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JEMA 1. (a) Mia sun�rthsh f : R → R lègetai �rtia an f(−t) = f(t) gia k�je t ∈ R. 'Estw V
to sÔnolo ìlwn twn �rtiwn sunart sewn me prìsjesh kai bajmwtì pollaplasiasmì ìpwc sto F (R,R).
Na apodeÐxete ìti to V eÐnai R-q¸roc.

(b) An (a1, a2), (b1, b2) ∈ R2 kai c ∈ R, orÐzoume (a1, a2)⊕ (b1, b2) = (a1+ b1, a2b2) kai c� (a1, a2) =
(ca1, a2). EÐnai to R2 me tic parap�nw pr�xeic ènac R-q¸roc? Na aitiolog sete thn ap�nths  sac.

JEMA 2. (a) Na exet�sete an to sÔnolo {x3 + 2x2,−x2 + 3x+ 1, x3 − x2 + 2x− 1} ⊆ P3(R) eÐnai
grammik� exarthmèno   grammik� anex�rthto.

(b) 'Estw V ènac R-q¸roc kai èstw u, v ∈ V me u 6= v. Na apodeÐxete ìti an {u, v} eÐnai mia b�sh
gia ton V kai an a, b ∈ R \ {0}, tìte ta sÔnola {u+ v, au} kai {au, bv} eÐnai epÐshc b�seic gia ton V .

(g) 'Estw a ∈ R kai èstw Z = {f ∈ P2(R) : f(a) = 0}. Na apodeiqjeÐ ìti to Z eÐnai upìqwroc tou
P2(R) kai na brejeÐ h di�stash tou Z.

JEMA 3. (a) 'Estw T : R2 → R3 me tÔpo T (a1, a2) = (a1 + 3a2, 0, 2a1 − 4a2). Na apodeÐxete ìti
h apeikìnish T eÐnai grammikìc metasqhmatismìc. JewroÔme tic ex c diatetagmènec b�seic twn R2 kai
R3: β = {(1, 0), (0, 1)} (h sun jhc diatetagmènh b�sh tou R2) kai γ = {(0, 0, 1), (0, 1, 0), (1, 0, 0)}. Na
brejeÐ o pÐnakac tou T wc proc tic β kai γ.

(b) 'Estw V ènac R-q¸roc me dim(V ) = n (ìpou n k�poioc fusikìc) kai èstw W ènac R-q¸roc o
opoÐoc eÐnai isìmorfoc proc ton V . An T : V →W eÐnai ènac isomorfismìc kai an β = {x1, x2, . . . , xn}
eÐnai mia mia b�sh gia ton V , tìte na apodeÐxete ìti to sÔnolo γ = {T (x1), T (x2), . . . , T (xn)} eÐnai mia
b�sh gia ton W .

(g) 'Estw W o upìqwroc tou R3 pou par�getai apì ta dianÔsmata (1, 2, 3), (2, k, 3), (4, 5, k + 8).
Na brejoÔn oi timèc tou k gia tic opoÐec o W⊥ èqei di�stash 0.

JEMA 4. (a) 'Estw T o grammikìc telest c epÐ tou P1(R) me tÔpo T (p(x)) = p′(x). JewroÔme tic
diatetagmènec b�seic β = {1, x} kai β′ = {1 + x, 1− x} tou P1(R). Qrhsimopoi¸ntac kat�llhlo apotè-
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, na brejeÐ o pÐnakac (T )β′ .

(b) 'Estw T o grammikìc telest c epÐ tou P2(R) o opoÐoc orÐzetai wc ex c:

T (f(x)) = f(1) + f ′(0)x+ (f ′(0) + f ′′(0))x2.

Na apodeiqjeÐ ìti o T eÐnai diagwnopoi simoc kai na brejeÐ antistrèyimoc pÐnakac o opoÐoc diagwnopoieÐ
ton pÐnaka (T )β , ìpou β h sun jhc diatetagmènh b�sh tou P2(R).

JEMA 5. (a) 'Estw T ènac grammikìc telest c epÐ enìc q¸rou V me eswterikì ginìmeno tètoioc
¸ste ||T (x)|| = ||x|| gia ìla ta x ∈ V . Na apodeÐxete ìti o telest c T eÐnai 1-1 apeikìnish.

(b) 'Estw V = P3(R) me eswterikì ginìmeno 〈f, g〉 =
∫ 1
−1 f(x)g(x)dx gia ìla ta f, g ∈ V . Na brejeÐ

h orjog¸nia probol  tou f(x) = x3 epÐ tou P2(R).
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