—1«kaie >0 101
da: 1
loga:| —loge =log— — o0
e T €

kafwg € — 0T. Apa 10 ohoxATpwpa Sev undapyel. (Je TET018C MEPIMIOOELS AEE
EMONG: «T0 OAOKATIP®UA AMOKAIVEL 0T0 00.)

Ava #1kare >0, t0te
1 1 6a+1

a+1_a+1




5. To OAOKAHPOMA RIEMANN

KAl ENOUEVES 10 OAoKATp@Ua unapyel kat woutat e 1/(a + 1) av a > =1, eved
Sev unapyel (av Bedete, anokhivel 610 00) yia a < —1.

8) f1oo x%dr. Ava=1xa M > 1161
M
dx
J1 x

xabog M — oo apa 1o floo z®* dr dev unapyet.

Av a # 1, 101
M a+1
/ ztdr =
1 a+1

KAl EOUEV®S T0 OAOKATp@Ha unapyet kat woutal e —1/(a+ 1) ava < —1, eve
Sev unapyel (sivar oo av a > —1.

Mo e 1

17 a+1 _a+1

Iapatpnon 5.11.2 Ta SUo auta mapadeiypata Xpnoiponoouvial ToAU ouxva os
ouvSUaopo pe 1o Kprinplo mou anodeifape nmponyoupeva. 'a napadeiypa, 1o

*° (sinz)x
/ ERL 4
1 T + ].
unapyet. [paypauka exoups, yia x > 1,

(sinx)x

<
22 4+1 |~

T

kat —2 < —1.

(y) To foof z® dz dev unapyet yua xaveva a (yiati;).

(8) 'Eva moAU onuavuko odoxAfpopa gival 10 AeyOUevo «0AoKATp@Ua tou
Euler §' €idoug» 1 «Cappa cuvaptnon», mou opiletal yia 6Aa 1a s > 0 og e&ng:

[(s) :/ t* et dt.
Jo

To olokAnpeua eival yevikeupévo kat oto 0 Aoy tou napayovra ¢57 1,

Ilpener va dsifoupe v Unapén v fol 5 le~tdt xat floo t5le~tdt. Ta 10
mpwto mapatnpotpe ou [t Te 7t < 57! (yiati;) xat xpnotponotoUpe 1o napadetypa
(a). Twa 1o Settepo mapatpotpe ot t° et = (15 Te~t/?)e~t/? xat Ba Seifoupe
oe Alyo ou 1 £ te /2 givar gpaypevi oto [1,00), dnradi) unapxer M wote 0 <
t5"le=t/2 < M yia t > 1. Me Baon 1o xpriiptod pag apket Aowmov va Seifoupe ou
10 floo Me'/? dt unapyet. Autd dpeg eival amho Siot:

N ‘ ‘ N ‘
/] Me t?dt = M (—Qeft/z) =M (267]/2 - QefN/Q) — 2Me /2.

1
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5.11 T'ENIKEYMENA OAOKAHPQMATA

Méver va Seifoupe ou 1 f(t) = t5'e /2 eivar gpaypuévn oto Stdomua [1,00).
IMapampoupe ot f(t) > 0 xa

70 = 1% (5= 1)~ 5).

H f'(t) eival Aowmov un Bsukn) yua ¢t > 2(s — 1) onote 1 f(¢) eivar gbivouoa ya
t > 2(s —1). And mv &A\n pepia 1 f(t) eivar ouveyng oto khelotd didomua
[1,2(s —1)] ka1 enopéves eivat gpaypevn kel eotw | f(E)| < A, 1 <t <2(s—1).
Suvohiika dowmov Ba exoupe | f(t)| < A yia 6ha ta t pe t > 1, onwg akpifmg npene
va deioupe.

Tapatipnon 5.11.3 Yto tedsutaio pépog g anddeiéng ovotaotika dsifape ot yia
onotodnmote n € N t"e~t — 0 xabog n — oc (yiati;). Oa enavéroupe oe autr mv
TOAU ONUAVTIKT] OPLAKT] OXEOT].

Ag moupe pe v sukaipia tou mapadsiypatog duo Adyla mapanave yida 1 ou-
vapwon I['(s), s > 0.
Eyxoupe

[(s) :/ t" et dt
Jo
apa
r'(1) :/ eltdt=—e"| =1
0

(Awatodoynote mAnpeg v mo nave ypaput. Oco mo ypryopa yivel kinua oag 1o

MEPIEXOUEVO AUTNG TG TAPAYPAPOU 1000 Mo ypryopa Ba pmopeite kal €oels, ywois

va kavete Aadn, va XPTOLHONOLEITE auToU ToU £180U¢ TIG GUVIOUEUOELS,. )
Egapuoloviag oAokATp@oT Kata PepT), TAAl € OUVIOPEUOELS, EXOULE:

o0 o0
I'(s+1) = / tet dt:/ t*(—e ") dt
0 0
oo oo
= tseft‘ +s/ e tdt
0 Jo

= sI'(s)

(ka1 ma SikaiohoyTiote TATP®S 11§ GUVIOUEUOELS).

H «ouvaptnotaxip» autn oxéon, ['(s+1) = s['(s), divet apgows I'(2) = 1-T'(1) =
1,T(3) =2I'(2) = 2,T(4) =3T(3) = 3-2-1, ... ka1 yevika (tepippevn enayoyn)
I'(n+1) =n!,n € N. Me d\Aa Aoy 1 I'(s) eival pla ouvaptnon 1 onoia yia
axepaieg Betikeég nipeg tou s oupmintel pe 1o (s — 1)L Autd povo tou Sev Ager
noAAa mpaypata av 1 I' Sev €xe1 kar aideg kaieg 1&diotnieg, yia napadeiypa va
£ival oUVEYTS, VA €XEL MAPAY®YOUS K. AL TV TPAYUATIKOTIA €XEL OAES AUTES TIG
11oteg. Ag deifoupe yia mapadsiypa Ot €ival ouvexrs.

Eoww sp > 0. Xprnoiponoiwvtag 10 fempnua g HEONS TIUTS EXOUUE:

I'(s) —=T(s0) = / 5 — %ol dt
J0

(s — so0) / t* 1(logt)e "t dt
Jo
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KAl EMOUEVES
D(s) = T(s0) < |s — sol ‘ [ M ogne tai,
0

onou & eival evag apifpog, mou e€aptatat ev yevel anod 1o ¢, petall 1@v s kat s.
Maipvovtag |s—so| < $g/2 ka1 mapatnpeviag Ot 1 t* eival povotovn ouvaptnor
TOU @ GUVAYOUE OTL

(log#)t2® e < (logt)t¢ te ™t < (logt)t* te !
yua t > 0 (yiati;). Me tov idi0 akpifeg 1pono nou Seifape mv Unapén tou ook Anpe-

Hatog fooo t*~le~tdt yia a > 0, Seixvoupe kai v Umap&n tou fooo t* (logt)e tdt
(Sei&te 10). Pracape Aowmodv oo cupnépacua Ot 1) |s — So| < Sp/2 ouvenaystial

oo (13| 4 ()

A(a) :/ e "t" (logt) dt.
J0

H ouveyela g ouvaptnong I' énetar elikoda and tnv teAeutaia aviootna.

onou

Epédua Mavieyte (01 anodeifie) nowa oxeon unapyel pewalu ['(a) kat A(a),
a > 0; Av B€dete topa anodeilie autd mou pavieyats.

5.12 O opiopog tou log x pe 1 Porfeia tou orokAn-
pPOUATOG

Oa KAelcOUNE autr TNV TAPAYPAPO HE HlA EVOIAQEPOUCA EQAPUOYT], TOU OELXVEL

TS UTOPOUUE VA OPIOOUUE VEES ouvaptioslg pe 11 fonbela tou oAokAnpouatog.

ITio ouykexkpipeva Ba dwooupe €va deltepo opiopo g ouvaptnong log z. O oplonodg

autog dev sival Saohnukd 1000 1KAvomomnukog 660 Niav 0 OpIoHOS MTOoU O®OAUE
010 TIPOTYOUNUEVO KEPAAalo, Ba eival Op®e anAouotepog. ZeKIVAE Ao TOV TUTO :

Todt
/ T:logm—loglzlogaz,
1 L

yia z > 0, mou 191 yvwpiCoupe. YnoBetoups o611 dev £€xet oplotei akoun 1 ouvaptnon
log x, onote XPNOLUONOLOUNE TOV MApAnave tUno yla oplopo, dniadn opifouns:

) /m dt
ogx = —,
g T
yia z > 0.

O oplopdg eivar «karde» yiat oe kabe Swaomua [1,z] (7 [z,1] av z < 1) n
ouvaptnon 1/t eivar ouvexng (xar €xer gpayuévn napaymyo, av dev Bedete va
XPTOLUONMOINOETE T0 avanodelkto akoun fempnua yia mv oAokAnp@oipotnia tov
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5.12 O OPIZMOE TOY log 2 ME TH BOHOEIA TOY OAOKAHPQMATOS

ouvex®v ouvaptioev). H cuvapimon dowmov nou opicape eival kal napay@yiotun
kat wyvel (logz)' = 1/x yia £ > 0 Oneg QUOIKA TEPIUEVALE.

Eneidn 1 (log )" eival naviou ek, 1 ouvaptnon log z eivar av€ouoa kat gno-
HEV®G £xel avtiotpogo. Tnv aviiotpogo autr] cuppoAriCoupe pe e” xal v ovouda-
Coupe exBetikn ouvapnon. Mia anir tapaiiayr tou fe@pnuatog yia v aviaipogr
povotov®VY ouvaptnosov Seiyvel ot 1 e* opiletatl oto diaotnua (—o0o, 00).

Tpaypatka apkei va napatnprooupe ot

lim logz = 400
r—+00
Kat

lim logz = —oo0.
z—0t

O1 300 autég oYE0ELS £lval OTNV TPAYUATIKOTITA 1000UVApES, O10TL (0OAOKATIP®OT) pe

avukataotaot)

1 (Year o rd(G)  rrdy * dy
log— = _— = 1 = 1 = — _—
T 1 t 1 (g) 1 y 1y

INa va deifoupe ou log x — 400 xabag x — 400 Bewpoupe eva apilbpo M > 0.
Tlpenet va Ppolupe r9 ®oie 10 ¢ > xo va ouvenayetal logz > M. T'pagoupe
N = [M] + 1 xat naipvoupe zg = 22V *! fa €xoupe, av > g,

PN g 2 dt 2N
logz > logxy = —_ = 4.4 il
J1 t J1 t Jozn t
Ta onowodnnote opme k = 1,2, ..., 1 avukataoctaon 2Py = ¢ Seixver ou

ok+1

dt 2 9kq 21 1
[ s
Jor t ), 20y T ), 2 2

1 1 1 1
I -+ =4+ =—==2N=N>M
0gm>2—|—2+ —|—2 5 >

nou anodelkvuel Ot mpaypatka lim, 1 logz = +o00.

Eyxoviag opiost 10 €* pnopoupe topa yia tyaio a > 0, va opicoups a® =
zlog o
e .

KAl EMOUEVES

Puoika o1 Tapanave «tayudakTUAOUPYIEG» POVEG TOUG OEV E1VAL IKAVOTOIIKES.
Oa npénel va Seifoupe, Ywpic va yprnotponoinooupe 11 bewpia nou avanti€ape oto
TPOTYOUHEVO KEPAAALO, OTL Ol CUVAPTNOEI TTOU OPIOAUE £YOUV TIS IOIOTIIES TOU
TEPIPEVOUE. Yav mapadeiypa ag dsifoupe Ot 1 ouvaptnotn a”, Onwg v oplodps
1Hpa yia & = 2 Sivel 10 yVeoTo pag o o,

pénet Aomov va Seifoupe ot €219 ¢ = 2 Inhadn (and 10v oplopo g e oav
avtiotpoeng tou log z) 2log a = log(a?), 1 axdua

[
St St
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5. To OAOKAHPOMA RIEMANN

Ipaypatka exoupe (odokAnpwon e avikataotaon ay = t)

gt a7 dt [ dt [*ady o gt
J1 t J1 ¢t Ja t Ji ot J1 ay Jiot

IMapathpnon 5.12.1 Xpnoiponomeape v edeicog weipippevn (yat;) idiotma

/ " o) da = / * fay.

TMa 10 Ad6yo autod paiiota 6tav ypagoupe 1o OXOK}xr']pmpaff f ue 1 popen

/ )

ovouaCoupe 10  foufr] petafinu.

Teleiog avaroya pnopotpe pe 11 forfeia 10U OAOKATPOUATOS VA OPIGOUUE Kat
11§ IPLY@VOUETPIKES ouvaptnoels. ['ia mapadeiypa, 1 sin & o€ pia «uikprp» EPLOYT] TOU
0 pumopel va oplotel oav 1 avtiotpoTt] g OUVAPTNOTS TOU OIVETAL and T0 OAOKATP@UA

/ Toodt

0o V1-—1¢2

10U QUotka dev eivat tinote AAAo napa 1 ouvaptnon Arcsin z. (Bpeite pia t€towa «pi-

xpTp meptoyn. Epyaoteite évupa: Sev €xoups akoun 10€a yia tig id10Tieg tou sin x,

yia napadetypa dev Egpoupe ou 1 sin z eival avfouoa oto daotua (—n/2,7/2).
Aev 0a aoyoAnfoupe mEPIOGOTEPO PUE AUTOV TOV TPONO OPIGUOU T@V TIPIY@VOUE-

IPIK@®V CUVAPTIOE@DV. LNUEIOVOUUE UOVO, OTL autl 11 pebodog pag anaiilacost anod

TOUS YE@UETPIKOUS OPLOUOUS TOU OROAUE OTO KEQPAAALO0 2.

5.13 Aoxnoeig

1. Eowo f wa ouveyng ouvapon oto [a, 8] ne gpaypevn napaymyo oto («, )
Shadn |f'(z)| < M yua a < x < . O¢toupe:
-« -« -«

n

---+f<a+(n—1)B;a>}.

(a') Touwa gival 11 yE@UETPIKT ONuascia tou a,; (unobeote ou f > 0.)
. T 8
(B) Asifte oulima, = [ f.
(y') Ioxuet 1o 8 av unobecoupe povo m ouveyewa g f oto [a, B];
(8) Asifie ou
Y M(B—-a)?1
um [ < ME=a1
o 2 n
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5.13 ASKHSEIS

IMapatipnon 5.13.1 To (§') Seiyver 6u Ox1 povo a,, — ff f adda axoun ou
1N oUykAion sival apketd «ypryopn». Ilpoocéfte 1ov napayovia M oto 3’ pglog
nou Seiyvel OTL av 1 Tapay®yog Maipvel TOAU HEYAAES TIHEG eival mbavov va
XPEIAOTOUUE «TMOAU UEYAAO» N yld VA MPOOEYYIOOUNE KAAA TO ff f ue 1w ay,.
Hepapatoteite pe m ouvapmon f(z) = sin*(kz), k € N, a =0, B = T,
naipvoviag n = k yia va nsioteite. Ilepioootepa yia npoosyylotikeg pefdodoug
UTOAOY10UOU OAOKATP@UAT®V Ba pabete oe adia pabrjpata.

2. (@) Av 7 f(z) eivar ouvexrg oto (—00,00) kal av unapyet 10 (YeEVIKEU-
UEVO) OAoKATp@UA ffooo |f(x)| dz 1o1e unapyouv kar wa (yevikeupe-
va) odoxinpepata [ f(x)cos (zy) dr xar [ f(x)sin (zy) dz yia
onotodnmote y € R. Ta odokAnpouata autd AEyovial PETacNUATIOPOS
Fourier ouvnuitovou kal Muitovou g f aviiotorya kal £Xouv MOAAEG
EQUPUOYVES.

(8) Ymobeote emmieov o 1 f ival napaymyioiun kat akOun Ot yia Kanoio
a>0,f(z) =0 yvia |z| > a. Asifte 6u o peraoynuauopoi Fourier
OUVTIUITOVOU Kal Nuttovou g f, oav ouvapinoels tou ¥, teivouv oto 0
yia y — oo kabmg kat yla y — —oo.

3. I'pagouye I, = foﬂ/Q sin” xdx, n € N.
(a') Aci&e ou I, = %In,g (unodeiln: odoxApwon kata pepn).
(B") Xpnowonoeiote 10 (3a’) yua va Seifete o

I _(@n-1)2n-3)---1n
T m(2n—2) -2 2

2n(2n —2)---2
2n+1)2n—-1)---3

Iy =

Kal ENOUEVEG

T )[@n 1)@ -3) 3P Ty

yia kafe n € N.

(V) Eexivoviag and m oxéon: sin 2"z < sin 2"z < sin?" "y xat 1o (3a’)
Oeilte ot
I 1
1 S 2n S 1 4+ —
2n+1 2n

Kal eNOUEV®S oy, /Iopt1 — 1 xabeg n — oo.

(8') Tuunepavete tov enopuevo timo tou Wallis (ZxotoeCog pabnuanxog tou

18ou atwva)
. (2n —2)(2n —4)---2\”
m= lm (4” ((271, 1)(277,3)---3) ) ‘
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5. To OAOKAHPOMA RIEMANN

4. (a') Egeraloviag 10 f]n % Seie ou |1 + % + 4+ ;— —logn| < 1. Asilte
akopnouna, =1+ ]5 4+ 4 % — logn sivai gbivouoa.

(Ynodeiln: 1o opillovua Siaypappiopevo eufadov oto oxnua 5.11 ei-
valr pikpotepo and 1o kabera Saypapplopévo). Ymapyer enOUEV®S

y 10 lim a,, 10 onoio oupPorile-
tal ouvifeg pe to ypappa vy
(~0,5772156649. ..) ka1 Aéye-
1at otabepa tou Euler. Epotn-
omn: gival to Y PMiog 1 apprr
10¢; Aokipaote av BEdete va a-
Navinosie 6 aull NV EPXINOT
aiid pnv empeivete noAu. Ka-

VEIG, PEXPL OTUEPA, OEV UTOPE-

oe va fper mv anavinon (xai So-

1 n—1 n n+l T xipaoav morAoi kat kaioi pabn-
patkoi, o Euler yia mapadery-
Yxnpa 5.11 11(1)

(8") Xuykpivoviag 1o log(n!) ue 10 f1n+1/2 log x dx deif1e o1 av

n!  _
a, = —-e "
n"t2

101 UTapyouv duo Betikeg otabepeg A, B wote A < a,, < B. (YnéBelzn:

nt+1/2 _ 3/2 5/2 nt1/2
f1 —J1 +3/2+"'1L n71/2)
(v') Ioxver xau napanave: lima, = /27 (wnog tou Stirling). Ta mv

anodeién apkei va deifete O 1 (4, €ivaAl HOVOTOVT] KAl PETA VA YPTOTUO-
notnoete 1ov wno tou Wallis yia va dsifete om

o2
— 5 /2.

Qap

5. Oewpeiote wa Beukt) ouvexn ouvapmon f(z), a < B, xal 10 o1ePed MOU
Mapayetal pe MEPIOTPOQT] TOU ypa@nuatog s yupe ano tov afova Oz xata
yovia 2.

(a') Awote emyelpripata nou va kabiotouv evroyoeavt) tov wno:

v/ Cr(f @) d

yia tov oyko V' autou tou otepeot. (Aev (mraue avotnpn anddeién yiat
Sev £xoupe dmoel akpifr] 0pIoUO TOU OYKOU EVOS GTEPEOU.)

(8") Eg@apuoote 1ov tino auto yia va peite 10Ug yv@OToug Wous g ote-
PEOUETPIAG yiA TOUS OYKOUS OQAIPIKOU TUTUATOS, KUAIVOPOU, K®VOU,
KOAOUPOU KOVOU.
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Yxnua 5.12

6. Bpeite 10 epfadov tou xwpiou mou nmepthapfaverar petalu tou afova v

x, ou ypagnuatog mg f(z) =

4 a1 Mg eQATTOPEVTS TOU YPAQTUATOg OTO

onueio (2, 16).

7. Mia paBSog pe axpa 0 xat 1 €xet ypappuikn nukvorma (= limy,_,0 m(z, h)/h,
omou m(x, h) 1 pala wu wnuatog [z, z + h]) A(z), 0 < z < 1. Ynobetoupe
ot 1 A eival R-ohoxAnpwoiun. H cuvorwn paCa My 1) pont) M o g Ipog 10
onpeio a xat 1 port) adpavelag Ma , @Q Tpog 10 ¢ divovial amd 10ug TUNOUG:

(@)

(8
(v)

M= [0] Az) dz.
Mo = .[01 (x — a)\(z) du.
My = fol (z — a)*A(z) dx.

Aeifte ont ol My o, M 4 eival kada opiopeveg, dnradn ou o (z—a)\(x)
kat (z — a)?A(z) eivat R-ohoxinpooipes. (Ynodeln: Seifte yevikotepa
ou «f, g R-ohoxAnpaoiueg ouvenayetar fg R-odoxAnpeoiun». Ta myv
anodeidn napampeiote on fg = 1[(f + 9)? — (f — 9)?] xat Beife ou
«f R-odoxAnpwoipn ouvenayetar f2 R-ohokAnpooiurnp. Av f > 0 1
1edeutaia mpotaot eival eUKoAT, av 01, 10te unapyxelt M wote f+M > 0
kat f2 = (f + M)? — M? — 2M f. Tnv anodeién avti) mv épaba and
¢va mahiotepo ouppab oag.)

Av A(z) > 0 ka1 M # 0 1o onpeio = M o/M Aéyetar xévipo Bapoug
g paBSou. Aeifte du Ma g = Ma g — 2 M.

Egapuodote wa napanave ya A(z) = |z — 1/2| ka1t A(z) = sinwz.

8. Eoww f ma ouvexrg ouvaptnon oto R. Aeifte ou :

«

%) dx = 2 i z%) dz, am ) dz =0,
[ teyis=2 [ gty [ apetis=o

—Q

w/2 T
/0 f(cosm)dm:%'/o f(cosx) dx

-137-



5. To OAOKAHPOMA RIEMANN

Kat

7Tf(cos2 x)dz = k/7r f(cos® z) dx
0

0
keZ,aeR

9. T'ia mola tipn tou Betikou apiBpol « 1oyUsL:

lim

1-
©—0 x — sinz / \/H——oz ’

10. Bpeite 10 0pio

xr
lim 2z~ 'e 2* / e?\/1 + t2 dt.
0

T—>00

11. Bpeite 10 odokAnpopa f[)% sin z dz pe Baon wov opiopo 1 v aoknon 1. (Y-
n6oeiln
cos £ — cos(k + :U)

sinz +---+sinkx = 2

251n5

x#2kn, k €L).

12. Aeifte ou

t 4
OS/“Ld <£+_£_

Mrnopouv va aviikatactafouv o1 mapanave avicotnieg pe yvnoies; 7Taga-
monsn: To aopoto ohoxipwpa [ ¥ dev umoioyiletal pe GTOIXEIQOLIS
ouvaptioslg. Mnv npoonafroste enopeveg va 1o Bpseite.

13. Av 1 ouvapmnon f €xel gpaypevn napaywyo oto [a, 3], 10te

B
lim (f(z)coskzx)dx = 0.

k—oo [,

14. Xpnowonoiwviag 1g pebdodoug nou avantiybnkav o’ autd 1o kegpaialo, Ppeite
10 OAOKATP@UATA:

/(aaz+6)3d$ /(ardfxmk(kez)

| vas |

/ dx / i
1+ a2z V5 — 322

dx
/ tan® z dx / .
. J sinz
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/xz cosx dx

/log(?)a:) dz

/m\/mdx
/mdaz

/3tanhz dzr
2
cosh” x
cosx dzx

J V/1+sin?z

feote x = sin? t),

[ =

/ z2e® dx

/ e“* sinh x dx
/ dx
J zt+1

4
T
/m471d$

2 dx
Va2 —x -1

/ 22 dz
J V4 + 9x2
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/ Arctanz dz

/:U3eﬂ dx

/e" -1 dr

J er+1

/ dz
sin® z

/3'”6'Z dx

/ T dx
cos? x2

/ dz
zvr? — 2
/\/m2 —a? p

- dx
. T

1
L.

/ xdx
J sin’z
dz
z(z +1)2

/ 3x+5
——dx
J 242z +2

/ 2 +1 d
(22 — 42 4+ 5)2 v

dz

x— Va2 -1
/ V(1 — 22 dz




5. To OAOKAHPOMA RIEMANN

sin 3z dx
) coszT
log cos x
— 4T
sin” x

/ dx
J (x+2)2(z+ 3)2

xdx

V1 =222 — g4
/ dz

2+ 3cos?x
/cos(log x) dx
/ dz

sin x sin 2x
/ xdx
J cos? 3z

2,’1,‘
da
9

/ zsin? z cos? = dx

/ ze® cosx dx

dx
/ (Ve )2
5z dx
V1+ 2zt

/ cos* x dx

/ Arcsin /z dz

/ xdx
J sinh®z

cos ax dx

Va2 +sin? ax

/ sinh x cosh = dx

/\/em+1dm

Yta mapanave odokAnpouata kabopiote ta Staotnuata ota onoia 10YUOUV Ol
mot oag kafmg xat tg npoinobeosig yia 1ig napaugrpoug nou spgpavifovtat.
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KE®ANAIO

ECAPMOTI'EY. THY. ITAPATQI'TXHY.
KAI THY. OAOKAHPQYXHX.

Y10 ke@aiaio auto fa efetacoupe PEPIKES XPTOLUES EQAPUOYES TOV O0®V £ida e
pexpt wpa. Ta Bepata mou Ba e€stacoupe eival ovotactika avelaptnia petal toug
Kal umopouv va dtafactouv pe onoladnnote oeipad.

6.1 Anpoodiopioteg popeeg—kavoveg tou de I’ Hos-
pital

A¢ unobeooupe du o1 ouvaptioslg f(x) xal g(z) sival napaywyioiueg ota dia-
otuata (8, @), (a,v), ou o1 g(z) xar ¢'(z) eivar un undevikég yua = € (3, a) U
(o, 7y) xar akoun ou lim, ., f(z) = lim,_, g(z) = 0. Tuw nepintwon autn 10
lim,_,, f(z)/g(z), unopei va unapyet, ahdd Quoika dev Unopel va unoloylotel pe

10V xavova
f@) lmf) 0

g(z) ~ limg(z) 0
Ioyuel opmg 10 mapakate Bempnua, yvewoto cav €vag amd Toug kavoveg tou de
I'Hospital. (Ta\ ) og pabnuanxog tou 170V aiova).

lim

Oewpnua 6.1.1 Me 7ic mpotmoésers mov avapépaue mapamavw, av VTAOYEL TO
lim f(z)/g'(x)
T—a

707 vadpyer kar o lim, o, f(z)/g(x), KarTa §Vo dpa eivarisa. To amoté \espa 16X Vet
Ka1 6TNV TEQITTWET, IOV Ta 001 EWVaL +00 1 —OC.

Anédeiin: H 18¢a g anddeilng sivatl moAu amh:

fle) _ flz) =0 _ flz) — fla) _ (f(x) — f(a)/(z —a) _ f'(z)
glx) g(x) -0 g(z)—g(a) (9(z) — g(a)(z — a) g'(z)




6. EPAPMOTEY THY ITAPATQI'TYHY KAI THY OAOKAHPOQYHY

yia z apketd xovid oo a. Puoika xabe airo mapa anodeiln dwoaue, aira dsv
eivat Stokoro va Sopbwooupe ta npaypata. Ipota and dha opiCoupe f(a) =
g(a) = 0 xa1 €01 o1 (veeg) ouvaptroels f kat g eivat ouveyeig (yiati;) oo (B, 7)
ka1 napaymyioipueg oto (B, @) U («, ). Oa deifoupe ou:

f) o f)

li = .
esat g(x)  evat g'(a)

TTapopota SelyvoUupE Kal TNV 1001 IOV 0PIV Ao AploTEPA, EMOUEVKS KAl TO
Becpnpua. Me v enektaot 1ou nediou oplopoU T®@V f Kal g TOU KAVAUE, PTOPOUE

va ypayouus:
@) _ f@) - f()
g9(x)  g(z) —g(a)

ka1 va ggappdooupe 1o Bempnua g peong uprg o poper tu Cauchy. (Exeyéie

1¢ unobeoeig 1ou Bewpnuatog). Oa exoune: f(x)/g(x) = f'(€)/g'(£), yia xanowo &,
a < € <z, and onou gival eavepd O av UTAPYEL TO

f'(=)

1 s
rat g(z)’

fa unapyet kai 1o lim, o4 f(z)/g(z) xai ta Suo dpia Ba eival ica (cupninpmote ug

Aemtopgpeieg). Av npoogfoupe v anodeiln (kar kavouue g npogaveic ailayeg

oug npoinobeoelg) fAenoupe ou exoupe emiong deifer: «H Unap&n tou opiou g

f'(z)/g'(z) and Se&ia (aplotepa) ouvenayetat v tnapén tou opiou g f(z)/g(z)

ano defia (apiotepad) kat myv 10OTNa 1V dUo OPIV». O
Avdaloya anotedeopata 1oyUouv kat otav a = +00 1 a@ = —o0.

Oswpnua 6.1.2 Av or f, g etvar magaywyisiues 670 (3, 00), av g(x) # 0kar g'(x) # 0
670 (B,00), av lim, 4o f(x) = limy_ 1 g(x) = 0 Kar av 70 do10

lim f'(z)/g'(x)

VIdgXEL, TOTE VIdoxEer kar To lim, o f(x)/g(x), Kar Ta 0Vo dowa ivar isa.
Anédeiln: Xwpig PAafn tng yevikourag pumopoupe va unobecoupe S > 0. Tpa-

goviag wpa fi(z) = f(1/x), g1(z) = g(1/z), 0 < x < 1/, avaydpaocte oy
TPOTYOUNEVT] MePIMT®OoT] opiou and dedid pe a = 0. O

Iapadeiypata:
(i) limy_o (sinx)/z Exoupe (sinz)' /2’ = (cosx)/1 = 1, z — 0.
(ii) (logz)/(z —1),2 — 1. Exoune
(logz)" a1

—=— =1, —1
(w17 1 , Yz

apa xat (logz)/(z — 1) = 1, yia z — 1.
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(iii)

x?sin(1/z)/sinz, z — 0. Exoune

(¢?sin(1/z))  2axsin(l/z) + 2®(—z ?) cos(1/x)
(sinz)’ B Cos T
. 1 1 1
= 2z Sm(l/m)cosaz ~oosg 8 o

O opog 2z sin(1/2)/ cos(x)) teivel oto 0 yia 2 — 0, evér 0 Opog

cos(1/x)
coS T

Sev ouykhiver (yati;), apa Sev unapyet 1o lim, ,o(z? sin(1/z))/sinz. And
v @AAT pEPLA, TO apiko Opto lim, o (22 sin(1/z))/sin z, oiyoupa unapyet,
dom

2 . . T 1
(z%sin(1/x))/sinz = x (—) sin— —= 0, avae =0
sinz x
To mapadeiypa autd deixvel 011 Oev 10YUEL 10 «AVIIOTPOQPO» TOU KAvVova,

Snradi ) Umapén tou lim ;Ef)) dev ouvenayetal v Unapén tou lim g:g:;

Eva cuvnbiopevo Aabog «apyapiov» sival va epappuoouve 1ov kavova kat o-

1av Sev wyuel 1 npoiinobeon: lim f(z) = lim g(z) = 0. Puoika 10 anotedeoua
T0Ug OeV €ival, eV YEVEL, 0@OTO.

Mapadeiypa: (z + 5)/(z +1) = 5,2 = 0, eve (2 +5)' /(z+1) =1/1 =
1,z — 0.

IToAreg @opeg o kavovag tou de 1'Hospital odnyei nmait os «ampoodiopiotn
HOPQT) %», aiia sivar duvatdov va tov avasgappoocoupe, oniadn va efe-
1aooupe 10 oplo v mrikev 7 (z)/¢"(z), f"(x)/g" (z) x.0.x. I8oU €va
napadslypa:

1—cosx
3 z — 0.
T
Exoune
(1 —cosz)  sinz (1 —cosz)’ cosz . 1 0
= = — yaz
(22 2r *  (a2)" 9 gV ’
KAl EMOUEVRG:
. 1—cosx . sinxzx . cosx 1
lim - = lim = lim = -,
xr—0 ;Uz z—0 21 z—0 2 2

otav x — 0. Avaloyog kavovag 1oxUel katl otav

lim f(z) = lim g(z) = *o0.

T—>T0 T—>T0

ToyUouv emiong o1 tapallayeg mou dATUT®OAUE OTI§ TApatnPnosls. Alatune-
VOUUE KAl amOSEIKVUOUNE TNV TUTIKT] TEPITT®OT).
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Oceopnua 6.1.3 Av f, g eivar magaywyiswes, g'(x) < 0 70 hdetnua (a, 3),

lim f(z) = lim g(z) = +oo,

kar 1o lim,_, .+ f'(x)/g'(x) vndoxer, tote vmdoyer kar vo lim,_, .+ f(z)/g(z) ka
Ta dvo o eivar tsa. (Avdloya amotedéspata 1sXTOUY Yia 00w amd agisTEQD, Yid

f'(=)

ap@ImAevoa oga, yia a = +00 1 a = —00, kahs kar otav To lim 7o) gmwar +00 1

—00).
Anddedn: Eow € > 0 xat ag ypayoupue A = lim f'(x)/¢'(x). Ynapyer v, ue
a<vy< B, ooteava<z<yioe f(z) >0, g(x) >0xa

f'(x)

—Al<

€
5
To Becwpnua g peong npng tou Cauchy pag diver:

fl=) =) _ 19
g(x) —g(v)  9(§)

Kat Oha 1a z pe a < ¢ < ¥1(< ), O6nou 10 1 £el eMAEYEL UE TETOL0 TPONO TOU
na <z < y(<v) va ouvenayewat f(z) > f(y) xar g(xz) > g(y) (autd eivar
oiyoupa Suvato, Sivu f(z) = +oo kat g(x) = oo, & — a™).

H18¢a g anddeiéng sivar topa 1 e€n¢: «Enedn f(z) — oo xai g(z) = oo, = —
o, 10 mikixo f(z) /g(x) ba sivan xovia oto (F(x) — £(1))/(a(x) - g(7)). Srhadi
oo f'(€)/g¢'(€) 1o onoio eival kovia o1o A, av 10 T eival apketd kovid oto a». Ag
HETACYNUATIOOUNE T@Pa TNV 10€a autl] o anodeiln.

INa a <z <y €goupe:

yia kamow € pe x < € < 7,

fle) _ [ 1-90)/9(x) _
i@ PO/
ML CIl/IC) <f’(€) ) 1 g(7)/g(x)
+ Y
—foif@ P e ) T @)
- o) /9(@) = /@) (FE) 1= 90)/ga)
A=A T (.q'(a) A) T /()] ()
onote, yla a < r < 71 gxouue
1) o< e B (63 O 3
g(x) 1- £ 1- 4

To 8efid pehog autiic g avicoHTIIAg OUYKAIVEL 010 5 yia = — a™, dpa undpyet v,
yia @ < 72 < 71, @0t yia a < < ¥ va EXOUUE

f

<e,
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(yiati;) mou cupunAnpevel v anodeién. O

Ot Suo «anpoodiopioteg pop@es» mou e€etaoape, 0/0 xat co/oo, pag empenovy
va Bpoupe Opla xal oe AAAeg MEPIMTIOOEIS Pe amioug petaoynuatiopous. Ot mo
ouvIPIoUEVEG Elval o1 TEPITIMOELS TV Popedv: 0 - 0o, oo — oc, 0°, 1°°. Me ng
ouvnbiopeveg unobeoelg yia nedia oplopol o1 HETACYNUATIONOL AUTOL TEPIYPAPOVTAL
oUvVOnTKa g e€ng:

e 0-00. Av f(z) = 0, g(x) = oc 101 f(2)g(2) = %, ToU sivat 1Mg HopeTig
0

g
* 00 —00. Av f(z) = 00, g(z) = o0, e f(z) — g(z) = (f(2) - 9(2)) (535 —
ﬁ), nou sivat g poperg 0 - oc.
e 00 Av f(x) = Oxal f(z) >0, g(z) — 01018 (f(2))9®) = e9(@)108(f(2)
1 g(x)log f(z) eivar 1¢ poperng oo - 0.
e 1°. Ay f(z) = 1 xa1 g(z) — oo, wie f(x)!®) = ed(@)loef(z) yqi q
g(z)log f(x) eivat mg poperg oc - 0.
Iapadeiypata:

(i) z%e™ ", 2z — 00, @ > 0. Ede £xoupe 1) poper oo - 0 1 av ypayouus % * =
xz®/e®, oc/o0o. Exoune

Av a <1 101

Oéﬂfai]

= — 0, yla x — oo
et maflem

apa z%/e* = 0,2 — oo.
Av a > 1 ouveyxiCoupe oug Seltepeg napaymyoug x.o.x. Haipvoviag [a] + 1
napayoyous av a ¢ N kat a napayemyoug av a € N, fpiokoupe

«

lim © = lim <a(a1)...(a[a])

r—o00 el T—00

maf[a]fl
e

>:0, ava ¢ N

Kat
.oox® . 1

lim — = lim {a(a—1)...1— | =0, ava € N.

r—oo et r—00 e
Ye odeg dnhadn ug nepimtwoeig 2% /e” — 0 yia & — +oo. (Puoika 1 oxeon
autr) woyUel kat yia a < 0, yopig va xpetaletal o kavovag tou de I’Hospital
yia v anodetén mg).
H onuavukn oplakn oxeon autou tou napadeiypatog skgpaletatl ouvifog g
elng : «To e” 1eivel 010 0o ypnyopotepa anod kabe Suvaun tou z».
Av ypayoupe e” = y dnradn z = logy, PAenoupe o1 1 Tapandve oplaxi
O €01 €ival 100dUvaur pe v

1 «
M%O, yia y — oo
Y
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nou exkgpaletal ouvniong wg €ng: «Onoadrmote duvaun tou log = teivel oto
00 MO apya ano 1o T»

(ii) 2% logz, = — 0, B > 0. E36 éxoupe m poper 0 - (—oc). Tpagoviag

log z
x= B’

#?logx =

£XOUE
(log z)' 1 1

= L =——2% >0, owav z — 0.

@?y ~ =B B

6.2 Axpotata ocuvapinoe®Vv

Oprondg 6.2.1 Av wa suvagmnen, | éxer medio ooeuot éva svvolo A C R kar vmdoyer
xo € A pe my wmra f(x) < f(zo) (f(x) > f(x0)) yia oha ta x € A dnladr,
av f(zo) = sup{f(z) : ¢ € A} (f(zo) = inf{f(z) : x € A}), w6re n wur, f(z0)
Aéyerar uéyisto (eldyiso) s f 610 A kar svpBoliCetar pe max f (min f).

Ag onuei®ooupe OT1 T PEYIOTO 1] TO EAAYIOTO P1ag CUVAPTNOTNS UMOPEL va sivat
Tun g f yua mepiocotepa ano eva onpeia tou nediou oplopou e, [a napadsiypa
av f(z) = cosz,z € R 101e max f = 1 = cos(2kw) xar min f = —1 = cos(2k +
D,k =0,£1,£2,...

Mia ouvaptnot], akopd K1 av €ival @paypevi], UMOpEl va unv £xel UEYIOTO 1)
glayioro. I'a mapadsiypa 1

flz)=2z, yia0 <z < 1,

Sev exet peyioto, dousup{f(z) : 0 <z <1} =1 # f(z) yiaxkabe z pe 0 < z < 1.
Auto pnopei va oupfei akoun xat av to nedio oplopou ival kAsioto diaotnua. Ta

napadstypa 1
o) lz] 0<|z| <1
Tr) =
1 z =0

Sev £xel ehayioto oto kAelotd diaomua [—1,1] Swwn inf{f(z) : 0 <z <1} =0 #
f(z) yia kabe z € [—1,1]. And mv aAAn pepia €xoupe det Ot av 1o nedio OPIGUOU
glval xAewo10 daotnpua xat n f ouveyng tote 1 f €Y1 ka1 pEYLo10 Kat eAayloto.

Ta akpotata (Snradn péyiota 1 ehaxwota) yia ta onoia widficape ovopaloviai
akpifeotepa olka mpog diakplon ano ta tomka ta onoia ovopalovial wg e&ng: H
upn f(ze) wag ouvapmong f(x) Aéyewat tomwo péyisto g f, av unapyet € > 0
1€1010 @ote 1) neptoxn (xg — €, 2o + €) va nepiExetal oro nedio oplopoy g f kat
N upn e f(zo) va sivat odixo péyioto mg f neploplopévig oto (zg — €, g + €)
Smadn f(z) < f(xo) yia xébe x pe xg — € < & < xo + £. Avadoya opiletar 10
TOMIKO EAAX10TO.

Mapaderypa: Ta m ouvapmon f tou oxnuatog 6.1 ot upeg f(z1), f(z3) sival
tonka peyiota, ot upes f(za), f(z4) tomxa erayora, n upn f(zs) odwko (kar
1omk0) ghayioto xat 1 upn f(8) ohkod (addra ox1 womkd) peyioto.
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I'a ouvapuoeig tou €xouv mapa- 4
Y®Yyo o €va onueio g, sival moAu
gUKOAO va fpoupe pla avaykaia ouv-
B7n yia va sival n upn f(zg) tomkod
ueywoto (gdayworo). Mpaypatxa, 1o
Ty €1Val AVAYKAOTIKA E0®IEPIKO OT)-
ueio tou nediou opiopou mg f (yiati;)
xat yia apketd pikpa h > 0, 6a €you-

HE
1
E(f($0+h)_f($0)) <0 a r1 To T3 Ty B €z
%(f(;yo _ h) _ f(;Uo)) >0, Yxipa 6.1

enopuéveg DT f(zg) < 0 xat D™ f(zo) > 0. Av 1opa undpyet n f'(zg), 1018
f'(z0) = DF f(z0) = D™ f(z0) = 0.

Y10 1010 oUpPTEPAG A YTAVOUUE Kal av utoBecoupe o1l 10 xg sival B€on tomkou eha-
xiotou. Jua magaywyismes Aowov svvaptiesens f o undevisuds s ' (xq) eivar avaykaia
sUVInKN yia va €ivar 1o o VEEN TOMIKOU aKEOTATOU.

THapaderypa: H napaymyog g ouvaptnong cosx mou Bewprioaus mponyoluusva
gival 1 sin z, 1 onoia npaypauka undeviletal oug Beoelg 1@V akpotatwv (nou eivai
avaykaotka Kat tonKa):

sin2kr =sin(2k+ 1)r =0, k € Z.

Ano v aAAn pepid 1 ouvBnkn autn dev sival pe kaveva tpono kavt]. [paypa-
uka, 1 ouvapon f(z) = 23, = € R, éxel mapaywyo 3z2 n onoia undeviletal yia
x = 0. Huprn f(0) = 0 6uwg dev sivatl 1omiko akpdrato SOt yla onoladnnote ne-
poxn (—g,e), e > 0, éxoune f(z) > f(0) =0via 0 <z <exal f(z) < f(0)=0
kat —e < z < 0.

H yempetpikn onuacia g avaykaiag ouvOnkng mou Pprixape onuaivet 6t av 1o
T €lvVal OTUEI0 aKPOTATOU KAl UTAPYXEL T] EQATTOUEVT] TOU YPAPTUATOS GT0 Tg, TOTE
autn 1 sgantopev Ba sivar opillovua. Autd guoika avapsevotav kat dwatabruika.

Yanv mepinteon nou unapyet 1 Oeltepn mapaywyos f(zg) tote eival eukoro va
Bpotue xal ikaveég ouvinkeg yia va sivat 10 xg 6€orn tomikou peyiotou 1 ehayiotou.
ITo ouykexpipgva

Ipétaon 6.2.2 Av 7 f eivar mapaywyisiun 6e wa megoxr, tov xq, av f'(xg) = 0 ka

av f"(x0) > 0 (f"(z0) < 0) 767 70 T EWAL VESN, TOMIKOV ENAXIETOV (UEYISTOV ).

Anédeiln: H anodeiln eivar moAu sixkoAn. Ag unobeooupe yia mapadsiypa, ot
f"(zo) > 0. Autd onuaivet 61

i /@) = F(a0)

T—Iq Tr —XIg

>0
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23
Yxnua 6.2
Kal eENopeveg unapyet 6 > 0 wote
' _ gl
O<|SIJ*[170‘<(S:>M>O (yrati;)
r — 2o
Onradn
O0<z—20<d= f'(x)> f(10) =0
xat

O0<zo—x<d= fl(z) < f(w0) =0

To Bempnua g PEONS TIUNS T@PA pag OIvEL:
0<z—z0<d= f(z) = f(z0) = (x —20) f' (&), 20<& <1,

0<zp—2<d= f(z)— f(z0) = (w0 — 2) (&), = <& <o,

kal enopeves f(zg) < f(z) yua |z — xo] < J, Snhradn 10 z¢ eivar Beon tomkou

glayiotou

Tekeimg napopoia deiyvoupe ou 1 ouvinixn f(zq) < 0 eivar ikav ouvbixn yia

va sivai 10 xg H€on tomkou peyiotou.

THapadeiypata:

(i) Ag Bewpnooupe nahi v f(z) = cosz, x € R H f'(z) = — sinz undeviletar

ota onpeia zy = kw, k € Z xai

—1, av k apuog

n _ — _ —
f'(xr) = —cosmy, coskm { 1, av k neproe,

Yuunepaivoupe Aomov ou ot Beceig 2k, k € Z sivar Beoeig tomk®v peyi-
owv kat ot Béoeig (2k + 1)w, k € 7, Beosig tomkev edayiotwv. Puoika 1o
anotéleopa autd punopovcape va Ppoupe kar an’ eubeiag naparnpmviag Ot

—1 <cosz <1 ya 6ia ta x.
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(i)

f(z) = 3. °H f'(z) = 32® undeviletal povo yia = = 0, 6mou Oums xat
n f"(z) = 6z undeviCerar. H wxavt) ouvBnkn nou dwoape dev divel Aomdv
Kaveva oupnepaopa. Ano v aiin pepia opws f(z) < 0 yia z < 0, xat
flz) > 0 yua z > 0, xa1 enopéveg 1 Beon & = 0 Sev eivar Beon olte
gAayiotou, oUte PeyioTOU.

f(z) = 2% Ka ma f/(0) = f"(0) = 0, eve 1wpa 1 féon z = 0 sival
npogavms BeoT tomkou eAayiotou.

f(z) = —z*. Kat wopa f'(0) = f"(0) = 0, eve> n Béon z = 0 eivar Beon
TOMKOU UEYIGTOU.

Oswpotpe 1a onueia A(0,«), B(B,7), a, B,y > 0 xar (tape €va onueio
M(z,0) pe 0 < z < v @ote 10 unkog AM B va ival ehayioto (oxnua 6.3).

H Ation tou npofAnuatog au- B(v,0)
10U pag Oivel 10 OTUEIO TPO- A '
ontoems plag eotewvng a- (0,a)
ktivag mou Eexivasl and 1o
A, avaxdatar otov afova
I®V T Kal nepvast ano 1o B
OUUP®VA UE Ul apXT] g o- 0 7 M(x,0)
MTIKTG TOU €lval yV@oTr] Ue
10 6vopa Fermat.
Mia amAn ye@petpikn kata- AL

OKeUT SIVEL APEC®S T1] AUOT):

To M sivai 1 toun tou afo- Sxiua 6.3

va v x kat mg subeiag A'B, omou A'(0, —a) to oupperpikod wou A
w6 1pog tov afova wv ' (yati;). Ano ta opowa piyeova A'OM xai
M BB' fa £€xoupe topa

OM MB'
OA' ~ BB’
Omhad)
r_y-r_ 7
a B a+p
n oy
a4 f

Ag Aiooupe t@pa 10 mpofAnua kat pe 1§ 1exvikeg mou pabape. To pnkog
AM B sivar guoika, pia cuvaptnon tou z, 0 < x < 7, ag MV OVOUACOUUE
f(x). Oa exoupe:

f@) =vVa2+a2+ /B +(y—x)?, 0<z<n,

onote
T v—x

T Valtar VB2 + (v —z)?

f'(z)
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Auvovtag wwpa my efiowon f'(z) = 0, Snradn v

T y—

Volta VB + (v —2)?

gxoupe 232 = o(y — )%, Snradn Bz = a(y — x), ondte T = % duoika
dev tedeiwoape. [penet va deifoupe ou 1 Beon autn sivar Beon edayiotou o1o0
(, 7). Mpogaveg

ay !

o< — =2
a+pf a+p

7<7

IMapampotpe wpa o1 1 ouvexTg ouvapton f(z) naipvel oe xanowa Heon xq,
0 < zo < v mv ehaxwot upn uk. Av 1 0eon autn Ppioxetat oto (0,7) tote
fa eival kai B€on tomikou gdayiotou, apa Ba npenet f'(xg) = 0. Eidape dpowg
ou povo otn Beon x = ay/(a + B) wu (0,7) undeviCerar 1 f'. Avaykaouxa
Xomov Ba €xoupe omv nepimtwon auvt ou 1 feon ay/(a + B) eivar 1 Beon
olikou glayiotou. Méver howmov va Seifoupe ou otte 1y upr f(0), oute 1 f(y)
gival 1o gdayoto g f oto [0,7].

Evag t1ponog va netiyoupe auto 1o o100, a mav va deifoupe ou

10> 1 (2)

Kat

1) > f (ﬁﬁ)

(kavie to!). Oa akoroubnooupe pia aiin pebodo.

H ouveyng ouvaptnon f'(z) pndeviletar povo oto ay/(a + £) oto daotnua
[0, 7] xat eniong

F0)=-—— <0, f(7)=——L— >0,

/62 + ,72 /a2 + 72
apa n f'(z) eivat apviukn yia 0 < z < ay/(a + ) xat feuxi ya
ay/(a+B) <z <~y

(yiati;). H ouvapmon dowmov f ebiver oto Staomupa [0, ay/(a + B)] xat ava-
veroto [ay/(a + §), 7] ondie npogaveg 1 0eon ay/(a + B) eivar Beon odikol
glayiotou oto daotnua (0,7).
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6.3 H yeopetpikin onuacia g deUtepng Mapayo@you

A¢ Bewpriooupe pia subeia mou
dev gival mapdAAnAn pe tov ao-
va v y. Oa divetal and pia &-
Slowon me popers y = Az + pu,
—o0 < x < +00o. Ta onusia wou
emnedou mou Ppiokovial «mave»
ano mv subeia autn opiovtat Qu-
owloyika oav ta onueia (z,y)

Y

(, Az + )

yia ta onoia y > Az + p Snha-
O ta onueia (z,y) yia 1a onoia 1
1E1AYUEVT] Y elval peyaiutepn a-
O UV TETAYUEVT] TOU OTJUEIOU TS
gubeiag pe v idia TETUNUEVT).
Xwpiletal €101 10 eninedo o 1pia pe-

I'=A{(z,y) 1y > Az +pu}
I={(z,y) 1y <Az + p}
I = {(z,y) :y = Az + pu}.

Av (z,y) € I 1 (z,y) € I Ba Aépe av-
tiotoixa ou 1w (z,y) PBpiokeral nave 1
Kate ano v subeia y = Az + .

Ag Bewpriooupe twpa 10 ypagnua piag
ouvaptong f oplouévng o’ €va didotrn-
na (@, 8) xar ag unobécoupe ou 1 f ei-
val napaywyioiun xai ou g € (a, §). Xe
auvtl v napaypago Ba e€etaooupe v

Iy— (A\z+p) >0

Yxnpa 6.4

ML y— (Az+p)=c

ILy—(Az+p) <0

Yxhua 6.5

Beon tou ypagnuatog g f ¢ mpog v e@antopEv) oto onpeio (zo, Yo)-

Av unapyer § > 0 wote 10 wnua wu ypagnuatog {(z, f(z)) : |z — x| < §}
va fpioketal tave (kAt®) ano myv eQantopevn oto xo, y = f(zo) + f'(z0)(x — zq),
10te Ba Aepe ou 1 f opegel 1a koika mpog ta nave (kat®) oto onueio zg. Av 10
tunua tou ypagnuatos {(z, f(z)) : 0 < z — x¢ < §} Ppiokeral nave (kaw) kat 1o
{(z,f(z)): 0 < zp — x < 0} xa1® (TAVE) ANO MV EQPALTOUEVT], TOTE 10 o AEyetlal

onueio xapmrg g f. (BA€ne oxrnua 6.6)
Iapadeiypata:

(i) f(z) = 2%, o = 0. H xauntAn otpégel 1a xoira mpog 1a mave (TEIPLUPEVO).

(i) f(z) =2*, 20 = 0. To xq sival onueio kapummg (TEPIPPEVO).

) s = { 5" 20 m =0

0, r=0"

H f eivai napaywyioiun naviou ue

0,

21 3
f’(x)—{ 2% cos 1 + 4a” sin
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r1 : KOiAd MPog 1a KAT®
Ty 1 OTUEIO KAUMTS
T3 1 KOIAd mPOg 1d MAVE

X1 o T3

Yxnua 6.6

To xg = 0 8ev eival onueio kapnng kat 1 f dev OIPEPeL 1a KoiAa OUTE TPOG
10 TAvVe OUTE MPOG Ta KATM®.

Ipaypauka f'(0) = 0 apa 1 egantopevn oto (0,0) eivar o afovag t@v .
Eniong yia onoodnnote § > 0 n f naipvel xat Betikeg kat apviukeg TPES 010
Siaotua (0,4), Snhadn 1o ypagnua g £xeL ONUEia KAl TAVE Kal KATo and
v egantopevt (dwote v anodein) 1ou 10} UPIoHOU autou).

Ag yupicoupe yia Alyo ot yevikn nepintoon. Av 010 g 1 f o1pE@el 1a Koiha npog
1a ave 101e unapyetl & > 0 wote

f(@) > f'(20)(z — zo) + f(z0) via |2 — 0| <0
Onhadiy:
9(z) = f(2) = f'(z0)(z — x0) — f(z0) > 0 = g(z0) V10 [z — 20| < 4.

To va opggel Aomov 1a koida mpog ta mave 1 f 010 To 100OUVAUEL UE 10 va
gival 10 xo Heon tomkou elayiotou yia v g(x), YEYOVOG MO €ival Kal YE@UETPIKA
eavepd (yuati;). Ag unobecoupe twpa du unapyet deltepn napaywyos [ (o). Me
autd TOU EIMApE OTNV TMPONYOUUEVT] Tapaypago kal mapatmpeviasg ot g'(xg) =
f'(xo)—=f'(x0) = 0xarg" (zo) = f"(x0) ouvayoupe: Ixavt) ouvlixn yia va otpegel
1 f ta xoila npog 1a nave eivar n f"(z¢) > 0 xar (napopoa) wavt ouvlrxn ya
va otpggel 1a koila mpog ta katw sivat 1 f”(zq) < 0.

Av 10 xo eival onueio xaumng to1e 10 Ty Oev eival Beon tomkou glayiotou,
oute tomkou peyiotou g g. Eneidn wpa ¢'(z0) = f'(z0) — f'(z0) = 0 Ba npener
avaykaotka va exoupe g (xzg) = f'"(zo) = 0 (yiati;), Snradn: Avaykaia ouvrkn
yla va gival 1o xy onueio kaunng eivat va oyvet f'(zg) = 0.

H ouvbnxn aut) Sev eival pe kaveva pono kavty. Ia napadeiyua, n f(z) =
Sev €xe1 onueio kaunng 10 z = 0 (o1pe@el Npo@avms ta Koila MPog 1a TAve), EVE
f"(0) = 0."Eva mo «aypio» napaderypa sivat to napaderyua (iii) ot ogdida 151.

4

Tapatipnon 6.3.1 Asemopepeotepn e€€raon ouvink®v yia tomkd akpodtata kat or-
Jela kapnng anattel 1ov Aeyopevo tino Taylor tov onoio fa e€etdooupe apyotepa.

-152 -



6.3 H TEQMETPIKH THMAYIA THE AEYTEPHE MTAPATQTOY

6.3a’ H pebodog tou Newton yia 1 Aton e§io0oewv

H elpeon wov pillaov wag eliowong f(z) = 0 Sev eival, ev yével, eUKOAN akoun
xat av 1 f eival amAt ouvapinot, yia mapadelyla TOAU@VUHO. YTIAPXOUV TOAAES
npooeyylotikeg pebodotl yia to okomod autd anod tug omoisg fa mepiypayoupe pia
YV®OoTn pe to ovoua tou Newton.

Eowwo f pa ouvaptinon pe ouveyelg napayoyous mpoing kal Seutepns ta&ng
oe eva diaomua (v,9) D [a, 8] (Bréne oxnua 6.7). Ag Ynobeooupe axoua ou
f'(x) >0,a <z < pxa fla) <O,
f(B) > 0. I'vepiCoupe 611 unapyet a-
kpifwg pia piCa o g f oto daotnua
[a, B] (yiati;) kat okonog pag ivat va
TV POCEYYIOOUE.

H 8¢a g pebodou eival amhr). Zeki-
VAE Ao £VaA ONUEI0 T1 «APKETA KOV-
1a» o1n piCa g kat ovopaCoupe xa v o 0
TETUT|UEVT] TS TOUTIS TS EQATTOUEVTS f I/ l
oto (z1, f(x1)) ue tov afova 1ov . 2l Ty x1PB0
YuveyiCovtag pe autov 1ov pomno Ppi-

oxoupe pia akoroubia xy, xa, x3, . . .,

1 omoia touAdayiotov dtaohnuka nepipevoupe va ouykAiver ot (nroupevn pila p.
Ag anodsifoupe autov 1ov 10XUPLOUO.

Ag Eexabapiooupe np@mta 1oV OPO APKETA KOVTA TOU XPTOLUONOLNOAUE TAPATAV®.
Eow M 1o peyoro g | f'(z)| kat m 1o ghayioro wg f'(z) oo [a, B]. Oa exoune
m > 0 (yati;) ka1 Ba unobecoupe ou |z — g| < %% Oa Joupe 61 pe aut) My
npoinofeon 1 akoroubia xy ouykAivel kal paiiota agketd yonyopa ot pia .

ITapatmpoupe kat’ apyag ou

Y

Yxnua 6.7

Tt = xp, — fracf(zx) f' (k)
(ywati;) kat enopeves Ba unapyouv & € (0, xk), & € (zg, &) wote

f(wk) _ flae) = F'(0) _

Tg+1 = ﬂfk—Q— =Tk — 00— Fi(zr) =

_ (g f'(xr) f’(fk)) _

- ( o) =m0 () =

= (zx — o) |:$k_fk f fk))} (zr — 0) |:(wk_fk)§-(('fk)):|7

onote
M
|Tr41 — o] < |zk — o] <|-77k - Q|E> .
H undbeon .
lr1 — 0| < 5%

pag divel ausoa

1
‘:L'Q — Q‘ < §|ZE] — Q|
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M 1\’
x5 — o <l|za—o| (|22 —0o|— | < (3] |21 — 0
m 2

Kal yevika (eUkolAn enaymyr)

1\ A
|z, — o] < (5) |z1 — o]

H te)eutaia oxeon Seixvel 0T MPAyUATIKA Ty — 0 KAl HAAGTA TO Aaos xf, — o

. . . , L k
teivel oto 0 mo ypryopa ano 1 bivouca yE®@UETPIKT TPOOSO (%) |z1 — o]. Tmv
npaypaukotna 1 ouykAlon eivalr akopa tayutepn aiia dev Ha empusivoupe oto

OTUEI0 auTo.

Tapdderypa: Axopa xat og MePIMIOOEIS TOU £xoupe aideg puebodoug yia v
emiAuon piag efiowong, 1 pehodog tou Newton pmopei va anodeiytei kaAutepn.Ag
AUooupe yia napadetypa mv f(z) = 2?2 — 2 = 0 oto Sdomua [1,2] Snhadn ag
npooeyyicoupe 1 V2. ApyiCoupe pe 1 = 2 kal £XOUpe

.’171:2
f(2) 2
By =2 —9_Z_q,
R O R
£(1,5) 2252 025 4,25
g =15 g5 225 = 5% 1.4166...
n=lsmmasy T T 55 53 3 4166

Aedopgvou ou V2 = 1,4142. .. frénoupe Ou pe dUO pOVO Pripata mETUXaue
npooyylon moAl kaUtepn tou 1072,

6.38° Mia anr] dragopik eiomon.

H xataotpeon kat 1 Ao dagogikuy e£16W6ewy AMOTEAEL la Ao TI GTJUAVTIKOTEPES
e@appoyeg tou Aneipootikot Aoyiopot. Mia 1€toia e€iomon peAetoae Pe apketn
Aemtopgpela 010 mPOPATUA ToU appovikou tadaviotl). H ovotpatikt) peAé avtov
10V eflowoewv Ba yivel oe aAda pabnuata. Yy mrapaypago auvt ba neplopiototipe
oe pia anin s€iomon nou spgavifetat moAu ouyxva. H eliowon mou Ba estacoups
eivai 1y’ = ky onou k €vag otabepdg npaypatikdg aplfuog. ESwo guoika yayvoupe
yua pa ouvaptnon y = f(z) nonoia ixavonoiei u oxeon y' = ky. Autdpata Aowmdv,
neplopiCoupe 1o Ya&ipo petall napay®yiolp®v ouvaptios®yv, onote, oUNQEVA UE
mv avamuén g fewpiag mou napouoidoaps 1o nedio optopou toug Ha sivat avorytd
diaotnua.

Eivair gavepd ou av 11y = f(z) sivar Aon g efiowong pag xat 1 ¢« f(x), ¢
otabepa, eival emiong Avorn. Ta doa sinape yia v exbetikt) ouvapinon pag odnyouv
apgows ot Aton y = ek (mpaypatka (eF) = kek?) ka1 emopévag ot suvaptiosig
cek® ¢ € R, eivar Aoeig g efiomong pag. Toxuptllopaote ot Sev undpyouv aileg.
ITio ouykekpipéva av pia ouvaptnon y = f(x) wavonowei mv y' = ky oe kamnoio
Siaotnua (a, B) 101e unapyet otabepd ¢ dote y' = ce*? yia x € (a, ). (Edikotepa
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10 OUUNEPAopA auto onuaivet Ou onotadnmote Avon o’ éva diaomua (a, §) pnopei
va enektabei oe ohoxAnpo 1o R (yati;).

Ag Sotipe katapyag nog Ba @racoupe TEAEI®S QOPUAAITTIKA OE AUTO TO CUUTE-
paopa.

Av f'(z) = kf(z) woue f'(z)/ f(z) = k Snradn. log | f(z)| = kxz+c1, 1 owabepa
Smhadn | f(z)| = etek” xat enopéveg f(x) = cek” omou 1dpa 10 ¢ pnopei va napet
onowadnnote mpaypatikr upn (eve 1o ef maipvel povo fetikeg Tpeg).

To xUplo eunddo yid vad UETACKTUATICOUHE TOV TAPATAVE OUAAOYIOUO OF a-
nodeiln eival ot dev E&poupe & priori o f(x) # 0 xai €wor dev pnopouue va
ypavoupe f'(z)/f(xz) = k. Avti va e€etacoupe Lexmpiota: nepumiwoels (f(z) = 0,
f(z) # 0) expetaldeuopacte 10 avapevoUEVO T@PA CUPIEPAcHA Kat Seiyvoupe ou
«Av f!(x) = kf(z) a <z < B, e 1 f(z) - e ¥ eivar sTaddeor 670 (a, B) dnhadi
f(z) = ce % ¢ s1ae0dn.

H anodeiln eivat oxedov tepippevn. Exoupe:

(f@)-e ") = ['(x)-e ™ —ke ™ f(x)
= ke - f(x) — ke M- f(2)
= 0,

a < x < 3 onote npaypau n f(z) - e ** crabepa oo (o, B).

'Eva poviédo minbuopaxiig e§ehilng.

Ag ypayoupe f(t) yia tov mAnfuopd evog ouvorou opyavioumv onou 1 petafinm)
t napiotavel xpovo. Ilaporo mou 1 cuvaptnot f mpenel va naipvel HOVO akKeEPAIEs
T1uES 010 Bempnuikd poviedro nou Ba Swooupe, Ba 1 Bewprooups pla npaypatikn
ouvapton yia v onoia paiiota 6a unobecoups on €xe1 napaymyo yia xabe ¢ € R.
Oa unobecoupe akdpa ou 1 1 xpovikn ouyprn 0 o mAnfuopog eival yvwotdg, £01e
a, dmradn £(0) = a. H e€ehién tou minfuopot e€aptatarl uoika ano tov apiuo v
yYevVToE®V Kat tov apifpo tov Bavatev nou oupfaivouv otov mAnbuopd. Mia—and
Broroyixn anoyn—evAoyn napadoy 1 eivat ot 1 dla@opd tou apltpol TV YEVVIoE®V
an6 v apibuod v Bavatev sival yia kabe ¢ avaroyn pe tov minbuonod f(¢). H
napadoyn autr petagpacpevn og pabnuatikoug 6poug pag odnysi oy efiomon:

f1t) =kf(t),
onou k pia otabepa mou e€aptatal ano ta froloyikd Yapakinplotika tou mAnfucspon

xat tou nepifaiAoviog oto onoio avanttoostal. H cuvapinon Aowmov f fa sivar Aton
10U POPAT|HATOS:

H f'(t) = kf(t) Siver f(t) = cek! xa1 1 f(0) = a pag Aéyet ou: ¢ = a, dnhad
£(t) = act.
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6.4 Aoxroeig

1.

Yupninpoote v anddein tou deutepou Bemprpatog
lim f(z) = limg(z) = o0

e §6.1.

Av 1 f(z) eivar ouveyng oto (o, 8) xat av

lim f(z)= lim f(z) =+oc

z—oat’ =3
Seite ou 1 f(x) £xer ehaywoto oo («, B).

Bpeite evav apiud a, av unapyel, ®ote va unapyet 1o 6pio

. sin 2z «
lim + — ).
x—0 T? .’172

Av unapyet 1 f"(z) oto (a, B) xat eivat Btk tote 1 ouvapmon givat kupt,

Onhadr)
flyz +0y) <~f(x) +df(y)

yia oda ta z,y € (o, B) xar 7,0 ERue y> 0,6 >0xkary+d=1. Tion
HaiVEl YE@UETPIKA T Tapanave avicotia; (Tuykpivete 1o ypagnua g f oto

[z,y] ue v aviictoryn xopd 10U Ypa@ruatos).

Mia padievepyog ouoia £xet naCa m(t), omou ¢ o xpovos. H unobeon ou 0
ouoia eival padievepyog onuaivet ou «xavel pala pe pubpo avaroyo mpog
m pala», dnhadn m'(t) = —k2 - m(t) yia kanowa otabepa k. Aeifte o1 «o
xpovog Nuilwrng» g ouoiag, dnAadn o xpovog mou xpetaletal yla va Peivel 1)

uion piCa, eival ave€apintog g apyikng palag mq.

- 156 -



KE®AANAITO

> YMIIAHPQMATA

TToAAa kat onuavuka fepata g Bewpiag napaingdnkav oy avantuén nou na-
POUCLAOAE UEYPL TOPA. LTO KEQPAAA10 autd Ba Kavoupe pia oUvVIOUT €10ay®yh
oe uepika and autd 1a Bepata. Onwg xal oto keparato 6 ta BEpata gival yevika
avefaptnia petall toug kal umopouv va dafactouv e onoladnnote oelpd.

7.1 Ta afiopata tou datetaypevou ocdpatog

T'a Adyoug mAnpottag Sivoupe Tov Katdhoyo v aSlopatov evog SaTetayUEVoU
ompatog. To Bépa autod avantioostal diefodika oto pabdnua g Adyefpag.

Oprouodg 7.1.1 Eva un kevo svvolo Yo Aéyetar OateTayusvo swua av isxvouvy ta e&ns:

(i) Jw kave (evydo z,y € X vrdgyer akoiBus éva storyeio Tov, Tov 6vpBolileTar
T + y kar AéyeTar adpoispua Twv T, Y, WETE yia ONG T4 T, Y, Z € X va EYOUUE:

(@) (@+y)+z=2+(y+2)

(B) Ymaoxer éva storyeio Tov X, mov svpbolilerar 0, wete:
z+0=04+2=2.

(Y') Ymagyer éva storxeio, mov svuBoliCetar —x, WeTE:

) z+y=y+m.

(il) Jw kade x,y € ¥ vrdgyer akgbus éva sToixeio Tov, mov svuBoNi(eTar Ty Kar
AEYETAL YIVOUEVO TWV T, Y, WETE YA ONQ TQ T, Y, Z € X Va EYOUUE:

(a) (zy)z = x(yz).
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(B") Ymdoxer éva storxeio Tov ¥ JugogeTsod and o 0, mov svpBoliCeTar 1,
weTE:
lz =21 = =z.

(Y') Jw kade x € ¥ pe x # 0 vrdoyer éva storxeto Tov X, mov svpBoliletar

z~ L, were:

(&) zy =y
(€) z(y+2) =zy + z=.

(iii) Ymdoxer éva vostvoro P 1rov ¥, mov Aéyerar stvolo twv etk stotyeiwy
TOU X, WETE:

(@) Jw kade © € X 1sxVe1 axorBus wa ano Tis 10815 sxéels: © € P, —x € P,
x =0.

(B) z,y € Pesvvendystmmx +y € P kawxy € P.

‘Onoiog eival Aiyo efoiksiwpévog pe 11 ouyypovn AAyefpa fa avayvepios ot ta
aiepata (i)a’, (i), 1)y xapaxmpiCouv 1o ¥ oav opada g npog tv npooheon kat
wa (i)a’, 1), 1)y, ()8 oav Abehiavn opdda. Ta adiopata (i) kar (i) xapaxmpiCouv
10 X oav oempa. H tpit opndda v aSiopatev kabopilel ta feuka otorysia xat
ENOUEV®G 11 SrdTaln, av opicoupe £ < y av kal povoav y — x € P.

‘O)eg o1 yvwoiég 1010tieg 1ov npalemv kai g oataéng mpoxumiouv and ta
napanave afiopata. Ta napadetyua, «zo O ewar povadwo». lpaypatka, av unmnpye
otoixeio 0 wote 0'+ 2 =2+ 0" =2 yia 6la 1a z € ¥, 101€ naipvoviag z =0
fa eixape: 0'+0=0 xar 0' + 0 =0' (afiwpa 1f") omote xar 0 = 0. Mia @iy
etpippeviidioma sivarl > 0, 3nradn 1 — 0 = 1 € P. lpaypatnka, ensidn 1 # 0
uevouv ot duo neputeoeig 1 € Pn—1€ P. Av (=1) € Pwie 1l = (-1)(—1) € P
nou eivat atono (afioua 3). Xuvayouue howmov ou 1 € P.

Aoxnon
(i) Asifte 0oeg ka1 onoieg 1010111eg fEAETE TV SIATETAYUEVOV OOUATRV.
(ii) Ynapyei oopa pe 1 otoryeio; pe 2 otoixeia; pe 3 otoiyeia;

Toa epoinon yia Siatetaypeva oopata.

Otav peietape eva afiopauko oliomua pag evdlagepel va doupe av 1a alio-
pata sivail svpbiBasta, OnAadn ot dev MPOKUNTEL Kapia aviigaon and autd. Mag
evilagepel emiong va dovpue av ta afiouata sival aveédptnra, dniadn) o011 kaveva
ano autd dev gival anoppold tov unoloinev. Eival npogaveég ot av unapyst eva
YV®OTO OUVOAO 010 OMoio 1kavornolouvial OAa ta afi@pata ek10¢ ano eva, 101 10
afiopa auto sival ave€aptnto ano ta umoAolna.

Acg ereyloupe Ou 10 emipayo altwpa TNS SVVEXEWS EIVAL TOAY UATIG AVEEAQTITO QIO
Ta afupata Tov MateTayugvov swuatos. Ipgnet Aomov va fpouue eva diatetayuevo
o®UA 010 onoio dev kavonoleital 1o afiopa g ouvexelas. Oewpoupe 10 oUVOAO
Q(z) wv pmev cuvaptnoemv. Eival moAl eikolo va Sotpe 61 pe ug ouvihopeveg
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npafeig mpoobeong kat toddandactaopou 1o Q(z) eival npaypauxd oopa. OpiCoupe
oav Betikda otoryeia tou Q(z) ekeiveg TG PIIES OUVAPTIOELS

p(z)  ag+ -+ apa”

q(x)  bo+ -+ bpa™’

an £ 0, by, # 0, y1a 11 0noieg 01 GUVIEAEOTES Ay, Kal by, €ival opoonyot.
Aoxnon:

(i) Asifte O6u pe 10v mapanave opiopo 1 Q(z) yiverar Satetaypévo omua
(mpener npota va Seifete O 0 0PIOUOG TV BEUK®V GTOIKEI®V Eival «kalog»).

(ii) Aeite ou oo Q(z) Sev woyuerl 1 Apyiundeia WSiotia (apa dev 1w0xUel kat 10
afioua g ouveyelag).

7.2 O1 1opeg tou Dedekind

Onwg avagepape oto 1° kegadaio, ndn and myv apyaiotnia eiyav avakaiugei
ot appmiot apibpoi. Eixe yivel katavond ou ot pnroi (1oug onoioug Bempotpe Ot
katalafaivoups kakd) a@rvouv «kdamola keva» (yia tapadetypa 1 v/2) 1ov onoiov
1 OUUTATIP®OT] STUIOUPYEL TO GUVOAO T®V MPAYHATIK@OV aplfpov, 10 «ouveyxeg»
onwg €deyav maidtepa. Mexpr 10 1€Aog tou 190U aiwva, and mieupag akpifeiag,
1 KaAUTEPT] MATPOQOPIA MOU €lYANE TTav 0 0PLOUOS NS 100TNTAS OUO MPAYPATIKOV
onewg divetat ota Yroixeia tou Eukeidn kat anodidetat orov Eudofo (o opiopog tou
Eudofou ouotaotika gheye: T = y av kar uovo av kabe pniog pikpotepog 1ou & gival
KAl PIKPOTEPOS Tou Y Kal kafe prrog peyaitepog tou z eival kar peyaitepog y).

Mia owotr) 1onofemon 1@V Ipaypuatev £y1ve yia mpet @opd 1o 1872 and 10
Teppavo Mabnuauxo R. Dedekind oe éva BifAiapaxt tou pe tov titAo «Xuveysia
xat appmrot apifpoi». H €évvola tou npaypatikot aptbpou 1 10 «ouveyEg» 1oV npay-
HATIK@V UTTPYE QUOIKA 010 puaio 1@v avlponemv kat 1 dtatinworn akpifolug oplopou
106G MPEMel va ouykpibel pe v avakaAuyn kat diatunmot evog facikol VOHOU TN
duowkrg (gaviaoteite v avakdiuyn tou Oaln yia tov 1Aektpiopo 1 tou Newton
yua v Bapta). Towg kau €toio va eixe o Dedekind oto puadd tou otav, oto
napanave fifitapakl, eypags:

... Ot mo moAroi avBpwnot Ba Bewprioouv autr) v avakaiuyn koworu-
gia. H avaxauyn autn ouviotatat oto €€n¢: Eidape otmv nponyoupevn
napaypago ou kabe onueio p g eubeiag mapayet eva daxwpiopod g
gubeiag oe duo pePT. . .

H xevipikn 18¢a tou Dedekind fjrav va tautiost toug npaypatikoug apibpoug pe
«TOPES TV PMeV (g Aeyoueveg topgg tou Dedekind).

Optondg 7.2.1 Eva vrostvoro A tov Q Aéyetar Tour av:
() 0£ACQ

(ii) z € Ak y < = svvendyetary € A
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(iii) 7o A Jdev éxer ueyisto storxeio (dnhadn dev vmaoxer Ty € A wete Tg > T yua
oraTax € A).

Aoxnon. Xpnolponoi®viag 10V OpIopo T®V MPAYUATIK@®V TOU O@OAUE 010 TP®TO
kepalaio Oeilte o1 «av og xabe mpaypatnkd z avuotoiyicoupe 10 ouvolo A, =
{y € Qy < z} tde navuotoyia ¢ — A, eivar 1—1 ka1 eni and 1oug npaypatikous
010 OUVOAO OA®V TV TOU®V TV PI@V». Tlota sivat 1 aviiotpoen g «oUvaptnong»
Dz Ay

To enopevo Pripa eivar va opicoupe npaleig kat oxeon datafems 610 GUVOAO
1@V TOp®V kat va Seifoupe 0T 1Kavomolouvial OAda ta afi®@pata 1oV mpaypatik@yv.
OpiCoupe yia mapadeiypa «1 tout] A sivat pixkpotepn 1 ion me B av A C B», «To
«afpolopa» A+ B opifetat g {a+ 8 : a € Axa1 f € B} k.t

Av Bgdete, unopeite va ouveyioste povor oag 11 bewpia (Sev unapyel noubeva
ouolaotikn Suokoria) 1 va avatpefete o fifhoypagia.

7.3 Axoloubieg Cauchy

INa va gheyfoupe av pa akodroubia {a,} ouyxhivel, olpugwva pe 1OV oplopd
nou d@woape, NPenet va yvwpiloupe 10 «unoynelo» opio g « (yia va efgtaooups
TG anOAUTEG THES OV dlAQOP®Y (i — ). Ne TOAAEG OU®G TEPITTAOELS €I SeV
yvepi(oule Kaveva TE1010 a i1g, 10®G, OEV EVOIAQEPOUATTE Y1 TNV TIT] TOU OpPIoU,
aAAd 10 pOVO TOU pag evOla@epel sivat av 1 akoAioubia sival ouykAivouoda 1) OXL.
To napaxatem onuaviko dempnua pag Sivel Eva Kpunplo yi autég Tig NEPUTIMOELS.

Oempnua 7.3.1 M arodovdia {a,,} svykdiver av kar uovo av eivar «Baswnp» (1]
«Cauchy» ), dnhadn yu kide € > 0, vrdgyer ng wete ya ora ta n, m € N va wsxver:

n,m>ng = |ag—an| <e

‘Onwg PAénoupe otov oplond g Pacikng akoAoudiag Sev unelogpyetal kaborou 10
oplo a g {a, }.

Anédeiln: Ag unobeéooupe npmta ou 1 a, ouykiivel kat ou «, — «a. Tote, yia
kabe € > 0, unapyel ng pe v 1BOUTA: B > ng ouvenayetal |a, — o < €/2. Av
Aowmdv n,m > ng 101!

|, —am| = |a, —a—(a, —a)|
€

2

€
< \an—a\+|am—a|<§+ =€

Smadn n {a, } eivar faowk).

To avtiotpogo eival mo evdiagepov. Asiyvoupe mpmta ot «Kabe faoikn ako-
Aoubia sivat gpaypevip. Tpaypatika, and tov oplopod g Paoikng akoroubiag, pe
e = 1, Bpiokoupe €va ng € N wots:

n>ng = |an| <lapgti] + an — angr1| < fapg1] +1

-160 -



7.3 AKOAOYOIES CAUCHY

Yuvayoupe Aowmov ot yia oha ta n € N, a €xoups:
‘Oén| < |a1\ +|CM2‘ +---+|an0+1|+1 =M

Smhadn 1 {a, } eivar gpaypevr.

TvepiCoupe wpa ou ba unapyer pa vnakoroubia {ay, } mg {a,} 1 onoia fa
ouyKAivel, €0t® O ag, — «. loxupiopar 6u kar «ohoxAnpn 1 akoroubia {ay,}
ouykAivel oto a». H anddein tou woyuplopou sivat etikoAn. Eoww € > 0. Yrapyst
no € N @wote |a, — a;,| < /2 yia 6ha wa n,m € N pe n,m > ng. Ynapyet eniong
n1 € N wote n > ny ouvenayewat |ag, — a| < €/2. Av wpa n > max{ng, n1},
101 Ky > M > ng KAl EMOPEVES:

€

2~ °

&
\C«n*a\S\C«n*ak"\+|akn*a|<§+

onwg akpifwg enpene va deifoupe. O

Osmpnua 7.3.2 (Kprujpio Cauchy yia Unapn opiou cuvaptnons) Estw f wa
BUVGQTNET, Kal Lo EVa 6NUEI0 6UV66WOEVENS TOU TENIOV 0016100 T1s. Deiéte 6T pa wav
ka1 avaykaia svvinkn yua va vidoxer 7o limg . f(x) evar n e&ns: yua kade € > 0
vrrdpxer d > 0 wete yia 6Aa ta T,y Tov mediov ogsuov s f wov ewar # xg va isxVEL:

[z =m0l ly — x| <O = |f(z) = fly)| <e

An6deiin: H anodeiln agnvetal og aoknon. O

H 13161ta v npaypatikeov akoroubiov mou dsifape o1o npoto bempnua autrg
g napaypagou, dnAiadn ot kabe Baoikt akoloubia npaypatukev apiuov cuy-
kAivel, ovopaletatl ouvifmg mAinpotnta tou R. Aépe akopa ot o R sival «mAnpng
xopog». Eival evdiagepov va ouykpivoups, and 1 okoma autr, 10 Q pe 10 R.
«To Q dev eivar mANPNG X@Pog». Me autd QUOIKA EVVOOUUE OTL UTAPYOUV Bacikeg
axoloubieg {a, } ue ap € Q, n=1,2,..., o1 onoieg dev ouykAivouv (oto Q).

Tloosé&te: Mia 1étoia axodoubia {w,} unopei guoka va Bewpnbei kar cav
akoloubia oo R, agot Q C R, emopeveg ouykiiver (oo R), adia kardota
pmopei va oupfei 1o 0pto g va unv aviket oto Q.

Aoxnon

(i) Awote eva napadetypa piag Paoikng akoroubiag {a,}, ve a, € Q, n =
1,2,..., mou dev ouykAivel ato Q.

(ii) E&etaote nowa and ta unosuvolra [0,1], (0,1), [0,00), (0,00) tou R eivar
TATIPT] Kat mota OX1, agou MP®TA JATUTOOETE e akpifela 11 onuaivel ot eva

unooUvolro tou R eival mAnpeg.

(iii) Av A C R kat w A eivai ninpeg, tdte kabe onueio oucompeuorng tou A aviket
oto A.
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7. S YMIAHPQMATA

7.4 H 3exadiki) napdctactn 1@V NpayHatikav apltfueov

H Sikatoroynon tng ouvnbiopevng Sexadikng napaotaong tov npaypatkev facile-
1a1 Katd ouolactiko 1pono oto adimpa g ouveyxelas. O pomog autog napactaotg
TV IPAYUATIK@®V £XEL EMKPATNOEL Yiati Tapouctalel opaviika TAEOVEKTNUATA TNV
ektEdeon npalemv.

Eow z £vag Beukog npaypankog apibuog. Tpagoupe zg = [z] kat yo = z — zp,
onote Ba exoupe © = xg + yo pe 0 <y < 1.

Av ypavoupe 71 = [10yo], y1 = yo — 107 [10yo], Ba €xoune: z = xg + 21 /10 +
Y1, ue o1 aképao 0 < xp < 10 xa1 0 < y; < 1071, Evag amhdg emaymyikog
oulAoylopog Seiyvel Ot pmopoupe va Ppoupe pia akoroubia akepaiov xq, Ta,. ..
wote 0 <z, <10,k =1,2,...xat

xTr Tr
ﬂf:ﬂ?o+—+---+W+yk

pe 0 <y < 107%, yia Oda wa k € N.

‘Aoknon SUpTAnpGOTE TV Tapanave anodeidn kat Seifte emmiéov on zy = [10Fz] -
10[10%~z].

SuviBes YpaQoupE o, T1, .. ., Tk aVil Tg + 5 + -+ + 7gF Kal KahoUpe auto
1ov aptfpo «dexadikt npooeyyion 1agng 10~ % tou z». Eivat gavepo ou 1 akoloubia

€ € Tp
Ag=x9, A1 =79+ —, ..., Ap=z0+—+ "+ —-"
0 = To, A1 T0+10, s A T0+10+ +10k
ouykAivel otov apifuo .
Avtiotpoga, av pag dobei pia akoroubia fo, f1, ..., Bu, ... onou By € NU {0}

xkat B; € {0,1,...,9}, 5 =1,2,... 161e n akoroubia

P Br
an = _y oy R
T T
ouykAivelr oe €va un apviukod apilbuo z. Ipogaves ap > 0 xar 1 {ax} sival
avouoa. Apkei Aomodv va deifoupe ou 1 {ay} eivar gpaypévn npog ta nave. Ta
tyaio opwg k € N exoupe:

B B 9 9
— P, PR oo 2o
W bot ot FToe Pttt
9 1 1
= B0+1—0(1+r+"'+w)
91—
= 504‘1—017]1 304‘101 Bo+1

kat €101 10 fBg + 1 eivar eva gpaypa g {ayg}. Eivar evdiagepov, xat xprioipo oe
TOAAEG MEPITTMOELS, VA MAPATNPNOOUUE OTL 1] TAPAGTACT] autl] OeV sival Hovadik.
Ynapyouv dnradr) npaypatkoi  pe dUo dla@opetikeg dekadikeg napaotaocels. Eiot
yia mapadetypa €Youpue

1,000...=0,999...
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7-4 H AEKAAIKH TAPAXTASH TON IIPATMATIKON APIOMON

Ipaypauka:
9 9 91— 1
__+_..._+__:_71(1):1f__)17
10 10" 10 11— 45 10”

Otav 1o M 1eivel oto ansipo. Iepm@oelg oav K1 autr €ival ouolaotika ol POVEG,
BT])x(IBT‘] av oo,z ... = Bmﬂ]ﬂg ... 101€ T‘]

(1) ag :b07a1 :b],ag :bgf]

(ii) ywa xamowo k € {0,1,2,...}, ap = bo, ..., ak—1 = bg_1,ax = bp + 1, ag41 =
gy = =0, bpp1 =bpyo =--- =971

(iii) yia xamow k € {0,1,2,3...}, a0 = bop = -+, ag—1 = br_1, b = agt1,
bet1 = bpyo =+ =0, g1 = Q2 = -+ = 9.

Tlpaypauxa, ag unofeooupe o1t dev oupPaiver 1o i. Ovopaloupe k 10V Mo pikpod

ano twoug apifuoug 0,1,2,... yia tov onoio woyUsl ar # by. Eoww ar > by. Oa
£XOUUE
ay Af+1 Af+n Qg by 1
Tk >k s TR,
T S T R T TR T
be b bk Bk 9 9
10F  10k+1 10k+7 = 10k~ 10k+1 10k+n

_b_k_|_i 1_L <b_k+i
~ 10 10k 107 10k~ 10k

Kal ENOUEVEG

. ay Agn by,
Jim (5 + o+ qoee) > 108 * g 2
. by, biin
2 D, <W+"'+ 10k+7 ) -

Av unapyel €ow® kat eva n > 0 @ote ag4, > 0 1018 1 apotepn avicotna Ba eival
yvnola (yiati;) xai av unapyet €0t kat eva n > 0 wote by, < 9 101 1 Sella
avicota fa eivar yvrowa (yati;). Kai oug 8o nepintooeig katainyoupe og dtono,
Smhadn av Sev woyvet (i) npenet va wyvet 1 (ii) 11 (iii).

Aoxnon:

(i) Av évag apifuog z > 0 €xe1 dexadikn napaoctaot g popens Loz les ... Ty . . .
Kat T, # 0 eve Tpp1 = ZTpyo = - = 0 018 ¢ = ToT1 ... Ty ... =
ToT1...25p-19999.. ..

(ii) Av oupg@vrooupe va ypayouue OAeg tig Oekadikeg Tapaotaoels pe Yneia ioa
pe 0 pe 1g iosg Toug mapaotaoelg mou tedsi@vouv og 9999 .. . 1o1e 1 dekadik)

TapactacTt €ival HOVooTnuav.
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7. S YMIAHPQMATA

(iii) Av g = zoz122...xa1q € Q, ¢ > 0, 101€ unapyouv k,n € N @ote xyy, = T
yia oda ta A > k. (Tewoeg Sexadikeg napaotaoelg Aeyovial TePIOSIKES).
Avtiotpoga kafe tétota Sexadiki napaotaot wooutal pue eva pmro apifuo.

Vrodein: Ta 10 aviiolpogo, apkel va mapatnproovus o o 10%g — g =
(10™ = 1)q eivar axépatog. Ta 1o €ubu ypagete ¢ = %, pe A, B € N xai
B = 25T, v,p € NU {0}, xa1 o T eivar mpwtog mpog 10 10. To pkpo
Becpnua tou Fermat pag e€aoeairiCer v tnapén evog guoikou n wote o I’
va Owaipei 1o 10" — 1. Auto eivar pia xaAr) emioyn yia 1o n nou (nrast 1
aoknon.

7.5 To nminbog 1@V npaypatke@v aplfpedv

XapaxknpiCoupe oav TENEPAOUEVO £vA OUVOAO, OTAV UMOPOUUE VA UETPTIOOUUE UE
£€va @uoiko aplfud 1o minbog v otoryeiov tou. Akpiféotepa Aepe ou 10 A sival
nengpacpevo otav unapyet apilpog N € Nkat wia 1—1 kar eni suvaptnon @ pe nedio
oplopou to ouvolro {1,2,3,..., N} xat nedio upev 10 A. O 0pog 1 — 1 onuaivet ou
®(a) = ®(b) = a = b, dInhadn Siagopetika oToIXEid £XOUV SIAQOPETIKES EIKOVES,
Kat o 0pog emi onuaivel ou kabe otoryeio 1ou A eival eikova evog oTolEIOU TOU
{1,2,3,...,N}.

duoika unapyouv unootUvoia tou R nou Sev sival nengpacueva yia napadsiypa
wa N Q,R, (Swote anodeifn).

Mewall tov ansipov ouvorl@v @aivetal diaiobnuka toulayiotov Ot kamola
gival «ro aneipa» and aika. H akpiffic kataraén 1owv unoouvodrev tou R (1) ka
YevikOTEpa, ono@vannote ouvolwv) avaloya pe 10 «mAnPog» TV OTOIXEIOV TOUg
gyve 010 1€Aog 1ou 190u aiwva ano to 'eppavo pabnuauxo G. Cantor. O Cantor
yld TOV 0KOMO auto ONUIOUPYNOE T AsyOuevT vreomeneoasusvn Aorduntien otnv
onoia Alyo moAu £kave mpafeig pe «aneipa». Ag onueiwooups 0@ O yla apketd
Staotnua mordoi pabnuatikoi €fienav pe duomiotia g epeuveg tou Cantor. Eva
ONUavVTIKO anotédeopa anoteleopa o autn v katetbuvon Ba ouCooups pe
ouviopia 6’ autn] UV Tapaypago.

Oeopnua 7.5.1 7o stvodo R twv moaypatmuv dev ewar agdunswo, dnhadn dev
vrapxer 1 — 1 kar emi svvagrnen amo 7o N s7o R.

H Satimwon tou Bempruatog mepliexel kat 10ov opiopo 10U agndunsiuoty GuvOoAou
(axpiBéotepa «aneipou apilunoipou» ).

Tevika Aépe ou Suo ouvora A, B sivat is0dvvaua 1 611 £X0UV 10V 1810 «TATHiKO
apiuod» av umapyet pa 1 — 1 xat eni ouvapon ¢ ano 10 A oo B. Apibunoipa
Aowmdv gival ta unootivora tou R mou eivar wodivapa pe 1o N.

H31 anod 1o onpeio auto apyiCouv ta napadoéa. Etor yia napadeiypa 10 ouvoro
A v Quywv guoikev, A = {2k, k € N} nou «Enpene» va €xe1 hiyotepa otoiyeia
and 1o N, gival woduvapo pe 1o N. Apkei mpaypan va napoupe @ : N — A pe
®(k) = 2k. Me Aiyo nepioootept mpoooy T unopoupe va deioune o1t 10 olvoro Q
1@V PNV sival aplburnoipo, eve «Enpene» va £yl neploodtepa otoryeia ano 10 N.
Me 10 R 1 xatactaon eival Siagopetikn. Kat' apxag n ouvaptnon () = tan Jx,
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®: (—1,1) = R, Seiyvet ot 1o R eivat 10oduvapo pe 1 didotnua (—1,1) kat 1
ouvapmon ¥ : (=1,1) = (0,1) pe ¥(z) = $(z + 1) Seiyver ou 10 (—1,1) eivar
1ooduvapo pe 1 (0, 1), (yati;). Apkei domov va deifoupe ou 1 (0, 1) dev eivar
apifunoipo. H anodeiln Ha kaver ouciacuikn xpron tou afiopatog uig ouveyeiag (pe
v pop@r g dekadikig napactacts v npaypatkev) xat fa faciletarl os €va
ouAoyloud mou Aeyetal Naywvio svAloysucs tov Cantor. O ouAAOYIOHOS autog
Xpnolponoleital oAU ouyva ota padnuatxa.

Anédeiin: Ag unobBéooupe ont unnpye pia ouvaptmon ® 1 — 1 xat eni and to N oto
R. Tpagoupe m dexadikn napaotaot v owoixeiov ®(1), ®(2), ..., ®(N),..., kal
yia va unv €xoupe npdfAnua pe 1o nota dekadiki] napaotact) naipvouus SlaAEyoupe
gkelvT mou tedeiovel oe 9999

ldots, o1Q MEPIMTIMOEIG TOU UTAPYOUV U0 TETOIES TAPaotdoels. Eotm Aoumov

(1) = 0733133;3333 . a:}z
®(2) = 0,27z32% ... 22

33

o1 dekadikEg TOUG TAPACTACELS,.
Ta va gtacoupe oe atono Ba fpoupe eva = € (0, 1) @ote z # ®(n) yia 6da 1a

n € N. Oewpoupe Aomov tov apibuod x pe Sexadikn napaotaon 0, ar, as, ..., 4y, . . .,
Omou 1d ai, as, ... opiCovial og e€ng: ar, = 5 av azﬁ # 5 xatag = 6 av x’,j = 5.
Eivat oxedov tepiupevo va dovue ou npaypatka z € (0,1) kar ¢ # ®(n), ya
kabe n (Seilie 10). O

Tapatipnon 7.5.2 Eva gpotnua, 1eAeing QuoloAoyiko, nou anacyoAinoe tov Can-
tor peta ano auvtn mv avakaiuym, mav 1o €€ng: «Ynapyouv anelpa unocUvoAd 1ou
R 1ta omnoia va pnv sival woduvaua oute pe to N oute pe 10 R;» H unobeorn ou Sev
UTIAPXOUV TETOLA OUVOAA gival yv@otn oav vmodesn tov suvexovs. H anavinon mou
£dwoav o1 pabnuanxoi (o Feppavog K. Godel 1o 1939 xat o Apepikavog P. Cohen
10 1963) BupiCet Aiyo v «Iubiax». TTo ouykekpipeva £dei€av ou pe ug ouvnbiope-
veg mapadoyeg Tou Kavoupue ot fewpia ouvol@v, dev mpokettal va Bpoupe kauia
avtigaoT site anodeytoupe, eite anoppiyoupe v unobeot tou ouveyous. Me aida
Aoyia, av 1a afiwpata ota onoia omnpilopacte oy fempia 1@V oUVOA®V sival
supbiBastd (Snhadn dev odnyouv oe avuigaoelg), tote ba efakoloubricouv va eivai
ouppifaocta, av npoobecoupe oav aliopa v unobeon tou cuveyoug 1) TV ApvnoT
g,

7.6 H ouvexeia Darboux yia v mapayoyo
A¢ Bempriooune pia napaymyioipn ouvaptnon oplopev oe €va diaotua (a, b). Asv
umapyetl a’ priori Adyog va sivat ouvexTng 1 Tapdy®yos plag Tetolag ouvaptnons.

Eva noAt evdiagepov Bempnpua tou Darboux pag A€el Ou®S O 01 AGUVEXEIES TN)G
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Tapay®@you, av Umdpyouv, sival poévo ouolodels. Axpifeotepa to bempnua sival to
edng:

Oempnua 7.6.1 Av n [ evar magaywyisin sto (a,b) kar av f'(c) # f'(d), a <
c<d<b,kaav A ewvar évas agnduos peralt wwv f'(c) xar f'(d), ore vmdoyer &,
c< &<d, wete f'(§) = A.

Me aAAa Aoyia 1o Bempnua Ager om 1 f' ikavomnolel 1o cupnépacua tou fewpr)-
Hatog mg Heons uurg (t€toleg ouvaptnoelg avagepoviatl oag Darboux ouveyeig).
Aoxnon:

(i) Aeifre mv 1Sdta yia 1g acuvexeles g f' mou ava@épape mo nave oav
noplopa tou Bewpnpuatog.

(il) Awote eva napadetypa plag napayoyiotuns f' pe asvvexn napaywyo oe eva
daotnua.

Ymiéden:

(i) Ta xa&be Saomua I = (a,b), difte 6 1 cuvapmon
0 x & (a,b)

g1(z) = 2
g {lfﬁ(mf”;bf} z € (a,b)

gival mapaymyioiun oe 6Ao 10 R.
(ii) Oewpeiote 1opa pia ouvapor, agou deifete du unapxel, Le TAPAYOYO

gr, (@), zel,=(L, L+ L) n=23 .
flz) =
0, re(-1,1) — U, I

(iii) 'H axodoubnote 1o ii ue mv ouvapmon

2?sin(L), z#0
-]
0 z = 0.

Anodeidn: Xwpig frafn g yevikouag unopotipe va unobecoupe f'(c) < A <
f'(d).

Jexvowsucs: Yuapxet n > 0 @ote n < d — ¢ xat av

g($)2w7 c<z<d-n,

101 g(c) < A < g(d —n).
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Ag moteyoupe npog ouyuty tov wyuploud. H g sival npogaveg ouveyrg, onote
10 fe@pnua g evdiaueong upng, e€aceariCet mv Unapén evog apibuov &, ¢ < € <
d —n, @ote

n
To Bewpnua topa g péong Tiung ouvenaystat v Unapén evog &', € < &' < €+ n,

wote f(E+n) — f(&) = f'(&)  n, dradn f'(£') = A, onee axpifog enpene va
dsifoupse. O

Aockxnon:
e Acite tov 10YUPIOUO.

e Acifte ou n ouvbixn ¢'(x) > tou Bewpriuatog 6.1.3 (oerida 144) unopei va
avukataoctabel pe mv ¢'(z) # 0. Eetaote mv 1w0oduvapia t@v SUo oplou®v.

7.7 Hiocoduvapia 1@V opiou®v tou Darboux kat tou
Riemann yia 1o opiouevo olokAnpeoua @payue-
V&V OUVAPTIOE@V

Oa Seifoupe oV TaApPaypago auti] 10 ANOTEAEOUA TTOU AQTOAPUE AVATOOEIKTO OTIV
evotna 5.2 dnradn:

Oeopnua 7.7.1 O ogispoi tov Riemann kar tov Darboux yu 10 00is6uevo oAoKAT-
owpa gwar 160dVVauor.

Anddedn: Ag unobecoupe npwia ou 1 f eivar Riemann oloxAnpwoiun oo [a, b
kal e0t® € > 0. Ynapyet Siapepion

A:{(l:.’to<ﬂ?1<ﬂ?2<"'<$n:b},

TET010 OOTE

b £
< =

11<3

Sam- [

a

yia onoladnnote emAoyn = ouppifaoctr) pye mv A.
Av npog ouyur unoBecoupe ot 1 f eival ouvexng 1ote Ba unapyouv emAoyeg
== {f[’), .. '764171} katr 2" = {f(’]’, .. 76271} wote my = f(§,) xat My = f(§"),

=0,1,...,n— 1 (yat;), ka1 eNOUEVES

Ed

i(fl7A) = E(f7A7ElI) Z(.f? A) = E(f7A7El)'
Ano 11g OY€0EIG AQUTES KAl TNV MPOTYOUUEVT] AVIGOTI|IA £XOUE:

i(f:A) 72(701 A) = Z(.f7A7E”) - Z(f/A/EI) =

5(f,,2") /abf (z<.f,A,E'> '/ab f) <
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b

b
s(raz) - [ fesaz - [ r<ieg<e

Ja

wavornoieitat dnAadn to kpitnpio yia v Darboux oAokAnpwoipotnia.
TTapatnpotpe akopa 611

’/bf > S(f,A) = S(£,A,Z) - '/abf+'/abf >

b
£
> I
/af |

Z(fAE’)—/abf

[r<[1+5

Ano g SU0 auteg avieoHTnNieg £XOUE

b c , —b b c
f-i<sis < [145
/a 4 = a a 4
yia onotodnnote € > 0 kal ENOUEVES
b —b b
[i=].-17
4 4 a a

Ta mv yevikn nepintwon (0tav 1 f Sev eival xat’ avaykn ouvexrg) mapatmpoupe
ot unapyouv emioyeg =2, 2 «oyedov 1600 kadég» 6oo kat npv. ITo cuykekpipeva

z/:f—

Kal eVIEA®S Tapopola

unapyouv =" ={&y, .., &1} B = {&g - &} wote
mi > f(§) — gp—r Mi < J(E§) + o
" R 4(b — a)’ ' T 4(b - a)
KAl EMOUEV®S
n—1
B(f,A) =D mp(@irr —xp) >
k=0
n—1 c n—1
,; F&) (@hr — mk) — —a) kz:%(ﬂfkﬂ —x) =

S(f,AE) -

)

Kal mapouola
€

i(f7 A) < E(f7 A7 E”) + Z
Ano 1o onueio autd kat peta 1 anoddeién eivat ovotactika 1 idia (CUUTATPOOTE V).
H ad\n xatetBuvon, dnradn ou n Darboux oloxkAnpwoipotnia ouvenayetat

Riemann oloxkAnpwoipotnia eival mo evdiagepouaa.
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Eotw e > 0. Yrapyet 1pa pia Stapgpion A vote X(f, A)—X(f, A) < 5. Hpenet
va fpoune eva § > 0 wote |E(f, A", E) — I| < € yia o0keg ug dapepiosig A’ pe
mhdtog d(A') < § xat Oheg 11g emAoyeg =, Onou @uotkd naipvoupe I = fl;f = fo

Ag unobBecoupe mpog ouyurn ou 11 A’ eivar exhenvon g A ( mou eivar ev
yevn Adbog, yati onowo kat va eivai 10 § unapyouve A’ pe d(A’') < § nou dev
gival exdentuvoeig mg A) tdie 1 ouveyela eival eUkoAn. Hpaypauka oe pia o
nepimiwon fa siyape:

S(f,A) <E(f,A) <E(f,ALE) <E(f,A") <X(f,A)

Kat emiong

S(f,A) <T<X(f,4A),
S1mhadn xar o1 Suo apibpoi I xar X(f, A, =) Bpiokovial oto Siaotua
0/, A),5(f, A,
apa
(L ALE) -1 <S(£,A) - E(£,4) < 5 <.

Oa @ravape otV eUKOAT AUt e~

pimoTt, av yla napadeiypa npoohe- ¢ "

tape omnv A’ 6oa onueia g Asinouv .

yia va yivel ekAemtuvon g A. Ta Ua T Yail
onueia autd Ba givar 1o oAU n ( 6oa

1a Swaipetika onueia mg A). Ag nou- Sxiua 7.1

peounA'eivain{a=yo < y1 < --- < ym = b}. Kabe gopa nou npoobetovpe eva
Stalpeukd oNUEL0 €01 10 Tk, Y < Tk < Yxat1 (BAene oxnua 7.1) wo E(f, A’ E)
petafaiietal kata

—(Wrs1 =y FEn) + (@ —yn) F(E) + (yar — 1) F(E"),

omou &', £" 3Uo onueia 10V SlaomMuateV [y, Tk, [Tk, Yr+1] aviiotorya. H petafoln
autn fa eival kat anoAutn TpT PIKPOTEPT 1) i01] ano

(lyas1 = yal + [zr = yal + lyapr — z]) M < 3d(A") M,

onou M €va ave gpaypa g | f(x)| oto [a, b] (BuunPeite oun f unotibetar gpaypevr
o010 [a, b], apa ka1 1 | f| eivar gpaypevn), dnradn | f(z)| < M yia xabe = € [a, b].
H ouvolikn dowmov petaforn wou E(f, A’ E) Ba sivar xata andiutn tupr 10
moAU 3nMd(A"). Av domov Saréfoupe § = 557, 101€ yia kade Srapgpion A’ pe
d(A") < 6 Ba undpyer pa exremuvon A" mg A’, i onoia fa eivar kat ekdémtuvon

s A @wote

" E” o I.E < ! ) ) ;:E
I2(f, A" EY) = B(f, AL E) < 3d(A )M < 3nM - o—aa = 5,

=n

omoteg kat va sivat ot emroyeg = E". Ta v X(f, A", Z") dpwg deifape ou

12(f, A", E") = I| <

| ™
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Anod g SU0 1EdEUTAiEg AVIOOTIIES OUVAYOUUE OTL
€

2~ °

|E(f7 AlaE) - I‘ S |E(f7 AlaEl) - E(f: A”7E”)|+|Z(f7 A”7E”) - I‘ S §+

xat €101 1 anodeiln eivat mATpIS. O

Aoxnon: Acifte 600 Mo TOAAES 1I010TTES TOU OAOKATPp@®UATOS pnopeite faci(o-
HEVOL 0TOV 0plopo 10U Riemann.

7.8 Ouowdpopen cuveyeia
Sy evotmua 5.3 (0ghida 97) avagépape xwpig anddeiln 1o €&ng:

Oeopnua 7.8.1 Av wa suvagmnesn [ evar s1uvexns 6€ éva KAEI6TO Kai poayuevo 0id-
eTnua [a, b, T0te evar opopoopa sUVEXTS 6€ AUTO.

To fewpnua auto Mrav 1o kAeldi oty anodeién g Riemann oloxAnpwoipotniag
1@V OUVEX®V OUVAPTTOE®V.

Anoderdn: YnevhupiCoupe kat’ apyag ou n f Aéyetal opotdpopga ouvexrns oo [a, b
av yua kabe € > 0 unapyet 6 > 0 wote yia O6ka 1a z,y mou avikouv oto [a,b] va
10 UEL

z—y|<d=|[flz) - fly)l <e.

Ag unobBeooupe homov, yia va @racoupe oe atono, ou 1 f eivai ouvexng oto [a, b]
alAa dev eival opolopop@a ouveyns. Oa unapyet tote € > 0 wote yia kabs & > 0 va
unapyouv z,y € [a,b] pe mvidiotna |z —y| < d kar | f(z) — f(y)| > €. Aiddréyoupe
Siadoyika yia d toug apibpotg %, k=1,2,..., onote fpiokoune xg, yi € [a, b] @ote:

ok = el < 3 xalfm) — flge) 2o k=12,

H axo)oubia {z}} eivar gpaypevn, apa unapxet unakoroubia tng, 1 onoia ouykAivet.
To Opio g Ba eival avaykaouka onueio wou [a, b]. Tovifoupue du ot10 onueio autd
XPNOLUONoIEITal ouslaotikad 1 unobeon ot 1o medio oplopou ival KAEGTO diaotnua
(yuati;). H akodoubia {yy, } eivar pia unaxoroubia mg {y, } 1 onoia sivar gpaypév.
Ynapyet enopeveg unakoroubia g, €0t 1) {yk"g } 1 onoia ouykAivel og eva onueio
y € |a,f]. H {xkﬂg }, oav unaxodoubia g xi, , ba ouykAiver eniong oto z. Ta va
ano@Uyoupe toug moAhoug Seikieg, YPAPOUUE T, = Tho, 1 Yp = Yka, 0= 1,2, ..
Kal £XOUUE:

‘xg_yg‘ < <

| =

1
kn,
(yat) xan |£(7,) — F(7)| > € 0 € N
H npot avicouma Seixver ou z = limz, = limy, = y. H ouveyela mg f ota
onueia z,y ouvenayetat ou f(T,) — f(x) xat f(y,) = f(y) = f(z). Yuvayoupe
howmov ou | f(T,) — f(7,)] = |f(x) — f(y)| = 0, mou mpogavws avugaoket He 1§
avicotnes |f(Z,) — f(F,)| > € xare > 0. O
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7.8a’
(i)

(iii)

Y xoAa kai ackfoelg

Av okegrotpe Atyo v anddeiln ba doupe ot 1 umdbeon o1l 1o medio oplopou
gival éva xhewoto diaotua [a, 8] xprowponobnke pe o ponoug:

(a') To [a, f] eivar gpayuevo ouvolro (yia va unapyxouv unakoroubieg nou
OuyKAiVOUV) Kai

(8") To opro onolacdnnote ouykAivouoag akoroubiag onueiwv tou [a, f] a-
vikel oto [a, ). To tekeutaio eival 16odUvapo pe 10 va nouue Ou ta
OTUEL GUOO®PEUOTS ToU [, ] avrkouv oto [a, ] (yiati;).

Yrnoouvola onwg 1o R mou ikavonotouv v (ii) unapyouv kat aAda extdg ano
kAeiota Swaotruata (ya napadetypa to idio 1o R, 1o otvoro [0, 1] U [5, 6], 1o
ouvoro [3,00),...). Ta oivola autd Aeyovial kKAEsTE KAl 1@ KAEIOTA GUVO-
Aa mou eival emiong gpaypeva Aeyoviar svumayn. H tedeutaia autn evvola
YEVIKEUETal pe MOAAOUS TPONOUG Kal ival moAU xpnoiun ota Mabnuatka. To
Becpnua Aowmov mou dsifape Pnopel va yevikeutel xal g e&ng:

Kabe ouveyng ouvaptnon pe nedio oplopol €va cupnayeg unoouvoio tou R
€lval OpoLOUOPPa CUVEXTS O auto.

Ta va fefai@boipe 611 1 unobeon g «oupnayesiag» dev unopei va napaingdei
npoteivoune ta napadeiypata:

(a’) 1
f(T):E’ 0<xz<l1.

To (0,1] dev eival xhewot0, diou 10 0 €ival oNUEId CUOO®PEUOTIS TOU
adla dev avrket o auto. Eotw € > 0. Iapampoviag ou

1 1 1 1

r 2r 21 e
yua 6rda wa z € (0,1] pe |z| = |2z — x| < £/2, deife ou n f Jev eivar
OHOLOUOPPA OUVEYTS.
(B) f(z) =2% —00 <z < 0. To (—00, 00) Mpo@aves Sev eival @paypevo.
Av 1 f eivai ouveyng oto A C R xair € > 0, 101 yia xabe z € A unapyet
d=46(z) > 0 wote
ly — x| <d(z) = |f(y) — fz)] <e.

Tpayaue 6 = (), yati ev yével 10 § efaprarat and 10 z. O oplopdg
NS OUOIOUOPPTIS GUVEXELAS OEV GTUAIVEL TIMOTE AAAO TAPd OT1 PTOPOUUE Va
emAe€oupe 10 § avelaptnto wou z , dnradn, yia dedopgvo € > 0, 10 id0 § yia
oha 1a z € A. Asite 61 auto woduvapel pe ) ouvinkn: yia xabe € > 0,
inf {dg(z) : z € A} > 0 onou

do(x) =sup{d>0: [y —a| <d=|fly) - fx)] <e}.
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(iv) Puoika unapxouv OUVEXEIS OUVaPTIOElS e UT ouunayt] nedia oplopou ot
Omoieg sival opolopop@a ouveyxeis. Amote napadsiypata pe nedia oplopou:
R, (—1,1), [0, c0).

7.9 O timnog tou Taylor.

Ynapyet pia ToAU anAt oX€o1 PETadl 1oV GUVIEAEGT®OV A, 1, . . . , Ay EVOS TOAU®-
vipou f(z) = ag + a1 + -+ - + apz" xat wv napayoyev me f oto 0.
Acg napatnprooupe xat’ apyag ou yia onowodnnote k € N, A € N €youpe

(m’“)(’\) _ k(k—1)-- (k- A+1Dzb > av A<k
0, av A >k

Kal eMopévamg ol mapaywyot otn Bgon 0 g ouvapmong f(z) = zF Sivovial ano m

OYEoT
kK, avA=k
f<*>(0)—{ 0, avi#k.

Ta 10 nodvevupo f(z) = ag + a1z + - - - + a,z™ Ba €xoune enoueveg

(k) _ k!ak7 OSkSn
f (0){0, k> n,

oMoU yia Aoyoug opotopopeiag ypavape 0! = 1 xar £(0) (z) = f(z), Snhadi bewpri-
oape mv f(z) oav «mapaymyo ta&ng 0» 1ou gautou .
Mnopoupue Aomov va ypayoups yia 1o noAuevupo f(z) ou:

TR

f@) = 10 + L9 170) 5~ 10O

O wnog autog Aeyetal winog tou Maclaurin (XxowoeCog pabnuatkog tou 18ou
aiwva) yia myv f.
Aev unapyetl tinota 1o aitepo yia myv upn z = 0. Av ypayoupe

g(x) = fle+a0) =ag+ar(z+x0) + - +an(z+20)"

101E 1] ¢ €lval Miong £va ToAU®VUNO 810U fabpot pe 1o f kat o tunog tou Maclaurin
yla mv g yivetau:

! (n)
9(t) = g(0) + @H g n!w)tn’
Snradh
f(t+z0) = flzo) + fl(l”rlno)th - f(”;('xo)tn



7.9 O TYnos T0Y TAYLOR.

1 (ypagoviag x =t + zg)

’,(EO (n) wo
fl@) = f(:vo)+f(1! )($—$0)+---+fn75)($—w0)”
n k, 7:0

k=0

O eheutaiog wnog gival yveotdg oav wimog tou Taylor (EyyAeCog pabnuanixog
1ou 180u awwva) yia mv f. Pucika o winog tou Maclaurin eivar 1 eidiki} nepinteon
tou wnou tou Taylor (yia 29 = 0).

Ag Bewpriooupe t@pa pla ouvaptnon f ya v onoia unobetoupe ou gival o-
popevn oe wa nepoxn (o — «,xg + @), a > 0, evdg onueiou xo xar o £xet
napaywyoug kafe 1afng oto didotpua autd. Asv punopoupe va mepipgvoupe ot Ha
10XUel yevika o wnog tou Taylor

()
Fla) = Flao) +- 4 T e

yia kanowo n € N. Ilpaypauxa to §' pelog eival TOAU®VUHO EVE® T0 TP®TO UTOPEL
va pnv eivat. H ouvapmon f(z) = e* yia napadetypa, €xet napaymyous kabe ta&ng
aila dev eival noducwvupo. Qoo oghadpogavTg kat va gaivetal autog o 16} UPLOUOS
xpetaletal anodeién. (Av unobecoupe yia napadetypa ou 1 e” gival TOAUGVULO
Babuot n, 101 Ba mpenel 11+ 1 1ang napaywyog g va eival tavtotika 0, 1o onoio
glval QuoIKa atomo).

Avii va gykataieiyoupe v npoonabeia va yevikeucoupe tov twino tou Taylor
Y1d TOAU@VUPA JE AUTO TOV TPONO, YIVOUAoTe Alyotepo anattnukoi kat e€staloupe
UNT®S T0 TOAUDVULO

f’(%)

1!

f(n) (To)

n!

f(wo) + (x — o) + -+

(# — x0)"

«ipooeyyiler», Toudaxotov yia wkpa |z — zol|, mv f(z), dSnhadn yaxvouue yia
«kala» ave gpayuata g napaotaot | R, (x)|, onou R, (z) 10 Aeyouevo vadlomro,
OnAadn n napactaon:

! o (n) o
Ro(z) = f(z) — <f(m0) + %(7« PP il 1) P mo)") ,

Auto sivat mpaypatikda duvatd onwg deiyvel 10 endpevo fempnua.

Oeopnua 7.9.1 Av 7 svvdotnen f eivar ooisuévn 68 ua TEQIOXT, TOU To Kai EXEL
qapdywyo Td€ns n sLveXT, 670 KkAEwTO duisTnua [Tg — 0,z + 0], 6 > 0, kar vmdo-
x&er n magaywyos taéns n+ 1 670 (xg — §,x + ), 7076 vEdoxer agiuds & = &(x)
T — 0 < €< xog+ 0, wete

f'(zo)
1!

f(x) = flzo) +

(t—20)+ ...+ ———(x — x20)" + Rn(x),
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ue
_

R, (z) = m(m T

Me aAla Aoyia, pe 1ig npoiimobecelg nou avagepape, Wy Uel o tunog tou T aylor
pe undrowmo Ry, (x) mou €xet 11 Aeyopevn poper tou Lagrange:

n+1
Ro(z) = {nT(f))' (z — zo)"+".

TIpiv poywPNooUPE otV Anodel&n ag KaAvVoUpe U0 AMAES TAPATIPT|OELS:

Iapatipnon 7.9.2 T'a n = 0 o winog tou Taylor naipver ) popen

f(@) = fzo) + f'(€)(z — m0),
OnAadt) avayetal 610 yvooto pag fempnpa g HeoNg PTG,

TMapatfpnon 7.9.3 Av unobécoupe emi mhgov om n f*H!(z) eival @payuévn oto
(o — 8,20 + 0), Snrady, |7 T1(z)| < M, 1618 Ba €xoupe

M n
[ Rn(2)] < mh‘ — ao|" !

Ry(z) = O((x — z0)"*")

yua x = xq. H oxéon autn deixvel ou yia peyaha n 1 npoogyyion g f(z) pe 1o
TOAU®VULO

(o)
1!

flxo) + (t—x)+-+———(x—x0)"

gival TOAU KAAT] y1d T «KOVId OTO Zg».

IMapatipnon 7.9.4 To unorowmo R, (z) pnopei va ekgpaotei xat pe GAAoug 1podnoug,
yida mapadetypa va mapet 1 AEYOUEVT OAOKATP®TIKT] LOPPT|

Ruto) = | @O 1) .

Aoxnon Aeite 1ov eheutaio wino (unodelln: oOAoKANP®OTE KAt PEPT) N YOPEG).

Ano6dedn tou Oewprjpatog 7.9.1: To undromo R, (z) Sivetar €€ opiopou anod tov
TUTO:

(") (2,
(az—xo)+---+7f ( )(az—xo)”>_

n!



7.9 O TYnos T0Y TAYLOR.

Mnopoupe va unoféocoupe, xwpig BAafn g yevikotag, ot 2y < x. Osmpolue
1@®PA 1] OUVAPTNOT

! i) (n) i)
o0 = 10 () + Z 0 = ) ot T )
Ry (o) ro)H
(x — @) ! (t = o)
= Rt - 2l gy

yia zg < t < x. Ano 1ov opiopo tou R, PAenoupe elikoia ou
Ry (0) = Ry (o) = -~ = RV (z) = 0

(ne &Aa Aoyia: 10 moduwvupo f(z) — R,(z) xai o1 n mpoieg mapdymyor tou
OUUTINTOUV 010 Zg Me TV [ Kal 1§ 1 NP®IES Mapay®yous g aviiotoixa). Oa
£XOUUE AOMOV UETA amd PEPIKES ANMAES TPaels:

g @) = R4 — (n+1)!%

! R, (z)

= @) — (n —_—
f (f) ( + 1) (CU _ wo)n+1

(neg mpoxunter 1 ieAgutaia 100ta;).
To npofinua pag w@pa sivar va Seifoupe o unapyel € € (g, ) @Ot

£ ()

Bal) = <0

(x — )" !

Smhadn ¢t (&) = 0.

Auto mpoxumiel eukora pe dadoyikeg spapuoyeg tou fempnuatog tou Rolle
(EXéyEie OU 1W0XUOUV o1 anartoUpueves npoinobecers):

Ano my gq(z) = q(zg) = 0 enetar o unapyet & € (zg, ) wote ¢'(§1) = 0, ano
mv ¢'(z0) = ¢'(§1) = 0 énetat on unapyet & € (20,61) C (w0, 7) oote ¢"(&2) =0
k.0.x. Tehika howmdv Ppiokoupe eva € = a1 € (T, ) @ote

gt (¢) =0,

nou eival akpifog autod mou BEdape va dsifoupie.

Iapadeiypata:
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(i) f(x) = e*, zo = 0. Mpogavex f*)(0) = e’ = 1 yia xabe k € N, apa

x  x? "

e :1+ﬂ+§+"'+H+R”($)’

yia xdbe z € R, onou R, (x) = (neTfl)!m’H'l yia xamnoio € petat 0 kar z.
Ag sxupnooupe 1o undrowmo R,,. Exyoupe:

+1
|Rn(z)] < e\m\ﬂ,
- (n+1)!
Av via napadeiypa z = 1, kar n = 5 101e

e 3 3 1
RN —< —=— = —,
[Bn(1)] < (n+1)! — 6! 720 240’

Oniadt) 1o abpoloua

— = — =2716
1 2 6 + 24 120 120 ’
npooeyyilel 10 e pe o@aipa pikpodtepo ano 0,01.

1 1 1 1 1 3%
T+ —+-+— +— =

Aev givar Suokoro va Seifoupe o yia 6da wa z € R, wylver R,(z) — 0,
kabog n — oo, dnhad)

n
lim <1+£+---+m—>:ez.
n—oo 1! n!

Mpaypatxa, ag ypayouue ng = 2[|z|] + 2 xar ag vnobécoupe n > ng. Oa
£XOULE:

e[l (N 2% o) (X !
lad E il - z -
(n+1)! = no! \ 2|z ng! 2) 7

kat 1o Oef1a perog 1eivel oto undev yia n — oo. Pracaps Aomov oto onuav-

TIKO TUTIO

n
e’ = lim (1+£+---+m—>
n—o00 1! n!

TOV 0moio ypagoupe ouvifmg pe tn popen e”

=1+% 4. 42 4.

kat ovoualoupe 10 deia pérog «osipa M aclaurin» g ouvaptnorng e®.

(ii) Zmeitar o unohoyiondg pe npoogyyion 1/100 tou odoxhnpopatog

1
ot — 1
/F dx.
Jo T
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Eivai pataio va mpoonabriooupe va BpoUupe €va aopioto OAOKATP@UA TN
(e* — 1)/z ue mv Ponbeia oroiyeiwdov ouvaptnoemv (anodeikvietal ot Sev
UIApyel 110106 Wnog). Xpnolponoi@viag ouws tov wno tou Taylor exoupe:

e’ —1 1 T x2 "
= —[1+5+%+ +=+R,(z) -1
T T 1! 2! n!
T g1 R, (x
— 1+1+...+T +ﬂ7
2! n! T

onote

1 1 1
T — 1 1
/ € dz /1dm+—/m+---
Jo T Jo 2!.0

1t 'R,
s :U”flda:+/ (x)da:
mn. 0 0 xr
1 1 'R, (z)
= 1+ —+-- —=dx.
+2!-2+ +n!-n+_/0 T !

Apxkei Aowmov va Siade€oupe 10 n wote 10 '[01 R, (z)/x dz va eivar pixpdiepo
tou 1/100. Exoupe Seifel du

.
n+1)! = (n+1)!7 7

| B ()] <

1 1
R Z Z
/ n(z) < ° / P — € < 3 '
Jo = (n+1)! Jg m+D!(n+1) ~ (n+D(n+1)
Apkei Aowmov va napoupe n = 4 (5375 = ﬁ < 1(]]—0) ONOTE UE TPOCEYYIOT|
kaiutepn ano 1/100 Ba exoupe

Ler 1 1 1 1
/e dr ~14+ —+ — +
0

T 2-2  6-3 24-4°

Aoxnon

(i) Bpeite 1ov timno tou Taylor yiwa 1g ouvaptiosls sinz kat cosz, = € R, xat
Oeif1e OT1 10 UTOAOWTO TEIVEL GTO UNPOEV Yia OAa Ta .

(ii) Ymoloyiote pe npoogyyion 1/100 1o odoxArpena

1 .
sint
/idt.

Jo 1t
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Tapatipnon 7.9.5 O 0pog «oeipd» MOU XPTOIUONOITIOAUE OT0 MPXTO MAPAdEly pd
opiCetal wg e€ng: Av a, sivatl pyia akoroubia, 1 3, pe

Bn:al+"'+an
Aeyetal osipa kat oupforiCetal pe

Aottt

[eS]
E (o7
n=1

Ta B, Aeyoviar pepika abfpoiopata tng osipdas. Av 1 £, ouykAivel otov apibud
[ 101e Ague O 1] 0e1pd ouyKAivel, 1) €xel abpolopa tov apibud [S. H Bewpia tov
OEIP®V £lval £va and 1a oNuavikotepa kegaiaia tou Aneipootikou Aoylopou, xat
Ba perenPel pe Aemtopépeia o emopeva pabnuata.
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