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JEMA 1. Poi� apì ta parak�tw V eÐnai R-q¸roi? (a) V = {(x, y) ∈ R2 : x ≤ 0}, me tic sun jeic
pr�xeic ston R2 (b) V = {(x, y, z) ∈ R3 : |x| = |y|}, me tic sun jeic pr�xeic ston R3 (g) V ={(

a b
b + 1 d

)
: a, b, d ∈ R

}
, me tic sun jeic pr�xeic pin�kwn (d) V : to sÔnolo ìlwn twn jetik¸n

pragmatik¸n arijm¸n, me ⊕ kai � orismènec wc u⊕ v = uv, kai c� u = uc, c ∈ R (e) V : to sÔnolo twn
n× n antistrèyimwn pin�kwn, me tic sun jeic pr�xeic pin�kwn.

JEMA 2. (a) BreÐte thn gwnÐa metaxÔ twn dianusm�twn (−1/
√

2, 0, a), (0,−1, b). Gia poi� a, b eÐnai
ta dianÔsmata orjog¸nia? Orjokanonik�?

(b) Gia poièc timèc tou c eÐnai ta dianÔsmata (−1, 0,−1), (2, 1, 2), (1, 1, c) grammik� anex�rthta?

(g) 'Estw S = {(1, 2, 2), (3, 2, 1), (11, 10, 7), (7, 6, 4)}. Na brejeÐ mia b�sh tou V = 〈S〉, h opoÐa
perièqetai sto S, kaj¸c kai mia b�sh tou V ⊥. Epiplèon, gia u = (4, 3, 1) na brejeÐ h orjog¸nia
probol  tou u p�nw ston V kai na apodeiqjeÐ ìti (h orjog¸nia probol ) eÐnai to monadikì di�nusma tou
V pou eÐnai to ��pio kontinì�� sto u.

JEMA 3. (a) Poièc apì tic parak�tw apeikonÐseic eÐnai grammikoÐ metasqhmatismoÐ? (1) T : Mn(R)→
Mn(R) me T (A) = At (2) T : Mn(R)→ R me T (A) = det(A) (3) T : R2 → R2 me T (x, y) = (x2, 0) (4)
T : M2(R)→ R me T (A) = a11 + a22.

(b) 'Estw T : R2 → R2 me T ((u1, u2)
t) = (u1−3u2, 2u1−u2)

t. Na apodeÐxete ìti h T eÐnai grammikìc
telest c kai na exet�sete an eÐnai isomorfismìc. Sth perÐptwsh pou h T eÐnai isomorfismìc, na brejeÐ
o tÔpoc thc T−1.

(g) 'Estw A ∈Mm×n(R). Na apodeÐxete ìti r(A) = dim(ΓA) = dim(ΣA) = n− dim((ΓA)⊥).

JEMA 4. (a) Na apodeiqjeÐ ìti an A eÐnai ènac diagwnopoi simoc pÐnakac, tìte o bajmìc r(A) tou A
isoÔtai me to pl joc twn mh mhdenik¸n idiotim¸n tou A.

(b) 'Estw A =

 −2 −2 3
0 −2 2
0 2 1

. Na exetasteÐ an o A eÐnai diagwnopoi simoc, kai an eÐnai, tìte na

brejeÐ antistrèyimoc pÐnakac P tètoioc ¸ste P−1AP = D na eÐnai diag¸nioc.

JEMA 5. (a) Na brejeÐ o tÔpoc tou grammikoÔ telest  T : R2 → R2, o opoÐoc pr¸ta strèfei èna
di�nusma tou R2 kat� 45◦ antÐjeta apì thn for� twn deikt¸n tou rologioÔ kai en suneqeÐa apeikonÐzei
to di�nusma pou prokÔptei sto summetrikì tou wc proc ton �xona twn x. EpÐshc, na brejoÔn o pÐnakac
tou T wc proc thn diatetagmènh b�sh B = {u1, u2} tou R2, ìpou u1 = (1, 1), u2 = (1, 2), kai oi
suntetagmènec tou T ((1, 0)) wc proc thn B.

(b) Na diatup¸sete thn anisìthta Cauchy–Schwarz se ènan R-q¸ro V me eswterikì ginìmeno 〈 , 〉.
EpÐshc, na d¸sete thn èkfrash thc anisìthtac aut c ston R-q¸ro C[a, b] (twn suneq¸n sunart sewn

apì to [a, b] sto R) me to sÔnhjec eswterikì ginìmeno 〈f, g〉 =
∫ b
a f(t)g(t)dt.

(g) 'Estw T : P2(R) → M2(R) me T (f(x)) =

(
f ′(0) 2f(1)

0 f ′′(3)

)
. Na apodeÐxete ìti h T eÐnai

grammikìc metasqhmatismìc kai na brejeÐ o pÐnakac thc T wc proc tic sun jeic diatetagmènec b�seic twn
P2(R) kai M2(R). EpÐshc, na brejeÐ o ker(T ). EÐnai h T 1-1? EpÐ?

Bajmoc Kaje Jematoc = 2 Monadec | Arista = 10 Monadec

Kal  EpituqÐa!


