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JEMA 1. (a) JewroÔme to sÔnolo twn jetik¸n pragmatik¸n arijm¸n R+ mazÐ me tic pr�xeic: x⊕y =
xy − 1 gia ìla ta x, y ∈ R+, kai λ� x = x gia ìla ta λ ∈ R kai x ∈ R+. Na exetasteÐ an to R+ mazÐ
me tic pr�xeic ⊕ kai � eÐnai ènac R-q¸roc.

(b) Na exet�sete an to sÔnolo S = {x3 + 2x+ 1, x2 − x+ 2, x3 + 2, −x3 + x2 − 5x+ 2} par�gei
ton P3(R).

JEMA 2. (a) JewroÔme touc ex c upoq¸rouc tou R-q¸rou R3 (me tic sun jeic pr�xeic thc prìsjeshc
kai tou bajmwtoÔ pollaplasiasmoÔ): U = 〈(1, 2, 1), (2, 2,−2), (1, 3, 3)〉 kai V = 〈(1, 2, 2), (2, 2,−6),
(2, 3,−1)〉. Na prosdiorÐsete b�seic gia touc upoq¸rouc U , V , U ∩ V kai U + V , kaj¸c epÐshc kai tic
diast�seic touc.

(b) 'Estw X kai Y dÔo upìqwroi tou P6(R) me dim(X) = 3 kai dim(Y ) = 5. Na brejoÔn oi
pijanèc diast�seic gia ton upìqwro X ∩ Y , kai gia thn megalÔterh apì autèc na dojeÐ èna par�deigma
sugkekrimènwn upoq¸rwn X kai Y gia touc opoÐouc èqoume thn tim  aut .

(g) 'Estw V kai W dÔo K-q¸roi (K = R   C) dÔo q¸roi peperasmènhc di�stashc. Na apodeiqjeÐ
ìti o V eÐnai isìmorfoc me ton W an kai mìno an dim(V ) = dim(W ).

JEMA 3. (a) Na exetasteÐ an up�rqei T ∈ L(R3) ètsi ¸ste Im(T ) = 〈(1,−1, 1)〉 kai o pÐnakac tou

T wc proc kat�llhlec b�seic β kai β′ tou R3 na eÐnai o β(T )β′ =

 1 1 −1
1 0 −1
0 −1 −1

.

(b) 'Estw S ∈ L(R3) me pÐnaka wc proc thn sun jh diatetagmènh b�sh β = {e1 = (1, 0, 0), e2 =

(0, 1, 0), e3 = (0, 0, 1)} ton A =

 1 0 −2
0 0 0
−2 0 4

. Na brejoÔn: (1) o tÔpoc tou S, (2) o pÐnakac

tou S wc proc thn diatetagmènh b�sh γ = {u1 = (1, 0,−2), u2 = (0, 1, 0), u3 = (2, 0, 1)} tou R3, (3)
antistrèyimoc pÐnakac P tètoioc ¸ste (S)γ = P−1AP . EÐnai o S isomorfismìc?

JEMA 4. (a) Ston R-q¸ro P1(R) jewroÔme tic ex c diatetagmènec b�seic: β = {x − 1, x + 1} kai
γ = {x, x − 3}. Na brejoÔn: (1) o pÐnakac allag c b�shc apì thn β sthn γ (2) oi suntetagmènec tou
dianÔsmatoc p(x) = 5x+ 1 wc proc thn β kai wc proc thn γ.

(b) 'Estw T : R3 → R3 me T ((x, y, z)) = (x+y+z, x+y+z, x+y+z). Na apodeÐxete ìti T ∈ L(R3)
kai ìti o T eÐnai diagwnopoi simoc. Na breÐte mia diatetagmènh b�sh tou R3 h opoÐa na apoteleÐtai apì
idiodianÔsmata tou T , kaj¸c epÐshc kai ton pÐnaka tou T wc proc aut  th b�sh. EpÐshc, na brejoÔn dÔo
antistrèyimoi pÐnakec oi opoÐoi diagwnopoioÔn ton pÐnaka tou T wc proc th sun jh diatetagmènh b�sh
tou R3.

JEMA 5. JewroÔme ton eukleÐdeio q¸ro R3 me to sÔnhjec eswterikì ginìmeno. Na breÐte mia
orjokanonik  b�sh tou orjog¸niou sumplhr¸matoc W⊥ tou upoq¸rou

W = {(x, y, z) ∈ R3 : x+ y + z = 0, y − z = 0},

kai thn orjog¸nia probol  tou u = (1, 2, 3) ston W .
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