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JEMA 1. (1) [1 MON.] 'Estw U kai W oi ex c upoq¸roi tou R4: U = {(a, b, c, d) : b+ c+ d = 0},
W = {(a, b, c, d) : a+ b = 0, c = 2d}. Na breÐte thn di�stash kai mia b�sh twn (a) U , (b) W , (g) U ∩W ,
(d) U +W . Epiplèon, gia ton upoq¸ro W na brejeÐ mia orjokanonik  b�sh (upojètoume ìti o R4 eÐnai
efodiasmènoc me to st�ntarnt eswterikì ginìmeno), h opoÐa na epektajeÐ se mia b�sh tou R4.

(2) [1 MON.] 'Estw U kai W dÔo diaforetikoÐ metaxÔ touc upoq¸roi di�stashc 4 enìc R-q¸rou
V di�stashc 6. Na brejoÔn oi pijanèc diast�seic tou U ∩W .

JEMA 2. (1) [1 MON.] Na breÐte èna omogenèc sÔsthma tou opoÐou o q¸roc lÔsewn par�getai
apì to sÔnolo {(1,−2, 0, 3), (1,−1,−1, 4), (1, 0,−2, 5)}.

(2) [1 MON.] 'Estw T : R3 → R3 me T (x, y, z) = (2y + z, x − 4y, 3x) kai èstw β = {f1 =
(1, 1, 1), f2 = (1, 1, 0), f3 = (1, 0, 0)}. Na apodeÐxete ìti (i) T ∈ L(R3), (ii) β eÐnai mia b�sh tou R3, kai
(iii) na brejeÐ o pÐnakac tou T wc proc thn β. EÐnai o T antistrèyimoc? An nai, poiìc eÐnai o T−1?

JEMA 3. (1) [0.5 MON.] Na apodeÐxete ìti o q¸roc P (R) den eÐnai peperasmènhc di�stashc.
Epiplèon, an T : P (R) → P (R) eÐnai o grammikìc metasqhmatismìc me tÔpo T (f)(x) =

∫ x
0 f(t)dt, tìte

na apodeÐxete ìti o T eÐnai 1-1, all� ìqi epÐ.
(2) [1 MON.] Na brejeÐ o tÔpoc tou grammikoÔ telest  T epÐ tou R2 o opoÐoc eÐnai summetrÐa wc

proc thn eujeÐa y = 2x.
(3) 'EstwW o q¸roc pou par�getai apì ta polu¸numa p1 = x3−2x2+4x+1, p2 = 2x3−3x2+9x−1,

p3 = x3 + 6x− 5, p4 = 2x3 − 5x2 + 7x+ 5 kai èstw β h st�ntarnt b�sh tou P3(R).
(a) [0.5 MON.] Na apodeiqjeÐ ìti h T : W → R4 me T (w) = [w]β , ∀w ∈ W , eÐnai isomorfismìc

apì ton W epÐ tou Im(T ).
(b) [1 MON.] Qrhsimopoi¸ntac kat�llhla to (a), na breÐte mia b�sh tou W , h opoÐa perièqetai

sto sÔnolo {p1, p2, p3, p4} kai thn di�stash tou W .

JEMA 4. (a) [1 MON.] 'Estw T ∈ L(R3) me T (a, b, c) = (−2b− 3c, a+ 3b+ 3c, c). Na breÐte mia
b�sh β tou R3 ètsi ¸ste o pÐnakac (T )β na eÐnai diag¸nioc.

(b) [0.5 MON.] Na brejoÔn ìlec oi dunatèc kanonikèc morfèc Jordan enìc pÐnaka A me qarakth-
ristikì polu¸numo (x− 7)5.

JEMA 5. (a) [1 MON.] 'Estw A,B ∈Mn(R) dÔo ìmoioi pÐnakec. Na apodeÐxete ìti r(A) = r(B).
Na efarmìsete to apotèlesma autì gia na apodeÐxete oti an A ∈ Mn(R) eÐnai ènac diagwnopoi simoc
pÐnakac, tìte o bajmìc tou A isoÔtai me to pl joc twn mh-mhdenik¸n idiotim¸n tou A.

(b) [0.5 MON.] 'Estw V,W dÔo R-q¸roi kai T, S dÔo mh-mhdenikoÐ grammikoÐ metasqhmatismoÐ apì
ton V ston W . An Im(T )∩ Im(S) = {0W }, tìte na apodeÐxete ìti to sÔnolo {T, S} eÐnai èna grammik�
anex�rthto uposÔnolo tou L(V,W ).
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