
LUSEIS TWN JEMATWN THS TELIKHS EXETASHS (10/02/2012) STHN
EFARMOSMENH GRAMMIKH ALGEBRA I

Didaskwn: Eleujerioc Q. Taqtshc

JEMA 1. 'Estw

 a 0 b 2
a a 4 4
0 a 2 b

 o epauxhmènoc pÐnakac enìc grammikoÔ sust matoc. Na brejeÐ gia

poièc timèc twn a, b to sÔsthma èqei (a) monadik  lÔsh (na dojeÐ se k�je perÐptwsh), (b) �peiro pl joc
lÔsewn (na dojoÔn se k�je perÐptwsh) kai (g) kamÐa lÔsh. EpÐshc, gia ìlec tic timèc twn a, b ∈ R, na
brejeÐ o bajmìc tou dojèntoc pÐnaka.

LÔsh. SumbolÐzoume ton dojènta 3× 4 pÐnaka me A(a,b) kai ton bajmì tou me r(A(a,b)).

An a = 0, tìte A(0,b) =

 0 0 b 2
0 0 4 4
0 0 2 b

 r1↔r2−−−−→

 0 0 4 4
0 0 b 2
0 0 2 b

 r1→(1/4)r1−−−−−−−→

 0 0 1 1
0 0 b 2
0 0 2 b


r2→(r2−br1)−−−−−−−−→
r3→(r3−2r1)

 0 0 1 1
0 0 0 2− b
0 0 0 b− 2

.

An b 6= 2, tìte to sÔsthma eÐnai adÔnato.
An b = 2, tìte to sÔsthma èqei �peiro pl joc lÔsewn, to de sÔnolo lÔsewn eÐnai: S(a=0,b=2) =

{(x, y, 1) : x, y ∈ R}.
EpÐshc, eÐnai �meso na doÔme ìti r(A(a=0,b 6=2)) = 2 kai r(A(a=0,b=2)) = 1.
T¸ra, an a 6= 0, èqoume:

A(a,b)
r1→(1/a)r1−−−−−−−→

 1 0 b/a 2/a
a a 4 4
0 a 2 b

 r2→(r2−ar1)−−−−−−−−→

 1 0 b/a 2/a
0 a 4− b 2
0 a 2 b


r2→(1/a)r2−−−−−−−→

 1 0 b/a 2/a
0 1 (4− b)/a 2/a
0 a 2 b

 r3→(r3−ar2)−−−−−−−−→

 1 0 b/a 2/a
0 1 (4− b)/a 2/a
0 0 b− 2 b− 2


An b = 2, tìte to sÔsthma èqei �peiro pl joc lÔsewn, to de sÔnolo lÔsewn eÐnai S(a6=0,b=2) =

{( 2a(1− z), 2a(1− z), z) : z ∈ R}.
An b 6= 2, tìte to sÔsthma èqei monadik  lÔsh, thc morf c (2−ba , b−2a , 1).
EpÐshc, r(A(a6=0,b=2)) = 2 kai r(A(a6=0,b 6=2)) = 3.

SunoyÐzontac, èqoume ta parak�tw apotelèsmata:

1. a = 0, b 6= 2: To sÔsthma eÐnai adÔnato kai r(A(a=0,b 6=2)) = 2.

2. a = 0, b = 2: To sÔsthma èqei �peiro pl joc lÔsewn thc morf c (x, y, 1), x, y ∈ R. EpÐshc,
r(A(a=0,b=2)) = 1.

3. a 6= 0, b = 2: To sÔsthma èqei �peiro pl joc lÔsewn thc morf c ( 2a(1 − z), 2a(1 − z), z), z ∈ R.
EpÐshc, r(A(a6=0,b=2)) = 2.

4. a 6= 0, b 6= 2: To sÔsthma èqei monadik  lÔsh thc morf c (2−ba , b−2a , 1). EpÐshc, r(A(a6=0,b6=2)) = 3.
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JEMA 2. (a) 'Estw Jn o n× n pÐnakac k�je stoiqeÐo tou opoÐou isoÔtai me 1. Na apodeÐxete ìti an

n > 1, tìte (I − Jn)−1 = I − 1

n− 1
Jn, ìpou I eÐnai o n× n tautotikìc pÐnakac.

(b) Na dojeÐ o orismìc tou adj(A) enìc pÐnaka A ∈Mn(R). Na apodeÐxete ìti an o A eÐnai antistrè-
yimoc, tìte o adj(A) eÐnai antistrèyimoc kai isqÔei ìti [adj(A)]−1 = adj(A−1).



LÔsh. (a) Apì tic paradìseic, gnwrÐzoume ìti arkeÐ na apodeÐxoume ìti (I − Jn)(I − 1

n− 1
Jn) = I.

'Eqoume: (I − Jn)(I − 1

n− 1
Jn) = I − 1

n− 1
Jn − Jn +

1

n− 1
J2
n = I −

(
n

n− 1

)
Jn +

1

n− 1
J2
n.

EÐnai polÔ eÔkolo na elègxoume ìti J2
n = nJn, �ra

1

n− 1
J2
n =

(
n

n− 1

)
Jn, kai sunep¸c (I−Jn)(I−

1

n− 1
Jn) = I ìpwc to jèlame.

(b) Gia ton orismì tou adj(A), bl. shmei¸seic. 'Estw t¸ra ènac antistrèyimoc n × n pÐnakac A.
Apì thn sqèsh adj(A) · A = (det(A))In, èpetai ìti adj(A) = (det(A))A−1. Epomènwc, det(adj(A)) =

(det(A))ndet(A−1) = (det(A))n
1

det(A)
= (det(A))n−1 6= 0, efìson det(A) 6= 0. 'Ara o adj(A) eÐnai

antistrèyimoc.

T¸ra, adj(A−1) · A−1 = (det(A−1))In, sunep¸c adj(A−1) =
1

det(A)
A, diìti det(A−1) =

1

det(A)
.

'Eqoume:

adj(A) · adj(A−1) = adj(A) ·
[

1

det(A)
A

]
=

1

det(A)
(adj(A) ·A) =

1

det(A)
[(det(A))In] = In.

'Ara, [adj(A)]−1 = adj(A−1). 2

JEMA 3. (a) QwrÐc na upologistoÔn oi parak�tw orÐzousec (dhlad  me anaptÔgmata), na apodeiqjeÐ
ìti: ∣∣∣∣∣∣

a1 b1 + ta1 c1 + rb1 + sa1
a2 b2 + ta2 c2 + rb2 + sa2
a3 b3 + ta3 c3 + rb3 + sa3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 a2 a3
b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣ .
(b) 'Estw A ∈ Mn(R) tètoioc ¸ste to �jroisma twn stoiqeÐwn thc k�je gramm c tou A isoÔtai me 0.
Na apodeÐxete ìti det(A) = 0.

LÔsh. (a) To zhtoÔmeno apodeiknÔetai eÔkola eÐte qrhsimopoi¸ntac �mesa thn grammikìthta thc o-
rÐzousac wc proc tic st lec eÐte qrhsimopoi¸ntac thn idiìthta pou lèei ìti h tim  thc orÐzousac den
all�zei an se st lh prosjèsoume to pollapl�sio k�poiac �llhc st lhc.

'Eqoume:

∣∣∣∣∣∣
a1 b1 + ta1 c1 + rb1 + sa1
a2 b2 + ta2 c2 + rb2 + sa2
a3 b3 + ta3 c3 + rb3 + sa3

∣∣∣∣∣∣ c2→c2−tc1=

∣∣∣∣∣∣
a1 b1 c1 + rb1 + sa1
a2 b2 c2 + rb2 + sa2
a3 b3 c3 + rb3 + sa3

∣∣∣∣∣∣ c3→c3−sc1−rc2=∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 a2 a3
b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣ diìti ∀A ∈Mn(R), det(A) = det(At).

(b) 'Estw A = (aij), 1 ≤ i, j ≤ n. 'Estw B = (bij) o pÐnakac pou prokÔptei apì ton A ektel¸ntac
ton metasqhmatismì sthl¸n c1 → (c1 + c2 + · · · + cn) epÐ tou A. Tìte det(B) = det(A) kai gia k�je
i = 1, 2, ..., n, bi1 =

∑n
j=1 aij = 0 (diìti apì thn upìjesh, gia k�je i, to �jroisma twn stoiqeÐwn thc i

gramm c tou A eÐnai Ðso me 0). Sunep¸c, h pr¸th st lh tou B eÐnai mhdenik  kai �ra, det(A) = det(B) =
0.

'Enac deÔteroc trìpoc apìdeixhc eÐnai o ex c: 'Estw S o n× 1 pÐnakac k�je stoiqeÐo tou opoÐou
eÐnai Ðso me 1. Tìte apì thn upìjesh èpetai ìti AS = 0, ìpou 0 eÐnai o n× 1 mhdenikìc pÐnakac. Autì
shmaÐnei ìti to n × n omogenèc sÔsthma AX = 0 èqei mh-mhdenikèc lÔseic (h S eÐnai mÐa apì autèc),
opìte det(A) = 0. 2
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JEMA 4. (a) 'Estw A =

 1 −2 2
0 −3 4
0 −2 3

. Na brejoÔn oi idiotimèc tou A, oi antÐstoiqoi idioq¸roi

kai to el�qisto polu¸numo tou A. Na brejeÐ, an up�rqei, o A−1 qrhsimopoi¸ntac to je¸rhma Cayley-
Hamilton, to opoÐo kai na diatup¸sete.

(b) Na apodeÐxete ìti an C,D ∈ Mn(R) kai o C eÐnai antistrèyimoc, tìte oi pÐnakec CD kai DC
èqoun to Ðdio qarakthristikì polu¸numo.

LÔsh. (a) EÐnai polÔ eÔkolo na doÔme ìti to qarakthristikì polu¸numo tou A eÐnai det(A − xI3) =
−x3 + x2 + x − 1 = −(x − 1)2(x + 1). 'Ara, oi idiotimèc tou A eÐnai λ1 = 1 (dipl ) kai λ2 = −1.
Ta idiodianÔsmata tou A pou antistoiqoÔn sthn idiotim  1 eÐnai akrib¸c oi mh-mhdenikèc lÔseic tou

omogenoÔc sust matoc (A− I3)

 x1
x2
x3

 =

 0
0
0

 me agn¸stouc ta x1, x2 kai x3. O de idioq¸roc tou

A pou antistoiqeÐ sthn idotim  1 eÐnai to sÔnolo lÔsewn tou parap�nw omogenoÔc sust matoc. EÔkola
paÐrnoume ìti V (1) = {(x, y,−x− 2y) : x, y ∈ R} kai antÐstoiqa, V (−1) = {(0, x,−x) : x ∈ R}.

To el�qisto polu¸numo tou A eÐnai eÐte to p1(x) = (x− 1)(x+ 1) eÐte to p2(x) = (x− 1)2(x+ 1).
Epeid  p1(A) = (A− I3)(A+ I3) = 03×3, èpetai ìti to el�qisto polu¸numo tou A eÐnai to p1(x).

T¸ra, o A eÐnai antistrèyimoc diìti to 0 den eÐnai idiotim  tou A. BrÐskoume (mia èkfrash gia)
ton A−1. Apì to je¸rhma Cayley-Hamilton, −A3 + A2 + A − I3 = 03×3 ⇒ −A3 + A2 + A = I3 ⇒
(−A2 +A+ I3)A = I3 ⇒ A−1 = −A2 +A+ I3.

(b) 'Eqoume: det(CD−xIn) = det(CD−x(CC−1)) = det(C(D−xC−1)) = det(C)det(D−xC−1).
EpÐshc, det(DC − xIn) = det(DC − x(C−1C)) = det((D − xC−1)C) = det(D − xC−1)det(C) =

det(C)det(D − xC−1).
'Ara, det(CD − xIn) = det(DC − xIn) kai to zhtoÔmeno èqei apodeiqjeÐ. 2

JEMA 5. ALHJES   YEUDES ? Na dikaiolog sete tic apant seic sac, eÐte me apì-
deixh, eÐte me antipar�deigma, eÐte me leptomer  anafor� se pedÐo thc jewrÐac.

(a) An λ eÐnai idiotim  enìc pÐnaka A, tìte o idioq¸roc tou A pou antistoiqeÐ sthn λ eÐnai to sÔnolo
twn idiodianusm�twn tou A pou antistoiqoÔn sthn λ.

(b) Oi idiotimèc enìc pÐnaka A eÐnai oi Ðdiec me tic idiotimèc tou anhgmènou klimakwtoÔ pÐnaka tou A.
(g) An to 0 den eÐnai idiotim  enìc pÐnaka A, tìte kami� apì tic st lec tou A den gr�fetai wc �jroisma

kat�llhlwn pollaplasÐwn twn upoloÐpwn sthl¸n tou A.
(d) An p(x) = a0 + a1x+ a2x

2 + · · ·+ anx
n kai I eÐnai o tautotikìc pÐnakac, tìte p(I) = a0 + a1 +

a2 + · · ·+ an.
(e) An AB = Γ kai dÔo apì touc pÐnakec den eÐnai antistrèyimoi, tìte kai o trÐtoc den eÐnai antistrè-

yimoc.
(st) An o A eÐnai tetragwnikìc pÐnakac, tìte (An)t = (At)n gia k�je jetikì akèraio n.
(z) An o anhgmènoc klimakwtìc pÐnakac tou epauxhmènou pÐnaka enìc grammikoÔ sust matoc èqei mia

mhdenik  gramm , tìte to sÔsthma èqei �peiro pl joc lÔsewn.

LÔsh. (a) Yeudèc: O idioq¸roc V (λ) tou A pou antistoiqeÐ sthn idiotim  λ eÐnai to sÔnolo lÔsewn
tou omogenoÔc sust matoc (A−λIn)X = 0, sunep¸c perilamb�nei thn mhdenik  lÔsh. Ta idiodianÔsmata
eÐnai oi mh-mhdenikèc lÔseic tou parap�nw omogenoÔc sust matoc. 'Ara, apì thn diatÔpwsh tou (a),
o V (λ) den perièqei thn mhdenik  lÔsh, to opoÐo eÐnai esfalmèno.

(b) Yeudèc: 'EstwA =

(
2 0
0 2

)
. Oi idiotimèc tou A eÐnai λ = 2 (dipl ). O anhgmènoc klimakwtìc

pÐnakac tou A eÐnai o I2 (o 2× 2 tautotikìc). Oi idiotimèc tou I2 eÐnai µ = 1 (dipl ).

(g) Alhjèc: 'Estw A = (c1 c2 . . . cn) ∈Mn(R), ìpou ci, i = 1, 2, . . . , n, oi st lec tou A. AfoÔ to
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0 den eÐnai idiotim  tou A, o A eÐnai antistrèyimoc kai sunep¸c det(A) 6= 0. Upojètoume proc �topo ìti
gia k�poio i, 1 ≤ i ≤ n, ci =

∑n
j=1,j 6=i λjcj . Qrhsimopoi¸ntac thn grammikìthta thc orÐzousac wc proc

tic st lec kai to gegonìc ìti an k�poia st lh isoÔtai me to pollapl�sio k�poiac �llhc st lhc, tìte h orÐ-
zousa isoÔtai me mhdèn, èqoume det(A) = det((c1 c2 . . . ci . . . cn)) = det((c1 c2 . . .

∑n
j=1,j 6=i λjcj . . . cn)) =

0. 'Atopo, �ra h (g) eÐnai alhj c.

(d) Yeudèc: p(I) eÐnai pÐnakac kai ìqi arijmìc. Sugkekrimèna,
p(I) = a0 ·I+a1 ·I+a2 ·I2+· · ·+an ·In = a0 ·I+a1 ·I+a2 ·I+· · ·+an ·I = (a0+a1+a2+· · ·+an)·I =
∑n

i=0 ai 0 . . . 0
0

∑n
i=0 ai . . . 0

. . . . . . . . . . . .
0 0 . . .

∑n
i=0 ai

.

(e) Yeudèc: Jewr ste A = 02×2, B = I2, Γ = 02×2. Tìte AB = Γ, A,Γ eÐnai mh antistrèyimoi,
ìmwc o B eÐnai antistrèyimoc.

(st) Alhjèc: Me epagwg  sto n. Profan¸c, h sqèsh (An)t = (At)n, isqÔei gia n = 1.
Upojètoume ìti (Am)t = (At)m, gia k�je jetikì akèraio m < n, kai ja apodeÐxoume ìti (An)t = (At)n.

'Eqoume: (An)t = (An−1A)t = At(An−1)t = At(At)n−1 = (At)n, ìpou (An−1)t = (At)n−1 isqÔei
apì thn upìjesh thc epagwg c.

(z) Yeudèc: 'Estw èna 3× 3 grammikì sÔsthma me epauxhmèno pÐnaka

 1 0 0 2
0 0 0 1
2 0 0 4

. Tìte

 1 0 0 2
0 0 0 1
2 0 0 4

 r3→(r3−2r1)−−−−−−−−→

 1 0 0 2
0 0 0 1
0 0 0 0

 r1→(r1−2r2)−−−−−−−−→

 1 0 0 0
0 0 0 1
0 0 0 0

 .

O anhgmènoc klimakwtìc pÐnakac tou epauxhmènou pÐnaka tou sust matoc èqei mia mhdenik  gramm ,
ìmwc to sÔsthma eÐnai adÔnato.

'Ena akìmh par�deigma: 'Estw èna 3 × 2 grammikì sÔsthma me epauxhmèno pÐnaka

 1 0 0
0 1 0
0 2 0

.

Tìte  1 0 0
0 1 0
0 2 0

 r3→(r3−2r2)−−−−−−−−→

 1 0 0
0 1 0
0 0 0

 .

O anhgmènoc klimakwtìc pÐnakac tou epauxhmènou pÐnaka tou sust matoc èqei mia mhdenik  gramm ,
ìmwc to sÔsthma èqei monadik  lÔsh. 2
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