
EXETASH STO MAJHMA ��EFARMOSMENH ANALUSH��

Panepisthmio Aigaiou - Tmhma Majhmatikwn - Kateujunsh SAQM

8 Iouniou 2015 - Diarkeia exetashc: 3 wrec (12:00-15:00)
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JEMA 1. (a) 'Estw I èna opoiod pote (mh ekfulismèno) di�sthma tou R kai èstw f : I → R mia
sun�rthsh h opoÐa eÐnai paragwgÐsimh epÐ tou I. An h f ′ eÐnai fragmènh epÐ tou I, tìte na apodeÐxete
ìti h f eÐnai omoiìmorfa suneq c epÐ tou I.

(b) Na apodeÐxete ìti h sun�rthsh f(x) =
√
x, x ∈ [0,+∞), eÐnai omoiìmorfa suneq c epÐ tou

[0,+∞).

JEMA 2. JewroÔme thn ex c akoloujÐa sunart sewn (fn)n∈N epÐ tou [0, 1]:

fn(x) =


2n2x an x ∈ [0, 1

2n ]

2n2( 1n − x) an x ∈ [ 1
2n ,

1
n ]

0 an x ∈ [ 1n , 1]

.

Na brejeÐ to kat� shmeÐo ìrio thc (fn)n∈N epÐ tou [0, 1]. EpÐshc, na exetasteÐ (a) an gÐnetai enallag 
orÐou-oloklhr¸matoc, (b) an sugklÐnei omoiìmorfa h (fn)n∈N epÐ tou [0, 1].

JEMA 3. (a) Na diatup¸sete to M -tèst tou Weierstrab kai na d¸sete thn apìdeix  tou.

(b) Na apodeÐxete ìti h seir� sunart sewn
∞∑
n=1

nx

1 + n5x2
sugklÐnei omoiìmorfa epÐ tou R.

JEMA 4. (a) Na grafeÐ h sun�rthsh f(x) = arctan(x) san dunamoseir� se kat�llhlo di�sthma
sÔgklishc.

(b) DÐnetai h akoloujÐa arijm¸n

an =


n2 + 1, an n = 3k, k = 0, 1, . . .(
1 + 1

2n

)n2

, an n = 3k + 1, k = 0, 1, . . .(
1
5

)n
, an n = 3k + 2, k = 0, 1, . . .

.

Na brejeÐ to di�sthma sÔgklishc (−R,R) thc dunamoseir�c
∑∞

n=0 anx
n kai na apodeiqjeÐ ìti h sun�r-

thsh f(x) =
∑∞

n=0 anx
n, x ∈ (−R,R), eÐnai omoiìmorfa suneq c se k�je kleistì di�sthma [a, b] ⊂

(−R,R).

JEMA 5. a) 'Estw ( ~xk)k∈N mia akoloujÐa shmeÐwn tou EukleÐdeiou q¸rou (Rn, ||·||) h opoÐa sugklÐnei
sto ~x ∈ Rn. Na apodeÐxete ìti lim

k→∞
|| ~xk|| = ||~x|| kai wc efarmog  na elègxete to prohgoÔmeno

apotèlesma gia thn akoloujÐa ~xk = ( 1
k+1 ,

ln k
k ), k ∈ N.

b) 'Estw f(x, y) = x2 sin
(
1
y

)
+ y2 cos

(
1
x

)
, x, y ∈ R \ {0}.

Na exetasteÐ an up�rqoun ta ìria lim
(x,y)→(0,0)

f(x, y), lim
x→0

lim
y→0

f(x, y), lim
y→0

lim
x→0

f(x, y).

BAJMOS KAJE JEMATOS = 2 monadec

ARISTA = 10 monadec
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