
Full�dio 2 sthn Efarmosmènh Grammik  'Algebra II � R-Q¸roi, Upoq¸roi

Panepisthmio Aigaiou

Tmhma Statistikhc & Analogistikwn-Qrhmatooikonomikwn Majhmatikwn

Didaskwn: Eleujerioc Taqtshc

1. EpÐ tou R2, orÐzoume prìsjesh kai bajmwtì pollaplasiasmì wc ex c: An u = (u1, u2) kai v =
(v1, v2), tìte u + v = (u1 + v1 − 1, u2 + v2 − 1) kai ku = (ku1, ku2). DeÐxte ìti (0, 0) 6= 0R2 kai
ìti (1, 1) = 0R2 . EÐnai to R2 R-q¸roc?

2. 'Estw V = {(x, 1) : x ∈ R}. OrÐzoume prìsjesh kai bajmwtì pollaplasiasmì epÐ tou V wc ex c:
(x, 1) + (x′, 1) = (x + x′, 1) kai k(x, 1) = (k2x, 1). Na exet�sete an to V eÐnai R-q¸roc.

3. Na apodeÐxete ìti ta parak�tw sÔnola eÐnai R-q¸roi, me prìsjesh kai bajmwtì pollaplasiasmì
orismènec ìpwc ston q¸ro F (N).

(aþ) {(an)n∈N ∈ F (N) : an+2 = an+1 + an}, to sÔnolo ìlwn twn akolouji¸n Fibonacci.

(bþ) To sÔnolo ìlwn twn akolouji¸n pragmatik¸n arijm¸n oi opoÐec eÐnai Cauchy. (Mia akoloujÐa
pragmatik¸n arijm¸n (an)n∈N lègetai akoloujÐa Cauchy an gia k�je ε > 0, up�rqei fusikìc
arijmìc n0 ètsi ¸ste gia ìlouc touc fusikoÔc arijmoÔc n,m > n0 na isqÔei |an − am| < ε).

4. Poi� apì ta parak�tw uposÔnola tou Rn (n ≥ 3) eÐnai R-q¸roi?

(aþ) {(a1, a2, . . . , an) : a3 = a1a2}.
(bþ) {(a1, a2, . . . , an) : |a1| > 0}.
(gþ) {(a1, a2, . . . , an) : a1 + a2 + a3 = 1}.
(dþ) {(a1, a2, . . . , an) : a1 − a2 = a2 − a3}.

5. Poi� apì ta parak�tw uposÔnola tou F (R) eÐnai R-q¸roi?

(aþ) To sÔnolo ìlwn twn pragmatik¸n poluwnÔmwn bajmoÔ > n.

(bþ) To sÔnolo ìlwn twn peritt¸n sunart sewn epÐ tou R.
(gþ) To sÔnolo ìlwn twn paragwgÐsimwn sunart sewn epÐ tou R.

6. Poi� apì ta parak�tw uposÔnola tou C[0, 1] eÐnai R-q¸roi?

(aþ) {f ∈ C[0, 1] : f(1) = 1}.
(bþ) {f ∈ C[0, 1] : f(1) = 0}.
(gþ) {f ∈ C[0, 1] : f(1) = f(0)}.
(dþ) {f ∈ C[0, 1] :

∫ 1
0 f(x)dx = 0}.

7. 'Estw V ènac R-q¸roc. An u ∈ V kai k ∈ R eÐnai tètoia ¸ste ku = 0V , tìte na apodeÐxete ìti
eÐte k = 0 eÐte u = 0V .

8. ALHJES   YEUDES? Na dikaiolog sete tic apant seic sac.

(aþ) 'Ena di�nusma eÐnai èna bèloc.

(bþ) 'Ena di�nusma eÐnai mia diatetagmènh n-�da pragmatik¸n arijm¸n.

(gþ) 'Ena di�nusma eÐnai opoiod pote stoiqeÐo enìc dianusmatikoÔ q¸rou.

(dþ) Up�rqei dianusmatikìc q¸roc pou apoteleÐtai apì akrib¸c dÔo dianÔsmata.

(eþ) To sÔnolo twn pragmatik¸n poluwnÔmwn me bajmì akrib¸c 1 eÐnai R-q¸roc me prìsjesh kai
bajmwtì pollaplasiasmì ìpwc ston F (R).
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9. Poi� apì ta parak�tw sÔnola eÐnai upoq¸roi tou R3?

(aþ) 'Ola ta dianÔsmata thc morf c (a, 0, 0).

(bþ) 'Ola ta dianÔsmata thc morf c (a, 1, 0).

(gþ) 'Ola ta dianÔsmata thc morf c (a, b, c), ìpou b = a + c.

(dþ) 'Ola ta dianÔsmata thc morf c (a,−a, 0).

10. Poi� apì ta parak�tw sÔnola eÐnai upoq¸roi tou Mn(R)?

(aþ) To sÔnolo ìlwn twn diag¸niwn n× n pin�kwn.

(bþ) To sÔnolo ìlwn twn n× n pin�kwn A me tr(A) = 0, ìpou tr(A) eÐnai to Ðqnoc tou pÐnaka A.

(gþ) To sÔnolo ìlwn twn antisummetrik¸n n× n pin�kwn.

(dþ) To sÔnolo ìlwn twn n × n pin�kwn A gia touc opoÐouc to omogenèc sÔsthma AX = 0 èqei
monadik  lÔsh thn tetrimmènh.

(eþ) To sÔnolo ìlwn twn n×n pin�kwn A gia touc opoÐouc AB = BA gia k�poio stajerì pÐnaka
B ∈Mn(R).

11. Poi� apì ta parak�tw sÔnola eÐnai upoq¸roi tou P3(R)?

(aþ) 'Ola ta polu¸numa a0 + a1x + a2x
2 + a3x

3 ìpou a1 = a2.

(bþ) 'Ola ta polu¸numa a0 + a1x + a2x
2 + a3x

3 ìpou a0 = 0.

(gþ) 'Ola ta polu¸numa a0 + a1x + a2x
2 + a3x

3 ìpou ta ai, i = 0, 1, 2, 3, eÐnai akèraioi.

(dþ) 'Ola ta polu¸numa a0 + a1x ìpou a0, a1 ∈ R.

12. Poi� apì ta parak�tw sÔnola eÐnai upoq¸roi tou F (N)?

(aþ) 'Olec oi akoloujÐec thc morf c (a, 0, a, 0, a, 0, . . .), a ∈ R.
(bþ) 'Olec oi akoloujÐec thc morf c (a, 1, a, 1, a, 1, . . .), a ∈ R.
(gþ) {(an) ∈ F (N) : ∃n0 ∈ N,∀n ≥ n0, an = 0}.

13. ∗ 'Estw V ènac R-q¸roc kai èstw W1 kai W2 dÔo gn sioi upoq¸roi tou V . Na apodeÐxete ìti
V 6= W1 ∪W2.

14. 'Estw V ènac R-q¸roc kai èstw W1 kai W2 dÔo upoq¸roi tou V . Na apodeÐxete ìti W1 + W2 =
〈W1 ∪W2〉.

15. Poiì apì ta epìmena dianÔsmata eÐnai grammikìc sunduasmìc twn u = (1,−3, 2) kai v = (1, 0,−4)?

(a) (0,−3, 6), (b) (3,−9,−2), (g) (0, 0, 0), (d) (1, 6,−16).

16. Poiìc apì touc epìmenouc pÐnakec eÐnai grammikìc sunduasmìc twnA =

(
3 2
0 1

)
, B =

(
0 2
−2 4

)
,

Γ =

(
1 1
−2 5

)
?

(a)

(
2 5
−2 4

)
, (b)

(
4 5
−2 10

)
, (g)

(
1 3
−4 1

)
, (d)

(
9 9
−8 21

)
.

17. Na ekfr�sete se k�je perÐptwsh to dojèn di�nusma san grammikì sunduasmì twn p1(x) = 2 +x+
4x2, p2(x) = 1− x + 3x2, p3(x) = 3 + 2x + 5x2.

(a) −9− 7x− 15x2, (b) 6 + 11x + 6x2, (g) 0.
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18. Exet�ste se k�je perÐptwsh an ta dojènta dianÔsmata par�goun ton R3.

(a) u1 = (1, 2, 3), u2 = (2, 0, 0), u3 = (−2, 1, 0),

(b) w1 = (3, 2, 4), w2 = (−3,−1, 0), w3 = (0, 1, 4), w4 = (0, 2, 8).

19. Poiì apì ta parak�tw dianÔsmata an kei ston upoq¸ro 〈u1, u2, u3〉 tou R4, ìpou u1 = (2, 1, 0, 3),
u2 = (3,−1, 5, 2), u3 = (−1, 0, 2, 1).

(a) (2, 3,−7, 3), (b) (0, 0, 0, 0), (g) (1, 1, 1, 1).

20. Na exet�sete an ta parak�tw polu¸numa par�goun ton P2(R):

p1(x) = 1− x + 2x2, p2(x) = 3 + x, p3(x) = 5− x + 4x2, p4(x) = −2− 2x + 2x2.

21. Na apodeÐxete ìti ta dianÔsmata u1 = (1, 6, 4), u2 = (2, 4, 1), u3 = (−1, 2, 5), kai ta dianÔsmata
v1 = (1,−2,−5), v2 = (0, 8, 9) par�goun ton Ðdio upoq¸ro tou R3.

22. ALHJES 'H YEUDES? Na dikaiolog sete tic apant seic sac.

(aþ) K�je uposÔnolo enìc dianusmatikoÔ q¸rou V pou perièqei to 0V eÐnai upoq¸roc tou V .

(bþ) To sÔnolo lÔsewn enìc sumbibastoÔ m× n grammikoÔ sust matoc AX = B eÐnai upoq¸roc
tou Rn.

(gþ) DÔo uposÔnola enìc dianusmatikoÔ q¸rou V pou par�goun ton Ðdio upoq¸ro tou V prèpei
na eÐnai Ðsa.

(dþ) To sÔnolo ìlwn twn k�tw trigwnik¸n n × n pin�kwn me stoiqeÐa sto R eÐnai upoq¸roc tou
Mn(R).

(eþ) Ta polu¸numa x− 1, (x− 1)2, kai (x− 1)3 par�goun ton P3(R).

23. MporeÐ dÔo xèna metaxÔ touc uposÔnola tou R2, kajèna apì ta opoÐa perièqei dÔo dianÔsmata, na
par�goun ton Ðdio upoq¸ro tou R2?

24. An u, v eÐnai dÔo dianÔsmata enìc R-q¸rou V , W eÐnai ènac upoq¸roc tou V , kai u /∈ W all�
u ∈ 〈W ∪ {v}〉, tìte èpetai ìti 〈W ∪ {u}〉 = 〈W ∪ {v}〉?

25. (a) Up�rqei èna di�nusma pou par�gei ton R2?

(b) Up�rqoun dÔo dianÔsmata pou par�goun ton R3?

(g) Up�rqei èna peperasmèno pl joc dianusm�twn pou par�goun ton P (R)?
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