
Full�dio 3 sthn Efarmosmènh Grammik  'Algebra II
Grammik  ex�rthsh, Grammik  anexarthsÐa, B�sh, Di�stash

Panepisthmio Aigaiou

Tmhma Statistikhc & Analogistikwn-Qrhmatooikonomikwn Majhmatikwn

Didaskwn: Eleujerioc Taqtshc

1. Se k�je mia apì tic parak�tw peript¸seic na apodeÐxete ìti oi dojeÐsec sunart seic eÐnai grammik�
anex�rthtec: (a) f1(x) = x, f2(x) = cosx, (b) 1, x, ex, (g) f1(x) = sinx, f2(x) = cosx, f3(x) =
x cosx.

2. Na exet�sete an ta dianÔsmata v1 = (−1, 2, 3), v2 = (2,−4,−6), v3 = (−3, 6, 0) brÐskontai p�nw
sthn Ðdia eujeÐa.

3. EÐnai to sÔnolo S = {2− x+ 4x2, 3 + 6x+ 2x2, 2 + 10x− 4x2} grammik� exarthmèno uposÔnolo
tou P2(R)?

4. Gia poièc pragmatikèc timèc tou λ eÐnai ta epìmena dianÔsmata tou R3 grammik� exarthmèna? v1 =
(λ,−1/2,−1/2), v2 = (−1/2, λ,−1/2), v3 = (−1/2,−1/2, λ)?

5. 'Estw M ènac �nw trigwnikìc pÐnakac tètoioc ¸ste k�je stoiqeÐo thc kurÐac diagwnÐou eÐnai mh-
mhdenikì. Na apodeÐxete ìti oi st lec tou M eÐnai grammik� anex�rthta dianÔsmata.

6. 'Estw V ènac R-q¸roc kai èstw u, v dÔo diakekrimèna dianÔsmata tou V . Na apodeÐxete ìti an to
{u, v} eÐnai grammik� anex�rthto, tìte to {u+ v, u− v} eÐnai grammik� anex�rthto.

7. ALHJES   YEUDES? Na dikaiolog sete tic apant seic sac.

(aþ) K�je monosÔnolo enìc q¸rou eÐnai grammik� anex�rthto.

(bþ) K�je grammik� exarthmèno sÔnolo perièqei to mhdenikì di�nusma.

(gþ) To sÔnolo ìlwn twn 2 × 2 pin�kwn, oi opoÐoi perièqoun akrib¸c dÔo 1 kai dÔo 0 eÐnai èna
grammik� anex�rthto uposÔnolo tou M2(R).

(dþ) An v1, v2, . . . , vn eÐnai mh-mhdenik� grammik� exarthmèna dianÔsmata, tìte toul�qiston èna
di�nusma vk gr�fetai wc grammikìc sunduasmìc twn v1, . . . , vk−1.

(eþ) Ta polu¸numa (x− 1)(x+ 2), x(x+ 2), x(x− 1) eÐnai grammik� anex�rthta.

(�þ) Oi sunart seic f1 kai f2 eÐnai grammik� exarthmènec an up�rqei x ∈ R tètoioc ¸ste k1f1(x)+
k2f2(x) = 0 gia k�poia k1, k2 ∈ R.

8. 'Estw V o q¸roc pou par�getai apì ta v1 = cos2 x, v2 = sin2 x, v3 = cos 2x.

(aþ) Na apodeÐxete ìti to S = {v1, v2, v3} den eÐnai b�sh tou V .

(bþ) BreÐte mia b�sh tou V , h opoÐa perièqetai sto S.

9. Exet�ste an ta sÔnola {2− 4x+x2, 3+ 2x−x2, 1+ 6x− 2x2}, {1+ 2x+x2, 3+ x2, x+x2} eÐnai
b�seic tou P2(R).

10. Na apodeÐxete ìti to sÔnolo twn parak�tw pin�kwn eÐnai mia b�sh tou M2(R).(
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)
,
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)
.

11. Na d¸sete treic diaforetikèc b�seic gia ton R2 kai ton M2(R).

12. 'Estw V = {(a, b, c, d, e) ∈ R5 : a+ b+ c+ d+ e = 0}.
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(aþ) Na apodeÐxete ìti V eÐnai upoq¸roc tou R5.

(bþ) Na apodeÐxete oti ta dianÔsmata: x1 = (2,−3, 4,−5, 2), x2 = (−6, 9,−12, 15,−6), x3 =
(3,−2, 7,−9, 1), x4 = (2,−8, 2,−2, 6), x5 = (−1, 1, 2, 1,−3), x6 = (0,−3,−18, 9, 12), x7 =
(1, 0,−2, 3,−2), x8 = (2,−1, 1,−9, 7), par�goun ton V .

(gþ) Na breÐte èna uposÔnolo tou {x1, . . . , x8} to opoÐo eÐnai mia b�sh tou V .

13. Na brejeÐ to di�nusma twn suntetagmènwn tou p(x) = 4 − 3x + x2 wc proc thn b�sh B =
{1 + x, 1 + x2, x+ x2} tou P2(R) (Na elègxete pr¸ta ìti B eÐnai b�sh tou P2(R)).

14. Na brejeÐ to di�nusma twn suntetagmènwn tou

(
3 −2
0 1

)
wc proc thn b�sh B = {

(
1 −1
0 0

)
,(

0 1
1 0

)
,

(
1 0
0 0

)
,

(
0 1
0 1

)
} tou M2(R) (Na elègxete ìti B eÐnai ìntwc b�sh tou M2(R)).

15. BreÐte thn di�stash tou q¸rou ìlwn twn �nw trigwnik¸n n× n pin�kwn.

16. 'Estw W = {A ∈ Mn(R) : tr(A) = 0}, ìpou tr(A) to Ðqnoc tou A. Na breÐte mia b�sh kai thn
di�stash tou upoq¸rou W tou Mn(R).

17. Na kajoristoÔn ìloi oi upoq¸roi tou R3.

18. BreÐte thn di�stash tou upoq¸rou tou P3(R) pou apoteleÐtai apì ìla ta polu¸numa a0 + a1x +
a2x

2 + a3x
3 gia ta opoÐa a0 = 0.

19. 'Estw W = {p ∈ P2(R) : p(1) = 0}.

(aþ) Na apodeÐxete ìti W eÐnai upoq¸roc tou P2(R).
(bþ) BreÐte mia b�sh kai thn di�stash tou W .

(gþ) Na epekteÐnete thn b�sh tou W pou br kate se mia b�sh tou P2(R).

20. 'Estw v1 = (1,−4, 2,−3), v2 = (−3, 8,−4, 6).

(aþ) Na apodeÐxete ìti to sÔnolo S = {v1, v2} eÐnai grammik� anex�rthto.

(bþ) Na epekteÐnete to S se mia b�sh tou R4.

21. Na brejeÐ mia b�sh gia to epÐpedo 2x+ 4y − 3z = 0 tou R3.

22. Na brejeÐ mia b�sh gia ton mhdenoq¸ro N(A), ìpou A =

(
1 −2 1
2 −3 1

)
.

23. 'Estw V ènac R-q¸roc me dim(V ) = n kai èstw ìti B eÐnai mia b�sh tou V . Na apodeÐxete ìti an
v1, v2, . . . , vr eÐnai grammik� anex�rthta dianÔsmata tou V , tìte ta dianÔsmata [v1]B, . . . , [vr]B twn
suntetagmènwn twn v1, . . . , vr, antÐstoiqa, eÐnai grammik� anex�rthta dianÔsmata tou Rn.

24. ALHJES   YEUDES? Na dikaiolog sete tic apant seic sac.

(aþ) Up�rqei mia b�sh tou M2(R), h opoÐa apoteleÐtai apì antistrèyimouc pÐnakec.

(bþ) O q¸roc ìlwn twn suneq¸n sunart sewn apì to R sto R eÐnai �peirhc di�stashc.

(gþ) Up�rqei èna sÔnolo 11 dianusm�twn pou par�gei ton R17.

(dþ) Up�rqoun toul�qiston dÔo upoq¸roi tou P2(R) di�stashc 3.
(eþ) An A ∈Mn(R) kai In, A,A2, . . . , An2

eÐnai diakekrimènoi pÐnakec, tìte to sÔnolo
{In, A,A2, . . . , An2} eÐnai grammik� exarthmèno.
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25. 'Estw {x, y} mia b�sh gia ènan q¸ro V . Na apodeÐxete ìti ta sÔnola {x+y, ax} kai {ax, by} eÐnai
b�seic gia ton V , ìpou a, b ∈ R \ {0}.

26. 'Estw V = M2(R), W1 = {
(
a b
c a

)
: a, b, c ∈ R}, W2 = {

(
0 a
−a b

)
: a, b ∈ R}. Na

apodeÐxete ìtiW1, W2 eÐnai upoq¸roi tou V kai na breÐte tic diast�seic twnW1, W2, kaiW1∩W2.
Na epekteÐnete b�seic twn W1, W2 kai W1 ∩W2 se b�seic tou M2(R).

27. 'Estw V ènac q¸roc peperasmènhc di�stashc kai èstw W1 kai W2 dÔo upoq¸roi tou V tètoioi
¸ste V = W1 +W2 kai W1 ∩W2 = {0V } (Se mia tètoia perÐptwsh lème ìti o V eÐnai to eujÔ
�jroisma twn W1 kai W2 kai gr�foume V = W1 ⊕W2). Na apodeÐxete ìti an B1 kai B2 eÐnai
dÔo xènec metaxÔ touc b�seic twn W1 kai W2, antÐstoiqa, tìte to sÔnolo B1 ∪ B2 eÐnai mia b�sh
tou V .

AntÐstrofa, an B1 kai B2 eÐnai dÔo xènec metaxÔ touc b�seic dÔo upoq¸rwnW1 kaiW2 enìc q¸rou
V me dim(V ) <∞ ètsi ¸ste B1 ∪B2 eÐnai mia b�sh tou V , tìte na apodeÐxete ìti V =W1⊕W2.

28. Na sumplhr¸sete tic leptomèreiec sthn apìdeixh tou jewr matoc

dim(W1 +W2) = dim(W1) + dim(W2)− dim(W1 ∩W2),

ìpou W1, W2 eÐnai upoq¸roi enìc q¸rou V peperasmènhc di�stashc.

29. 'Estw V ènac R-q¸roc peperasmènhc di�stashc kai èstwW1 ènac upoq¸roc tou V . Na apodeÐxete
ìti up�rqei upoq¸roc W2 tou V tètoioc ¸ste V =W1 ⊕W2.

Upìdeixh: EpekteÐnete mia b�sh B tou W1 se mia b�sh B′ tou V . Jewr ste W2 = 〈B′ \B〉.

30. Na apodeÐxete ìti ènac R-q¸roc V eÐnai �peirhc di�stashc, an kai mìno an, o V perièqei èna �peiro
sÔnolo S tètoio ¸ste k�je peperasmèno uposÔnolo tou S eÐnai grammik� anex�rthto (èna �peiro
sÔnolo S ⊆ V me aut  thn idiìthta kaleÐtai grammik� anex�rthto).

31. 'Estw W1 kai W2 dÔo upoq¸roi enìc R-q¸rou V me diast�seic m kai n, antÐstoiqa, ìpou m ≥ n.

(aþ) Ndo dim(W1 ∩W2) ≤ n kai dim(W1 +W2) ≤ m+ n.

(bþ) BreÐte dÔo upoq¸rouc W1 kai W2 tou R3 gia touc opoÐouc dim(W1 ∩W2) = n kai dim(W1+
W2) = m+ n.

(gþ) BreÐte dÔo upoq¸rouc W1 kai W2 tou R3 gia touc opoÐouc dim(W1 ∩W2) < n kai dim(W1+
W2) < m+ n.
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