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JEMA 1. (a) EpÐ tou R2, orÐzoume prìsjesh kai bajmwtì pollaplasiasmì wc ex c: An u = (u1, u2)
kai v = (v1, v2), tìte u+ v = (u1+ v1− 1, u2+ v2− 1) kai ku = (ku1, ku2). Poiì stoiqeÐo tou R2 paÐzei
ton rìlo tou oudèterou stoiqeÐou wc proc thn prìsjesh pou orÐsjhke parap�nw? EÐnai to R2 R-q¸roc?
Na aitiolog sete thn ap�nths  sac.

(b) Swstì   l�joc? Na aitiolog sete tic apant seic sac.
(b1) To sÔnolo lÔsewn enìc sumbibastoÔ m × n grammikoÔ sust matoc AX = B eÐnai upoq¸roc

tou Rn.
(b2) Ta polu¸numa x− 1, (x− 1)2, kai (x− 1)3 par�goun ton P3(R).

JEMA 2. (a) 'Estw w1 = (1,−2, 0, 0, 3), w2 = (2,−5,−3,−2, 6), w3 = (0, 5, 15, 10, 0), w4 =
(2, 6, 18, 8, 6). Na brejeÐ mia b�sh B tou q¸rouW = 〈w1, w2, w3, w4〉, h opoÐa perièqetai sto sÔnolo S =
{w1, w2, w3, w4}, kai na grafeÐ k�je di�nusma sto S −B (an up�rqei tètoio) wc grammikìc sunduasmìc
twn stoiqeÐwn thc B.

(b) 'Estw β = {(1, 1), (1,−1)}, γ = {(2, 4), (3, 1)}. Na apodeÐxete ìti ta β kai γ eÐnai b�seic tou R2.
Na brejeÐ o pÐnakac allag c b�shc apì thn β sthn γ kai oi suntetagmènec tou (2, 0) wc proc thn γ.

JEMA 3. (a) 'Estw A =


1 2 1
0 1 1
1 1 0
1 0 −1

. Na apodeÐxete ìti up�rqei akrib¸c ènac T ∈ L(R3,R4),

tou opoÐou o pÐnakac wc proc tic sun jeic b�seic twn R3 kai R4 na eÐnai o A, kai na breÐte ton T . Sth
sunèqeia, na exetasjeÐ an o (parap�nw monadikìc) T eÐnai 1-1 apeikìnish.

(b) Na brejeÐ ènac grammikìc metasqhmatismìc T ∈ L(R3,R4), tou opoÐou h eikìna na par�getai apì
ta dianÔsmata (1, 2, 0,−4) kai (2, 0,−1,−3).

JEMA 4. 'Estw V ènac R-q¸roc me dim(V ) = n. 'Estw β = {x1, x2, . . . , xn} mia b�sh tou V . Na
apodeiqjeÐ ìti h apeikìnish T : V −→ Rn me T (v) = [v]β , v ∈ V , eÐnai isomorfismìc.

Epiplèon, na apant sete sto ex c er¸thma, aitiolog¸ntac pl rwc thn ap�nths  sac: An
V kai T ìpwc parap�nw, kai an n dianÔsmata u1, . . . , un tou V par�goun ton V , eÐnai o pÐnakac

A = (T (u1)| · · · |T (un))

(dhlad , gia j = 1, . . . , n, h j-st lh tou A eÐnai to di�nusma st lh T (uj)) n×n, kai an nai, eÐnai dunatìn
tìte na isqÔei ìti det(A) = 0?
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