
Test 3 sthn Pragmatikh Analush

Panepisthmio Aigaiou

Tmhma Statistikhc kai Analogistikwn-Qrhmatooikonomikwn Majhmatikwn

Didaskwn: Eleujerioc Taqtshc

'Askhsh 1. Na apodeiqjeÐ ìti h seir� sunart sewn
∞∑
n=1

1√
n

(
x

x+ 1

)n

sugklÐnei omoiìmorfa

epÐ tou [a, b] ìpou −1

2
< a < b.

LÔsh. Katarq n parathroÔme to ex c: 'Estw x ∈ [a, b]. Efìson x > −1

2
, èpetai ìti

1 + x >
1

2
> 0. 'Ara,

a

a+ 1
≤ x

x+ 1
≤ b

b+ 1
. ∀x ∈ [a, b].

Sunep¸c, ∣∣∣∣ x

x+ 1

∣∣∣∣ ≤ L, ∀x ∈ [a, b],

ìpou

L = max

{∣∣∣∣ a

a+ 1

∣∣∣∣ , ∣∣∣∣ b

b+ 1

∣∣∣∣} .

IsqÔei ìti 0 < L < 1. Apì thn mia meri�, kai efìson a < b, eÐnai profanèc ìti L > 0. 'Estw

t¸ra L =

∣∣∣∣ c

c+ 1

∣∣∣∣ ìpou c = a   b. Efìson, c > −1

2
èpetai ìti 1 + 2c > 0, sunep¸c (1 + c)2 > c2

kai �ra L =

∣∣∣∣ c

c+ 1

∣∣∣∣ < 1.

ApodeiknÔoume t¸ra ìti h dojeÐsa seir� sunart sewn sugklÐnei omoiìmorfa epÐ tou [a, b].
∀n ∈ N, ∀x ∈ [a, b] èqoume ìti:∣∣∣∣ 1√

n

(
x

x+ 1

)n∣∣∣∣ ≤ ∣∣∣∣ x

x+ 1

∣∣∣∣n ≤ Ln.

Epeid  h arijmhtik  seir�
∞∑
n=0

Ln sugklÐnei (wc gewmetrik  seir� me lìgo 0 < L < 1), apì to M -

test tou Weierstrass èpetai ìti h seir� sunart sewn
∞∑
n=1

1√
n

(
x

x+ 1

)n

sugklÐnei omoiìmorfa

epÐ tou [a, b] ìpwc to jèlame. Autì oloklhr¸nei thn lÔsh thc �skhshc.

'Askhsh 2. Na apodeiqjeÐ ìti h seir� sunart sewn
∞∑
n=1

1

2n
sin(3nx) orÐzei mia suneq  sun�r-

thsh epÐ tou R.

LÔsh. 'Estw fn(x) =
1

2n
sin(3nx), n ∈ N, x ∈ R. Gia k�je n ∈ N, h sun�rthsh fn eÐnai

suneq c epÐ tou R. Epiplèon de, h seir� sunart sewn
∞∑
n=1

fn sugklÐnei omoiìmorfa epÐ tou R.



Pr�gmati, ∀n ∈ N, ∀x ∈ R, èqoume:∣∣∣∣ 12n sin(3nx)

∣∣∣∣ ≤ (1

2

)n

.

Epeid  h arijmhtik  seir�
∞∑
n=1

(
1

2

)n

sugklÐnei (wc gewmetrik  seir� me lìgo 0 < 1/2 < 1), apì

toM -test touWeierstrass èpetai ìti h seir� sunart sewn
∞∑
n=1

1

2n
sin(3nx) sugklÐnei omoiìmorfa

epÐ tou R sthn sun�rthsh f(x) =
∞∑
n=1

1

2n
sin(3nx), x ∈ R. Efìson ∀n ∈ N, to n-ostì merikì

�jroisma Sn = f1 + f2 + · · · + fn eÐnai suneq c sun�rthsh epÐ tou R kai Sn ⇒ f epÐ tou R,
apì thn jewrÐa stic akoloujÐec sunart sewn èpetai ìti, h sun�rthsh f eÐnai suneq c epÐ tou R.
Autì oloklhr¸nei thn lÔsh thc �skhshc.

'Askhsh 3. Na apodeiqjeÐ ìti h seir� sunart sewn
∞∑
n=1

(−1)n sin
(x
n

)
sugklÐnei omoiìmorfa

epÐ opoioud pote diast matoc [a, b], a, b ∈ R, a < b (kai �ra sugklÐnei shmeiak� epÐ tou R).

LÔsh. 'Estw a, b ∈ R, a < b, kai èstw L = max{|a|, |b|}. Tìte [a, b] ⊆ [−L,L]. ApodeiknÔ-
oume ìti h dojeÐsa seir� sunart sewn sugklÐnei omoiìmorfa epÐ tou [−L,L], opìte ja sugklÐnei

omoiìmorfa kai epÐ tou [a, b]. 'Estw fn(x) = (−1)n sin
(x
n

)
, n ∈ N, x ∈ [−L,L]. Tìte gia

k�je n ∈ N, h sun�rthsh fn èqei suneq  pr¸th par�gwgo epÐ tou [−L,L]. EpÐshc, gia x = 0,

h arijmhtik  seir�
∞∑
n=1

(−1)n sin

(
0

n

)
sugklÐnei (sto 0). Epiplèon, h seir� twn parag¸gwn

twn fn,
∞∑
n=1

(−1)n 1

n
cos
(x
n

)
, sugklÐnei omoiìmorfa epÐ tou [−L,L] (autì èqei apodeiqjeÐ stic

paradìseic tou maj matoc). Sunep¸c, apì to Je¸rhma 3 sthn enìthta “Sunèpeiec omoiìmorfhc

sÔgklishc seir¸n sunart sewn”, h seir� sunart sewn
∞∑
n=1

(−1)n sin
(x
n

)
sugklÐnei omoiìmorfa

epÐ tou [−L,L] kai �ra epÐ tou [a, b] ⊆ [−L,L]. Autì oloklhr¸nei thn lÔsh thc �skhshc.
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