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JEMA 1. (a) Na epilujeÐ gia tic di�forec timèc tou a ∈ R to sÔsthma:

x− y+z = 3

x+ y+az = 1

x+ay+z = a.

(b) An u = (1, 2, 5) eÐnai mia lÔsh enìc sust matoc AX = B kai v = (0, 1, 1) eÐnai mia lÔsh
tou sust matoc AX = 0, tìte breÐte 4 epiplèon lÔseic tou AX = B. Na aitiolog sete thn

ap�nths  sac!

LÔsh. (a) Me Aa sumbolÐzoume ton pÐnaka twn suntelest¸n twn agn¸stwn x, y, kai z, tou dojèntoc
3 × 3 sust matoc. EÐnai polÔ eÔkolo na apodeÐxete, qrhsimopoi¸ntac tic idiìthtec twn orizous¸n, ìti

|Aa| = −(a− 1)(a+ 1). EpÐshc, |(Aa)x| =

∣∣∣∣∣∣
3 −1 1
1 1 a
a a 1

∣∣∣∣∣∣ = −4(a− 1)(a+ 1), |(Aa)y| =

∣∣∣∣∣∣
1 3 1
1 1 a
1 a 1

∣∣∣∣∣∣ =

−(a− 1)(a− 3), |(Aa)z| =

∣∣∣∣∣∣
1 −1 3
1 1 1
1 a a

∣∣∣∣∣∣ = 4(a− 1). DiakrÐnoume tic parak�tw peript¸seic:

(i) a ∈ R−{−1, 1}. Tìte |Aa| 6= 0, opìte to sÔsthma dèqetai monadik  lÔsh, h opoÐa apì thn mèjodo

Cramer eÐnai h diatetagmènh tri�da
(
|(Aa)x|
|Aa| ,

|(Aa)y |
|Aa| ,

|(Aa)z |
|Aa|

)
=
(

4, a−3a+1 ,−
4

a+1

)
.

(ii) a = −1. Tìte |Aa| = 0 kai |(Aa)z| = −8 6= 0. 'Ara, to sÔsthma eÐnai adÔnato.

(iii) a = 1. Tìte |Aa| = |(Aa)x| = |(Aa)y| = |(Aa)z| = 0, opìte eÐte to sÔsthma eÐnai adÔnato eÐte èqei
�peiro pl joc lÔsewn. Gia a = 1, to sÔsthma gÐnetai

x−y+z = 3

x+y+z = 1

x+y+z = 1,

to opoÐo èqei �peiro pl joc lÔsewn, h de genik  morf  twn lÔsewn tou eÐnai (2− z,−1, z), z ∈ R.

(b) Sto m�jhma apodeÐxame ìti an s eÐnai lÔsh enìc grammikoÔ sust matoc AX = B, tìte to sÔnolo
lÔsewn tou AX = B, eÐnai to

Σ = {s+ r : r eÐnai lÔsh tou antÐstoiqou omogenoÔc sust matoc AX = 0}.

AfoÔ v = (0, 1, 1) eÐnai lÔsh tou AX = 0, èpetai ìti gia k�je κ ∈ N, κv eÐnai lÔsh tou AX = 0,
sunep¸c u+ κv eÐnai lÔsh tou AX = B gia k�je κ ∈ N. Apì thn �llh meri�, afoÔ v 6= 0 èpetai ìti gia
κ, λ ∈ N me κ 6= λ èqoume ìti κv 6= λv. 'Ara, to sÔnolo T = {u+κv : κ ∈ N} eÐnai èna �peiro uposÔnolo
tou sunìlou lÔsewn tou sust matoc AX = B. Sunep¸c, mporoÔme eÔkola na broÔme 4 epiplèon lÔseic
tou AX = B. Gia par�deigma, oi u+ iv, i = 1, 2, 3, 4, eÐnai tèsseric diakekrimènec (dhlad , diaforetikèc
an� dÔo) lÔseic tou AX = B kai k�je mia apì autèc eÐnai di�forh thc u. 2

JEMA 2. (a) 'Estw A,B ∈ Mn(R) tètoioi ¸ste A2 = B2 = (AB)2 = In. Na apodeiqjeÐ ìti
AB = BA.



(b) 'Estw A =

 2 5 5
−1 −1 0

2 4 3

. Na exet�sete an o A eÐnai antistrèyimoc, kai an eÐnai, na breÐte

ton A−1 qrhsimopoi¸ntac thn mèjodo tou adjoint.

LÔsh. (a) 'Eqoume (AB)2 = In ⇒ (AB)(AB) = In. Pollaplasi�zontac amfìtera ta mèlh thc
prohgoÔmenhc isìthtac apì arister� epÐ A, paÐrnoume (BA)B = A (diìti A2 = In). Pollaplasi�zontac
amfìtera ta mèlh thc prohgoÔmenhc isìthtac apì dexi� epÐ B, paÐrnoume BA = AB (diìti B2 = In).

(b) EÐnai polÔ eÔkolo na apodeÐxete ìti |A| 6= 0, �ra o A eÐnai antistrèyimoc. T¸ra, h eÔresh tou
A−1 = 1

|A| · adj(A) eÐnai apl  efarmog  thc mejìdou. Anatrèxate stic shmei¸seic tou maj matoc! 2

JEMA 3. (a) Swstì   l�joc ? Na aitiolog sete tic apant seic sac!

(1) An to �jroisma thc deÔterhc kai tètarthc gramm c enìc 6 × 6 pÐnaka A isoÔtai me to di�nusma
thc teleutaÐac gramm c, tìte det(A) = 0.

(2) An det(A) = 1 kai ìla ta stoiqeÐa tou A eÐnai akèraioi arijmoÐ, tìte ìla ta stoiqeÐa tou A−1

eÐnai akèraioi arijmoÐ.
(b) Na apodeiqjeÐ ìti h orÐzousa∣∣∣∣∣∣

x2 (x+ 1)2 (x+ 2)2

(x+ 1)2 (x+ 2)2 (x+ 3)2

(x+ 2)2 (x+ 3)2 (x+ 4)2

∣∣∣∣∣∣
eÐnai anex�rthth thc tim c tou x.

LÔsh. (a) (1) Swstì: 'Estw r1, r2, ..., r6 oi grammèc tou 6 × 6 pÐnaka A. Apì thn upìjes  mac, thn
grammikìthta thc orÐzousac wc proc tic grammèc, kai thn idiìthta ìti h orÐzousa enìc pÐnaka isoÔtai me
mhdèn an o pÐnakac èqei dÔo Ðsec grammèc, èqoume:

det(A) = det



r1
r2
r3
r4
r5
r6

 = det



r1
r2
r3
r4
r5

r2 + r4

 = det



r1
r2
r3
r4
r5
r2

+ det



r1
r2
r3
r4
r5
r4

 = 0 + 0 = 0.

(2) Swstì: ApodeiknÔoume arqik� ìti gia k�je n ∈ N, an X = (xij) ∈ Mn(Z), tìte |X| ∈ Z. Me
epagwg  sto n. An n = 1, to sumpèrasma eÐnai profanèc. Upojètoume ìti gia k�je k = 1, . . . , n − 1,
an X = (xij) ∈ Mk(Z), tìte |X| ∈ Z. ApodeiknÔoume to zhtoÔmeno gia n. 'Estw X = (xij) ∈ Mn(Z).
Tìte

|X| = x11 · c11 + x21 · c21 + · · ·+ xn1 · cn1,

ìpou gia i = 1, . . . , n, ci1 = (−1)i+1|Xi1| eÐnai o sumpar�gontac tou xi1. Efìson, gia k�je i = 1, . . . , n,
o el�sonac pÐnakac Xi1 (pou prokÔptei apì ton X diagr�fontac thn i-gramm  tou X kai thn pr¸th
st lh tou X) eÐnai (n − 1) × (n − 1) kai k�je stoiqeÐo tou Xi1 eÐnai akèraioc, apì thn upìjesh thc
epagwg c prokÔptei ìti |Xi1| ∈ Z kai �ra ci1 ∈ Z. Efìson to Z eÐnai kleistì wc proc th prìsjesh kai
ton pollaplasiasmì èpetai ìti (x11 · c11 + x21 · c21 + · · ·+ xn1 · cn1) ∈ Z   |X| ∈ Z. Autì oloklhr¸nei
thn epagwgik  apìdeixh.

'Estw t¸ra A = (aij) ∈Mn(Z) ìpwc sth diatÔpwsh thc dojeÐshc prìtashc. AfoÔ |A| = 1, o A eÐnai
antistrèyimoc kai A−1 = 1

|A| · adj(A) = adj(A), ìpou adj(A) = (cij)
t, o an�strofoc pÐnakac tou pÐnaka

twn sumparagìntwn twn stoiqeÐwn tou A. Apì to pr¸to mèroc thc apìdeixhc mac èqoume ìti cij ∈ Z gia
ìla ta i = 1, . . . , n kai gia ìla ta j = 1, . . . , n. 'Ara, adj(A) ∈Mn(Z) kai sunep¸c A−1 ∈Mn(Z), ìpwc
eÐqame isquristeÐ.
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'Eqontac apodeÐxei ìti gia k�je n ∈ N, an X = (xij) ∈ Mn(Z), tìte |X| ∈ Z, mporoÔme na
apodeÐxoume to zhtoÔmeno kai wc ex c: 'Estw A−1 = (xij). Ja apodeÐxoume ìti A−1 ∈ Mn(Z). AfoÔ
AA−1 = In èqoume ìti ∀i = 1, . . . , n, A · ci = ei, ìpou ci eÐnai h i-st lh tou A−1 kai ei eÐnai h i-st lh
tou In. K�je èna apì ta parap�nw n sust mata èqei monadik  lÔsh. Apì thn mèjodo Cramer èpetai ìti
gia k�je i = 1, . . . , n,

xij =
det(Axij )

det(A)
= det(Axij ),

gia ìla ta j = 1, . . . , n, efìson det(A) = 1. Apì to pr¸to tm ma thc apìdeixhc, èpetai det(Axij ) ∈ Z,
gia ìla ta i = 1, . . . , n kai gia ìla ta j = 1, . . . , n. 'Ara, A−1 ∈Mn(Z).

(b) SumbolÐzoume thn dojeÐsa orÐzousa me D(x). Tìte

D(x) =

∣∣∣∣∣∣
x2 (x+ 1)2 (x+ 2)2

(x+ 1)2 (x+ 2)2 (x+ 3)2

(x+ 2)2 (x+ 3)2 (x+ 4)2

∣∣∣∣∣∣ c3→c3−c2=

∣∣∣∣∣∣
x2 (x+ 1)2 2x+ 3

(x+ 1)2 (x+ 2)2 2x+ 5
(x+ 2)2 (x+ 3)2 2x+ 7

∣∣∣∣∣∣
c2→c2−c1=

∣∣∣∣∣∣
x2 2x+ 1 2x+ 3

(x+ 1)2 2x+ 3 2x+ 5
(x+ 2)2 2x+ 5 2x+ 7

∣∣∣∣∣∣ c3→c3−c2=

∣∣∣∣∣∣
x2 2x+ 1 2

(x+ 1)2 2x+ 3 2
(x+ 2)2 2x+ 5 2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
x2 2x+ 1 2

2x+ 1 2 0
4x+ 4 4 0

∣∣∣∣∣∣ = −8. 'Ara, D(x) = −8 gia ìla ta x ∈ R, dhlad  h sun�rthsh D eÐnai

stajer . 2

JEMA 4. (a) 'Estw A =

 2 1 0
0 1 −2
0 1 4

.

(1) Na apodeiqjeÐ ìti o A eÐnai antistrèyimoc kai na brejeÐ o antÐstrofoc tou A, qrhsimopoi¸ntac
mìnon th jewrÐa stic idiotimèc.

(2) Na brejoÔn ìla ta idiodianÔsmata tou A pou antistoiqoÔn sto el�qisto stoiqeÐo tou f�smatoc
tou A.

(3) Na brejeÐ to el�qisto polu¸numo tou A.

(b) Swstì   l�joc ? Na aitiolog sete thn ap�nths  sac!

To �jroisma dÔo idiotim¸n enìc pÐnaka A eÐnai idiotim  tou A.

LÔsh. (a). (1) EÐnai polÔ eÔkolo na deÐxete ìti to qarakthristikì polu¸numo tou A eÐnai to

|A− xI3| = −(x− 2)2(x− 3).

Epomènwc, oi idiotimèc tou A eÐnai oi 2 (dipl ) kai 3 (apl ). AfoÔ to 0 den eÐnai idiotim  tou A, o A
eÐnai antistrèyimoc. T¸ra, apì to je¸rhma Cayley-Hamilton èqoume ìti −(A− 2I3)

2(A− 3I3) = 03×3,
sunep¸c 1

12(A2 − 7A+ 16I3)A = I3   A−1 = 1
12(A2 − 7A+ 16I3).

(2) To f�sma tou A eÐnai to sÔnolo σ(A) = {2, 3} kai min(σ(A)) = 2. Ta idiodianÔsmata tou
A pou antistoiqoÔn sthn idiotim  2 eÐnai akrib¸c oi mh mhdenikèc lÔseic tou omogenoÔc sust matoc
(A− 2I3)X = 0. Na lÔsete to sÔsthma!

(3) Efìson to qarakthristikì polu¸numo tou A eÐnai to χA(x) = −(x − 2)2(x − 3), èpetai ìti to
el�qisto polu¸numo tou A eÐnai eÐte to polu¸numo (x − 2)(x − 3) eÐte to polu¸numo (x − 2)2(x − 3).
Epeid  (A− 2I3)(A− 3I3) 6= 02×2 èpetai ìti to el�qisto polu¸numo tou A eÐnai to (x− 2)2(x− 3).

(b) L�joc: 'Estw A o pÐnakac tou (a). Sto (a) deÐxame ìti to f�sma tou A eÐnai to sÔnolo σ(A) =
{2, 3}. 'Omwc, 2 + 3 = 5 /∈ σ(A). 2
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