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JEMA 1. (a) Na dojeÐ o orismìc thc ènnoiac tou dianusmatikoÔ q¸rou epÐ tou R.
(b) Na dojeÐ o orismìc thc ènnoiac thc b�shc gia èna peperasmèna genn¸meno R-q¸ro V .

(g) Na exetasteÐ an P2(R) = 〈1 + 2x+ x2, 3 + x2, x+ x2〉.
(d) Na exet�sete an ta dianÔsmata u1 = (−1, 2, 3), u2 = (2, 4,−6), kai u3 = (−3, 6, 0), brÐskontai

p�nw sthn Ðdia eujeÐa.

(e) 'Estw V o upoq¸roc tou F (R,R) pou par�getai apì tic sunart seic f1(x) = (cosx)2, f2(x) =
(sinx)2, kai f3(x) = cos 2x. Na brejeÐ mia b�sh tou V h opoÐa perièqetai sto sÔnolo {f1, f2, f3}.

JEMA 2. (a) 'Estw T ∈ L(Rn,Rm) kai èstw A o pÐnakac tou T wc proc tic sun jeic b�seic twn Rn

kai Rm. Na apodeiqjeÐ ìti Im(T ) = ΣA, Ker(T ) = N(A) = (ΓA)⊥, kai ìti r(A) = n− dim(N(A)).

(b) Na brejeÐ o tÔpoc tou grammikoÔ metasqhmatismoÔ T ∈ L(R2) o opoÐoc eÐnai summetrÐa wc proc
thn eujeÐa y = 3x. EpÐshc, na exetasteÐ an o T eÐnai isomorfismìc, kai an eÐnai, na brejeÐ o T−1.

JEMA 3. (a) 'Estw V ènac R-q¸roc peperasmènhc di�stashc kai èstw β kai β′ dÔo b�seic tou V .
Na dojeÐ o orismìc tou pÐnaka allag c b�shc apì thn β sthn β′ kai na apodeiqjeÐ ìti o pÐnakac autìc
eÐnai antistrèyimoc. Poiìc eÐnai o antÐstrofoc pÐnakac? EpÐshc, na d¸sete mia b�sh β tou R2 di�forh
thc sun jouc b�shc tou R2 kai na breÐte tic suntetagmènec tou dianÔsmatoc u = (4, 1) wc proc thn b�sh
sac β.

(b) 'Estw V kai W dÔo R-q¸roi kai èstw T ∈ L(V,W ). Na apodeÐxete ìti Ker(T ) kai Im(T ) eÐnai
upoq¸roi twn V kai W , antÐstoiqa.

JEMA 4. (a) 'Estw V kai W dÔo R-q¸roi tètoioi ¸ste dim(V ) = 3 kai dim(W ) = 2. Poiì eÐnai to
mègisto pl joc grammik� anex�rthtwn grammik¸n metasqhmatism¸n apì ton V ston W ?

(b) EÐnai o q¸roc twn sugklinous¸n akolouji¸n pragmatik¸n arijm¸n isìmorfoc me k�poion Rn, n
fusikìc? To Ðdio er¸thma gia ton q¸ro ìlwn twn akolouji¸n pragmatik¸n arijm¸n (an)n∈N me an = 0
gia k�je n ∈ N me n ≥ n0, ìpou n0 k�poioc stajerìc fusikìc.

(g) 'Estw W1 = 〈(1,−2, 0, 0, 3), (2,−5,−3,−2, 6)〉 kai W2 = 〈(0, 5, 15, 10, 0), (2, 6, 18, 8, 6)〉. Na
apodeiqjeÐ ìti W1 +W2 6= R5.

JEMA 5. (a) 'Estw T o grammikìc metasqhmatismìc epÐ tou P2(R) o opoÐoc orÐzetai apì ton tÔpo
T (f)(x) = f ′(x). Na exetasteÐ an o T eÐnai diagwnopoi simoc.

(b) Na brejeÐ h gwnÐa metaxÔ twn dianusm�twn u = (1, 3) kai v = (2, 2) tou R2 me to sÔnhjec
eswterikì ginìmeno.

(g) DÐdetai h apeikìnish T : R3 → R4 me tÔpo

T ((x, y, z)) = (x+ 2y + z, y + z, x+ y, x− z).

Na apodeÐxete ìti T ∈ L(R3,R4), na breÐte mia orjokanonik  b�sh gia ton Im(T ), kai sth sunèqeia na
thn epekteÐnete se mia orjokanonik  b�sh tou R4 (an mporeÐ na epektajeÐ).
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