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JEMA 1. 'Estw V to sÔnolo twn jetik¸n pragmatik¸n arijm¸n me ⊕ kai � pou orÐzontai wc ex c:
u⊕ v = uv kai k�u = uk gia ìla ta u, v ∈ V kai k ∈ R. Na exet�sete an to sÔnolo V me tic parap�nw
pr�xeic eÐnai ènac dianusmatikìc q¸roc epÐ tou R.

JEMA 2. (a) Na exet�sete an o pÐnakac

(
5 1
−1 9

)
an kei ston upìqwro tou M2(R) pou par�getai

apì to sÔnolo

{(
1 −1
0 3

)
,

(
1 1
0 2

)
,

(
2 2
−1 1

)}
.

(b) 'Estw W = 〈(1, 2, 2), (3, 2, 1), (11, 10, 7), (7, 6, 4)〉. Na breÐte mia b�sh gia ton W kai mia b�sh
gia ton W⊥.

(g) 'Estw V ènac R-q¸roc me eswterikì ginìmeno 〈 , 〉, èstw W ènac upìqwroc tou V peperasmènhc
di�stashc, β = {w1, . . . , wk} mia orjokanonik  b�sh gia ton W , kai èstw y ∈ V . Na apodeÐxete
ìti h orjog¸nia probol  u =

∑k
i=1〈y, wi〉wi tou y p�nw ston W èqei thn ex c idiìthta: ∀x ∈ W ,

||y − x|| ≥ ||y − u||. Na deÐxete epÐshc ìti h anisìthta eÐnai isìthta an kai mìno an x = u.

JEMA 3. (a) Na exet�sete poièc apì tic parak�tw apeikonÐseic eÐnai grammikoÐ metasqhmatismoÐ: (a)
T : R3 → R3 me T (x, y, z) = (0, z, y), (b) T : Mn(R) → Mn(R) me T (A) = At, (g) T : Mn(R) → R me
T (A) = det(A).

(b) 'Estw T : P1(R) → R2, T (a0 + a1x) = (a0, a0 + a1). Na apodeiqjeÐ ìti h apeikìnish T eÐnai
isomorfismìc kai na brejeÐ h T−1.

(g) Na breÐte ènan grammikì metasqhmatismì T : R3 → R2 tou opoÐou o pur nac par�getai apì ta
dianÔsmata u1 = (1, 2, 3) kai u2 = (0, 1, 1). EÐnai dunatìn na breÐte ènan tètoio grammikì metasqhmatismì
T o opoÐoc eÐnai epÐ sun�rthsh? Na aitiolog sete thn ap�nths  sac.

JEMA 4. 'Estw A =

 1 −3 3
3 −5 3
6 −6 4

. Na deÐxete ìti o A eÐnai diagwnopoi simoc kai na breÐte ènan

antistrèyimo pÐnaka P o opoÐoc diagwnopoieÐ ton A. EpÐshc, na brejeÐ o pÐnakac An gia k�je n ∈ N.

JEMA 5. (a) Na breÐte mia b�sh gia ton R-q¸ro ìlwn twn 2 × 2 summetrik¸n pin�kwn me stoiqeÐa
sto R kai na thn epekteÐnete se mia b�sh tou M2(R).

(b) JewroÔme ton R-q¸ro P2(R) kai thn sun jh diatetagmènh b�sh tou, β = {1, x, x2}. 'Estw
β′ = {2x2 − x, 3x2 + 1, x2}. (Ta stoiqeÐa tou β′ diat�ssontai me b�sh thn parap�nw graf .) Na
apodeÐxete ìti to sÔnolo β′ eÐnai mia b�sh tou P2(R) kai na breÐte ton pÐnaka pou all�zei β-suntetagmènec
se β′-suntetagmènec.

(g) 'Estw W o upìqwroc tou F (N,R) o opoÐoc apoteleÐtai apì ìlec tic akoloujÐec pragmatik¸n
arijm¸n pou sugklÐnoun sto 0. Na apodeÐxete ìti o W eÐnai �peirhc di�stashc R-q¸roc.

Bajmoc Kaje Jematoc = 2 Monadec | Arista = 10 Monadec
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