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JEMA 1. 'Estw M h σ-�lgebra twn Lebesgue metr simwn uposunìlwn tou R. Na apodeÐxete ìti
M 6= P(R), ìpou P(R) to dunamosÔnolo tou R. Na upodeÐxete ìla ta shmeÐa thc apìdeixhc sta opoÐa
qrhsimopoi sate to AxÐwma thc Epilog c, to opoÐo kai na diatup¸sete.

JEMA 2. 'Estw f : E → Re (= R ∪ {−∞,+∞}), E Lebesgue metr simo uposÔnolo tou R, mia
sun�rthsh. Na apodeÐxete ìti an h f eÐnai metr simh, tìte ∀a ∈ Re, to sÔnolo {x : f(x) = a} eÐnai
metr simo. Na apodeÐxete ìti to antÐstrofo den isqÔei kataskeu�zontac mia sun�rthsh f tètoia ¸ste
{x : f(x) > 0} eÐnai mh (Lebesgue) metr simo sÔnolo, kai tètoia ¸ste h f lamb�nei k�je tim  thc to
polÔ mia for�.

JEMA 3. 'Estw E ⊆ R. Na apodeÐxete ìti to E eÐnai metr simo an kai mìno an ∀ε > 0, up�rqei èna
anoiktì sÔnolo O ⊇ E me m∗(O \ E) < ε.

JEMA 4. (a) Na upologÐsete to olokl rwma
∫
[0,∞) e

−t qrhsimopoi¸ntac kat�llhla to Je¸rhma
Monìtonhc SÔgklishc tou Lebesgue.

(b) OrÐzetai to olokl rwma Lebesgue gia thn sun�rthsh f(x) =

{
1/x, 0 < x ≤ 1

1/(x− 2), 1 < x < 2
?

(g) 'Estw f : R → [0,∞] mia metr simh sun�rthsh. Na apodeÐxete ìti an h f eÐnai Lebesgue
oloklhr¸simh, tìte h f eÐnai peperasmènh sqedìn pantoÔ (dhlad , m({x : f(x) =∞}) = 0).

JEMA 5. Na apodeÐxete to L mma Fatou: An (fn) eÐnai mia akoloujÐa mh arnhtik¸n metr simwn
sunart sewn, tìte

∫
(lim infn→∞ fn) ≤ lim infn→∞

∫
fn. Na apodeÐxete epÐshc ìti eÐnai dunatì na

èqoume gn sia anisìthta sto L mma Fatou, jewr¸ntac fn = χ[n,n+1).
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