
Test 2 sthn Pragmatikh Analush

Panepisthmio Aigaiou

Tmhma Statistikhc kai Analogistikwn-Qrhmatooikonomikwn Majhmatikwn

Didaskwn: Eleujerioc Taqtshc

'Askhsh 1. 'Estw (fn)n∈N mia akoloujÐa pragmatik¸n sunart sewn epÐ tou R tètoia ¸ste
fn ⇒ 0 epÐ opoioud pote kleistoÔ kai fragmènou diast matoc [a, b]. IsqÔei tìte ìti fn ⇒ 0 epÐ
tou R?

LÔsh. H ap�nthsh eÐnai arnhtik . Pr�gmati, ac jewr soume thn ex c akoloujÐa sunart -
sewn: fn(x) = x

n
, x ∈ R, n ∈ N. Tìte eÐnai eÔkolo na deÐte ìti fn ⇒ 0 epÐ opoioud pote

diast matoc [a, b], ìmwc fn 6⇒ 0 epÐ tou R.

'Askhsh 2. 'Estw f : R −→ R mia omoiìmorfa suneq c sun�rthsh. JewroÔme thn ex c

akoloujÐa sunart sewn fn(x) = f(x+
1

n
), x ∈ R, n ∈ N. Na apodeÐxete ìti fn ⇒ f epÐ tou R.

LÔsh. Katarq n parathroÔme ìti fn → f epÐ tou R. Pr�gmati, èstw x ∈ R. Efìson
lim
n→∞

(x+ 1
n
) = x kai h f eÐnai suneq c, lim

n→∞
f(x+ 1

n
) = f(x)   lim

n→∞
fn(x) = f(x).

ApodeiknÔoume t¸ra ìti fn ⇒ f epÐ tou R   isodÔnama ìti

(∀ε > 0)(∃n0 ∈ N)(∀n ≥ n0)(∀x ∈ R)(|fn(x)− f(x)| < ε). (1)

'Estw ε > 0. Efìson h f eÐnai omoiìmorfa suneq c epÐ tou R, gia to dojèn ε > 0, up�rqei
δ > 0 tètoio ¸ste

(∀x, y ∈ R)(|x− y| < δ ⇒ |f(x)− f(y)| < ε). (2)

'Estw n0 ∈ N tètoio ¸ste 1
n0
< δ. Tìte ∀n ≥ n0, ∀x ∈ R,

|x+ 1

n
− x| = 1

n
≤ 1

n0

< δ.

Epomènwc, apì thn (2) èqoume ìti

|f(x+ 1

n
)− f(x)| < ε

  isodÔnama
|fn(x)− f(x)| < ε.

Sunep¸c, h (1) isqÔei kai fn ⇒ f epÐ tou R ìpwc to jèlame.


