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JEMA 1. (a) 'Estw oi pÐnakec A = (x1 x2 . . . xn), B = (y1 y2 . . . yn) ∈M1×n(R) Na exet�sete an
to sÔsthma AtBzt = On×1, ìpou z = (z1 z2 . . . zn) o 1× n pÐnakac twn agn¸stwn, èqei �peiro pl joc
lÔsewn.

LÔsh. ParathroÔme ìti:

AtB =



x1
x2
.
.
.
xn

 · (y1 y2 . . . yn) =



x1y1 x1y2 . . . x1yn
x2y1 x2y2 . . . x2yn
. . . . . .
. . . . . .
. . . . . .

xny1 xny2 . . . xnyn

 .

Sunep¸c,

det(AtB) = (x1 · x2 · . . . · xn)

∣∣∣∣∣∣∣∣∣∣∣∣

y1 y2 . . . yn
y1 y2 . . . yn
. . . . . .
. . . . . .
. . . . . .
y1 y2 . . . yn

∣∣∣∣∣∣∣∣∣∣∣∣
= (x1 · x2 · . . . · xn) · 0 = 0.

'Ara, o pÐnakac twn suntelest¸n twn agn¸stwn tou dojèntoc omogenoÔc sust matoc eÐnai mh-
antistrèyimoc, opìte to sÔsthma èqei �peirec lÔseic. 2

(b) 'Estw f1, f2, . . . , fn sunart seic apì to R sto R oi opoÐec eÐnai n− 1 forèc paragwgÐsimec. Gia
k�je x ∈ R, èstw o pÐnakac

W (x) =



f1(x) f2(x) . . . fn(x)
f ′1(x) f ′2(x) . . . f ′n(x)
. . . . . .
. . . . . .
. . . . . .

f
(n−1)
1 (x) f

(n−1)
2 (x) . . . f

(n−1)
n (x)


.

'Estw x0 ∈ R tètoio ¸ste det(W (x0)) 6= 0. Na apodeÐxete ìti an a1, a2, . . . , an ∈ R eÐnai tètoioi ¸ste
a1f1 + a2f2 + · · · + anfn = 0, ìpou 0 h sun�rthsh apì to R sto R me 0(x) = 0 gia k�je x ∈ R, tìte
ai = 0 gia ìla ta i = 1, 2, . . . , n.

LÔsh. Efìson a1f1+a2f2+ · · ·+anfn = 0, autì shmaÐnei ìti a1f1(x)+a2f2(x)+ · · ·+anfn(x) = 0

gia ìla ta x ∈ R kai sunep¸c a1f
(i)
1 (x) + a2f

(i)
2 (x) + · · ·+ anf

(i)
n (x) = 0 gia ìla ta i = 1, 2, . . . , n− 1

kai ìla ta x ∈ R. 'Ara,

a1f1(x0) + a2f2(x0) + · · ·+ anfn(x0) = 0

a1f
′
1(x0) + a2f

′
2(x0) + · · ·+ anf

′
n(x0) = 0

. . . = 0

a1f
(n−1)
1 (x0) + a2f

(n−1)
2 (x0) + · · ·+ anf

(n−1)
n (x0) = 0



Sunep¸c,

W (x0) ·



a1
a2
.
.
.
an

 =



0
0
.
.
.
0

 .

Efìson, W (x0) eÐnai antistrèyimoc pÐnakac (lìgw upìjeshc), to parap�nw omogenèc sÔsthma me
agn¸stouc ta a1, a2, ..., an èqei monadik  lÔsh thn tetrimènh, sunep¸c ai = 0 gia ìla ta i = 1, 2, . . . , n,
ìpwc to jèlame. 2

JEMA 2. (a) Na apodeiqjeÐ ìti to ginìmeno peperasmènou pl jouc antistrèyimwn pin�kwn eÐnai
antistrèyimoc pÐnakac.

LÔsh. Bl. Shmei¸seic. 2

(b) 'Estw V (x) =

 ex 0 0
0 1 x
0 0 1

, x ∈ R. Na brejeÐ o pÐnakac (V (x))n, ∀n ∈ N, ∀x ∈ R, kai na

grafeÐ - an eÐnai dunatìn - k�je tètoioc pÐnakac wc ginìmeno stoiqeiwd¸n pin�kwn.

LÔsh. 'Estw x ∈ R. Me epagwg  apodeiknÔetai polÔ eÔkola ìti gia k�je n ∈ N

(V (x))n =

 enx 0 0
0 1 nx
0 0 1

 .

O pÐnakac (V (x))n eÐnai antistrèyimoc diìti det(((V (x)n)) = enx 6= 0. Apì thn �llh meri�, èqoume ìti:

(V (x))n
r1→ 1

enx r1−→

 1 0 0
0 1 nx
0 0 1

 r2→r2−(nx)r3−→

 1 0 0
0 1 0
0 0 1

 = I3.

Jètoume e1 = r1 → 1
enx r1, E1 = e1(I3), e2 = r2 → r2 − (nx)r3 kai E2 = e2(I3). Tìte

I3 = E2E1((V (x))n,

�ra ((V (x))n = (E1)
−1(E2)

−1. 'Eqoume: (E1)
−1 =

 enx 0 0
0 1 0
0 0 1

 kai (E2)
−1 =

 1 0 0
0 1 nx
0 0 1

. 2

JEMA 3. 'Estw o pÐnakac A =

 1 0 −2
0 0 0
3 0 −4

. Na brejeÐ o pÐnakac B = 3A2005 − 6A+ I3.

LÔsh. Bl. Shmei¸seic. 2

JEMA 4. Na brejeÐ gia poièc timèc twn paramètrwn k,m ∈ R, to sÔsthma

x+ y+z = 1

x+ ky+kz = m

x+k2y+2kz = km

a) èqei monadik  lÔsh kai na dojeÐ aut  h lÔsh,
b) eÐnai adÔnato,
g) èqei �peiro pl joc lÔsewn kai se k�je perÐptwsh na dojeÐ h genik  morf  twn lÔsewn aut¸n.

2



LÔsh. Bl. Shmei¸seic (Monadik  lÔsh an k ∈ R \ {0, 1, 2} kai m ∈ R � UpologÐste thn orÐzousa
tou pÐnaka twn suntelest¸n twn agn¸stwn. KamÐa lÔsh an (k = 0 kai m 6= 0)   (k = 1 kai m 6= 1)  
(k = 2 kai m 6= 2). 'Apeiro pl joc lÔsewn an (k = 0 kai m = 0)   (k = 1 kai m = 1)   (k = 2 kai
m = 2)). 2

JEMA 5. Na upologÐsete ta a, b, c, d ∈ R tou pÐnaka A =

 1 a b
1 c d
1 1 1

 an ta dianÔsmata (1, 1, 1) kai

(1, 0,−1) eÐnai idiodianÔsmata tou A. Na brejoÔn to qarakthristikì polu¸numo tou A kai to el�qisto
polu¸numo tou A.

LÔsh. Bl. Shmei¸seic. 2
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