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Did�skwn: Eleujèrioc Taqts c

'Askhsh 1 'Estw (fn)n∈N mia akoloujÐa sunart sewn epÐ tou [a, b] tètoia ¸ste gia k�je n ∈ N,
h fn eÐnai paragwgÐsimh sto [a, b] kai h f ′n eÐnai suneq c epÐ tou [a, b]. Upojètoume epÐshc ìti gia
k�poio x0 ∈ [a, b], h akoloujÐa arijm¸n (fn(x0))n∈N sugklÐnei, kai ìti h akoloujÐa sunart sewn
(f ′n)n∈N sugklÐnei omoiìmorfa epÐ tou [a, b]. Na apodeÐxete ìti:

(a) H (fn)n∈N sugklÐnei shmeiak� epÐ tou [a, b] se mia paragwgÐsimh sun�rthsh f epÐ tou [a, b]
tètoia ¸ste f ′(x) = lim

n→∞
f ′n(x) gia k�je x ∈ [a, b].

(b) H (fn)n∈N sugklÐnei omoiìmorfa epÐ tou [a, b] sthn f .

LÔsh. (a) Efìson h f ′n eÐnai suneq c epÐ tou [a, b], mporoÔme na gr�youme

fn(x) = fn(x0) +

∫ x

x0

f ′n(t)dt, x ∈ [a, b]. (1)

'Estw lim
n→∞

fn(x0) = K kai èstw g(x) = lim
n→∞

f ′n(x) gia ìla ta x ∈ [a, b]. Efìson h (f ′n)

sugklÐnei omoiìmorfa epÐ tou [a, b] sthn sun�rthsh g, apì thn jewrÐa èpetai ìti

∀x ∈ [a, b], lim
n→∞

∫ x

x0

f ′n(t)dt =

∫ x

x0

g(t)dt.

'Ara, gia k�je x ∈ [a, b], to ìrio lim
n→∞

fn(x) up�rqei kai lim
n→∞

fn(x) = K +
∫ x

x0
g(t)dt. Epomènwc,

h akoloujÐa sunart sewn (fn) sugklÐnei shmeiak� epÐ tou [a, b] sthn sun�rthsh

f(x) = K +

∫ x

x0

g(t)dt, x ∈ [a, b]. (2)

Efìson h sun�rthsh g eÐnai suneq c epÐ tou [a, b] (diìti h (f ′n) eÐnai mia akoloujÐa suneq¸n
sunart sewn epÐ tou [a, b] h opoÐa sugklÐnei omoiìmorfa sthn sun�rthsh g), èpetai ìti h su-
n�rthsh G(x) =

∫ x

x0
g(t)dt, x ∈ [a, b], eÐnai paragwgÐsimh sto [a, b]. 'Ara, h sun�rthsh f eÐnai

paragwgÐsimh sto [a, b] kai f ′(x) = g(x) gia ìla ta x ∈ [a, b].
O teleutaÐoc isqurismìc tou (a) eÐnai profan c lìgw thc parap�nw apìdeixhc.

(b) Lìgw tou (a), ed¸ èqoume ìlec tic upojèseic tou Jewr matoc (sthn enìthta ��Omoiìmor-
fh sÔgklish kai parag¸gish��) pou k�name sto m�jhma, epomènwc mporeÐ kaneÐc na qrhsimopoi-
 sei thn apìdeixh pou d¸same sto m�jhma gia na epibebai¸sei ìti h (fn) sugklÐnei omoiìmorfa
sthn f . 'Enac �lloc (kai suntomìteroc) trìpoc eÐnai o ex c:

Apì tic sqèseic (1) kai (2) parap�nw, èqoume:

|f(x)− fn(x)| ≤ |K − fn(x0)|+ |
∫ x

x0

|g(t)− f ′n(t)|dt|

≤ |K − fn(x0)|+ |x− x0| · sup{|g(t)− f ′n(t)| : t ∈ [a, b]}



'Ara,

sup{|f(x)− fn(x)| : x ∈ [a, b]} ≤ |K − fn(x0)|+ (b− a) · sup{|g(x)− f ′n(x)| : x ∈ [a, b]}.

Kaj¸c n →∞, to dexÐ mèloc thc teleutaÐac anisìthtac sugklÐnei sto 0, �ra

lim
n→∞

sup{|f(x)− fn(x)| : x ∈ [a, b]} = 0

kai h (fn) sugklÐnei omoiìmorfa sthn f ìpwc to jèlame. 2

'Askhsh 2 Diatup¸ste kai apodeÐxte èna an�logo apotèlesma proc thn �skhsh 1 gia seirèc
sunart sewn.

LÔsh. ��'Estw (fn)n∈N mia akoloujÐa sunart sewn epÐ tou [a, b] tètoia ¸ste gia k�je n ∈ N, h
fn eÐnai paragwgÐsimh sto [a, b] kai h f ′n eÐnai suneq c epÐ tou [a, b]. Upojètoume epÐshc ìti gia

k�poio x0 ∈ [a, b], h arijmhtik  seir�
∞∑

n=1

fn(x0) sugklÐnei, kai ìti h seir� sunart sewn
∞∑

n=1

f ′n

sugklÐnei omoiìmorfa epÐ tou [a, b]. Tìte h
∞∑

n=1

fn sugklÐnei omoiìmorfa epÐ tou [a, b] se mia

paragwgÐsimh sun�rthsh f epÐ tou [a, b] kai f ′(x) =
∞∑

n=1

f ′n(x) gia k�je x ∈ [a, b].��

Jewr¸ntac tic akoloujÐec twn merik¸n ajroism�twn twn seir¸n sunart sewn
∞∑

n=1

fn kai

∞∑
n=1

f ′n, h apìdeixh tou parap�nw jewr matoc èpetai apì thn lÔsh thc �skhshc 1. 2

'Askhsh 3 Na apodeÐxete ìti h seir� sunart sewn
∞∑

n=1

(−1)n 1

n
cos(

x

n
) sugklÐnei shmeiak� epÐ

tou R kai omoiìmorfa epÐ opoioud pote diast matoc [a, b].

LÔsh. Gia x = 0, èqoume thn arijmhtik  seir�

∞∑
n=1

(−1)n 1

n

h opoÐa sugklÐnei qrhsimopoi¸ntac to krit rio tou Leibniz. EpÐshc, h seir� twn parag¸gwn
∞∑

n=1

(−1)n+1 1

n2
sin(

x

n
) eÐnai mia seir� suneq¸n sunart sewn h opoÐa sugklÐnei omoiìmorfa epÐ

tou R (apl  efarmog  tou krithrÐou Weierstrab). 'Ara, apì thn �skhsh 2, h dojeÐsa seir� su-
nart sewn sugklÐnei omoiìmorfa epÐ opoioud pote diast matoc [a, b] ⊆ R, kai �ra shmeiak� epÐ

tou R, se mia paragwgÐsimh sun�rthsh f : R → R kai isqÔei ìti f ′(x) =
∞∑

n=1

(−1)n+1 1

n2
sin(

x

n
),

gia ìla ta x ∈ R. 2

2


