
Full�dio 4 sthn Efarmosmènh Grammik  'Algebra II
GrammikoÐ MetasqhmatismoÐ

Mèroc A'

Panepisthmio Aigaiou

Tmhma Statistikhc & Analogistikwn-Qrhmatooikonomikwn Majhmatikwn

Didaskwn: Eleujerioc Taqtshc

1. 'Estw T1 : R2 → R2, T2 : R2 → R2 strofèc (antÐjeta apì thn for� twn deikt¸n tou rologioÔ)
kat� gwnÐec θ1 kai θ2, antÐstoiqa. Na breÐte ton pÐnaka thc sÔnjeshc T2◦T1 wc proc thn st�ntarnt
b�sh β = {e1 = (1, 0), e2 = (0, 1)} tou R2.

2. 'Estw T1 : R2 → R2 h summetrÐa wc proc thn eujeÐa y = x kai èstw T2 : R2 → R2 h orjog¸nia
probol  epÐ tou �xonoc y. Na apodeÐxete ìti T1 ◦ T2 6= T2 ◦ T1. Me sq mata, na dieukrinÐsete
grafik� thn dr�sh twn T1 ◦ T2 kai T2 ◦ T1 epÐ enìc dianÔsmatoc x ∈ R2.

3. 'Estw A ∈ Mn(R) kai èstw TA : Rn → Rn o antÐstoiqoc metashmatismìc pÐnaka. Na apodeÐxete
ìti oi parak�tw prot�seic eÐnai an� dÔo isodÔnamec:

(aþ) O A eÐnai antistrèyimoc.

(bþ) O TA eÐnai epÐ.

(gþ) O TA eÐnai 1-1.

4. Na apodeÐxete ìti k�je strof  T ∈ L(R2) kat� gwnÐa θ eÐnai 1-1.

5. 'Estw A ∈Mn(R) ènac antistrèyimoc pÐnakac kai èstw TA o antÐstoiqoc metasqhmatismìc epÐ tou
Rn. DeÐxte ìti orÐzetai h antÐstrofh sun�rthsh T−1

A thc TA kai T−1
A = TA−1 .

6. 'Estw T : R2 → R2 me T (x1, x2) = (2x1 + x2, 3x1 + 4x2). DeÐxte ìti T ∈ L(R2) kai breÐte (an
up�rqei) thn antÐstrofh sun�rthsh thc T .

7. 'Estw A =


1 2 1
0 1 1
1 1 0
1 0 −1

. Na exet�sete an o A orÐzei ènan 1-1 metasqhmatismì pÐnaka.

8. 'Estw A ∈Mn(R) tètoioc ¸ste det(A) = 0. 'Estw TA ∈ L(Rn) o antÐstoiqoc telest c pÐnaka.

(aþ) TÐ mporeÐte na peÐte gia thn eikìna Im(TA) tou TA?

(bþ) TÐ mporeÐte na peÐte gia to pl joc twn dianusm�twn, ta opoÐa o TA apeikonÐzei sto 0?

9. 'Estw T : R3 → R3 h opoÐa brÐskei to summetrikì enìc dianÔsmatoc wc proc to xy-epÐpedo, met�
to summetrikì autoÔ tou dianÔsmatoc wc proc to xz-epÐpedo, kai met� to summetrikì autoÔ tou
dianÔsmatoc wc proc to yz-epÐpedo. Na brejeÐ o pÐnakac tou T wc proc thn st�ntarnt b�sh tou
R3.

10. 'Estw T : M2(R) → P2(R) me T
(
a b
c d

)
= (a + b) + (2d)x + bx2. Na brejeÐ o pÐnakac tou T

wc proc tic st�ntarnt b�seic twn M2(R) kai P2(R).

11. BreÐte ènan grammikì telest  T epÐ tou R2 gia ton opoÐo Ker(T ) = Im(T ).

12. 'Estw T ∈ L(R3,R). DeÐxte ìti up�rqoun a, b, c ∈ R tètoia ¸ste T (x, y, z) = ax + by + cz gia
ìla ta (x, y, z) ∈ R3.
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13. 'Estw T ∈ L(R3,R). Perigr�yte gewmetrik� ìla ta endeqìmena gia ton pur na tou T .

14. 'Estw T : P (R)→ P (R) me T (f)(x) =
∫ x
0 f(t)dt. DeÐxte ìti T eÐnai 1-1 all� ìqi epÐ.

15. 'Estw V,W peperasmènhc di�stashc q¸roi kai èstw T ∈ L(V,W ). Na apodeÐxete ìti:

(aþ) An dim(V ) < dim(W ), tìte o T den eÐnai epÐ.

(bþ) An dim(V ) > dim(W ), tìte o T den eÐnai 1-1.

16. 'Estw V ènac R-q¸roc kai èstw T ∈ L(V ). 'Enac upoq¸roc W tou V lègetai T -analloÐwtoc an
∀x ∈W , T (x) ∈W . Na apodeÐxete ìti oi upoq¸roi {0}, V , Ker(T ), Im(T ) eÐnai T -analloÐwtoi.

17. 'Estw V ènac mh-tetrimmènoc R-q¸roc peperasmènhc di�stashc. Na apodeÐxete ìti up�rqei ènac
mh-mhdenikìc grammikìc metasqhmatismìc T : V → R (dhl, up�rqei a ∈ V , a 6= 0V , tètoio ¸ste
T (a) 6= 0). (Enhmerwtik� shmei¸noume ìti, to parap�nw apotèlesma isqÔei kai sthn perÐptwsh
apeirodi�statwn R-q¸rwn. Gia thn apìdeixh ìmwc, eÐnai aparaÐthto na upojèsoume epiplèon ìti
isqÔei èna axÐwma thc JewrÐac Sunìlwn, to AxÐwma thc Epilog c (AC), to opoÐo diatup¸jhke apì
ton Ernst Zermelo to 1904 (AC: An A eÐnai mia �peirh oikogèneia apì mh ken� sÔnola, tìte up�rqei
mia sun�rthsh f me pedÐo orismoÔ thn A, h opoÐa epilègei èna stoiqeÐo apì k�je stoiqeÐo thc A.
Sthn perÐptwsh thc (apl c) �skhs c mac, den qrei�zetai na upojèsoume to AC). Sunart seic
ìpwc h T parap�nw onom�zontai grammik� sunarthsoeid .

18. 'Estw V ènac R-q¸roc peperasmènhc di�stashc kai èstw β = {v1, . . . , vn} mia (diatetagmènh) b�sh
tou V . 'Estw T : V → Rn me T (x) = [x]β . DeÐxte ìti T ∈ L(V,Rn).

19. 'Estw T : R2 → R3 me T (x1, x2) = (x1 − x2, x1, 2x1 + x2). 'Estw A = {(1, 2), (2, 3)} kai
B = {(1, 1, 0), (0, 1, 1), (2, 2, 3)}. Na apodeÐxete ìti ta sÔnola A kai B eÐnai b�seic twn R2 kai R3,
antÐstoiqa kai na breÐte ton pÐnaka A(T )B.

20. 'Estw V,W dÔo R-q¸roi kai T, S dÔo mh-mhdenikoÐ grammikoÐ metasqhmatismoÐ apì ton V ston W .
An Im(T ) ∩ Im(S) = {0}, tìte na apodeÐxete ìti to sÔnolo {T, S} eÐnai èna grammik� anex�rthto
uposÔnolo tou L(V,W ).

21. An to sÔnolo {v1, v2, v3, v4} eÐnai mia b�sh tou R4, gia poi� tim  tou λ eÐnai ogrammikìc metasqh-
matismìc T pou orÐzetai apì tic sqèseic:

T (v1) = v1 + λv4,

T (vi) = 2vi−1 + vi i = 2, 3, 4

antistrèyimoc?

22. 'Estw ìti o pÐnakac enìc grammikoÔ telest  T epÐ tou R3 wc proc thn st�ntarnt b�sh eÐnai o 0 1 1
1 0 1
1 1 0

. Na brejeÐ o pÐnakac tou T wc proc thn b�sh {v1, v2, v3}, ìpou v1 = (1, 0, 1),

v2 = (−2, 1, 1), v3 = (1,−1, 1).

23. BreÐte ènan grammikì metasqhmatismì T : R3 → R4, tou opoÐou h eikìna par�getai apì ta dianÔ-
smata (1, 2, 0,−4) kai (2, 0,−1,−3).

24. BreÐte ènan grammikì metasqhmatismì T : R4 → R3, tou opoÐou o pur nac par�getai apì ta
dianÔsmata (1, 2, 3, 4) kai (0, 1, 1, 1).

25. 'Estw V,W dÔo R-q¸roi peperasmènhc di�stashc kai èstw T ∈ L(V,W ).
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(aþ) DeÐxte ìti h T eÐnai 1-1, an kai mìno an, h T stèlnei grammik� anex�rthta uposÔnola tou V
se grammik� anex�rthta uposÔnola tou W .

(bþ) 'Estw ìti h T eÐnai 1-1 kai èstw S = {u1, . . . , un} ⊆ V . Tìte to S eÐnai grammik� anex�rthto,
an kai mìno an, T (S) = {T (u1), . . . , T (un)} eÐnai grammik� anex�rthto uposÔnolo tou W .
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