
EXETASH STHN EFARMOSMENH ANALUSH

Panepisthmio Aigaiou - Tmhma Majhmatikwn - Kateujunsh SAQM

9 Febrouariou 2015 - Diarkeia exetashc: 3 wrec (12:00-15:00)

Didaskwn: Eleujerioc Taqtshc

JEMA 1. (a) Na exetastoÔn wc proc thn omoiìmorfh sunèqeia oi sunart seic (1) f1(x) = cos(x2),
x ∈ R, (2) f2(x) = x+ lnx, x > 0.

b) 'Estw f : R → R mia omoiìmorfa suneq c sun�rthsh. JewroÔme thn akoloujÐa sunart sewn
fn(x) = f(x+ 1

n), n ∈ N, x ∈ R. Na apodeÐxete ìti h akoloujÐa sunart sewn (fn) sugklÐnei omoiìmorfa
epÐ tou R sthn f .

JEMA 2. Na melethjeÐ wc proc thn shmeiak  kai omoiìmorfh sÔgklish epÐ tou [0, 1] h parak�tw
akoloujÐa sunart sewn:

fn(x) =


n2x an x ∈ [0, 1

n ]

−n2(x− 2
n) an x ∈ [ 1n ,

2
n ]

0 an x ∈ [ 2n , 1]

.

JEMA 3. Na apodeiqjeÐ ìti h seir� sunart sewn
∞∑
n=1

(−1)n x2 + n

n2
sugklÐnei omoiìmorfa epÐ opoiou-

d pote diast matoc [a, b], a < b, en¸ den sugklÐnei apìluta gia kamÐa tim  tou x.

JEMA 4. (a) Na brejoÔn ta diast mata sÔgklishc twn dunamoseir¸n

∞∑
n=1

(n!)2

(2n)!
xn kai

∞∑
n=1

(1 +
1

2
+ · · ·+ 1

n
) xn.

(b) 'Estw f(x) =
∞∑
n=0

anx
n gia k�je x sto di�sthma sÔgklishc thc dunamoseir�c. Upojètoume ìti

f ′(x) = −2xf(x), f(0) = 1.

Na brejoÔn ta an. AnagnwrÐzete thn sun�rthsh f ?

JEMA 5. a) 'Estw A ⊆ Rk kai èstw ~x ∈ Rk. Na apodeiqjeÐ ìti ~x ∈ A an kai mìno an up�rqei mia
akoloujÐa ( ~an)n∈N shmeÐwn tou A tètoia ¸ste ~an → ~x.

b) Na apodeiqjeÐ ìti to sÔnolo A = {~x ∈ Rk : ||~x|| = 1} eÐnai kleistì ston (EukleÐdeio q¸ro) Rk.

g) 'Estw f(x, y) =
xy

x2 + y2
, (x, y) 6= (0, 0). Na exetasteÐ an up�rqoun ta ìria lim

(x,y)→(0,0)
f(x, y),

lim
x→0

lim
y→0

f(x, y), lim
y→0

lim
x→0

f(x, y).

Bajmoc kaje jematoc = 2

ARISTA = 10

KALH EPITUQIA


