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(1) Na brejeÐ to sÔnolo sÔgklishc thc dunamoseir�c

∞∑
n=0

(3n + 5n) · x2n.

LÔsh. 'Eqoume: an =

{
3k + 5k an n = 2k

0 an n = 2k + 1

Epomènwc, 2k+1
√

a2k+1 → 0 kaj¸c k →∞. EpÐshc,

√
5 =

2k
√

5k ≤ 2k
√

3k + 5k ≤ 2k
√

5k + 5k =
2k
√

2
√

5.

Efìson 2k
√

2
√

5 → 1 ·
√

5 =
√

5 kaj¸c k → ∞, èpetai ìti 2k
√

3k + 5k →
√

5. 'Ara,
lim

n→∞
sup n

√
|an| = sup{0,

√
5} =

√
5, kai sunep¸c R = 1/

√
5.

DeÔteroc trìpoc: Jètoume y = x2. Tìte h dunamoseir�
∞∑

n=0

(3n + 5n) · yn èqei aktÐna

sÔgklishc R∗ = 1/5 (5 = n
√

5n ≤ n
√

3n + 5n ≤ n
√

2 · 5n → 5). Epeid  |y| < 1/5 ann
x2 < 1/5 ann |x| < 1/

√
5 èpetai (apì to je¸rhma Cauchy − Hadamard) ìti h aktÐna

sÔgklishc thc dojeÐsac dunamoseir�c eÐnai R = 1/
√

5.

Gia x = −1/
√

5, èqoume thn seir�
∞∑

n=0

(3n + 5n) · 1

5n
=

∞∑
n=0

((
3

5
)n + 1) h opoÐa apoklÐnei

afoÔ lim
n→∞

((
3

5
)n + 1) = 1 6= 0. OmoÐwc, gia x = 1/

√
5 h prokÔptousa seir� apoklÐnei.

'Ara, to sÔnolo sÔgklishc eÐnai to (−1/
√

5, 1/
√

5). 2

(2) 'Estw

f(x) =
∞∑

n=0

an · (x− x0)
n, |x− x0| < R,

kai èstw (tn)n∈N mia akoloujÐa tètoia ¸ste

(aþ) f(tn) = 0 gia ìla ta n ∈ N.

(bþ) lim
n→∞

tn = x0.

Na apodeÐxete ìti a0 = 0.

LÔsh. Apì thn jewrÐa gnwrÐzoume ìti h sun�rthsh f eÐnai suneq c sto di�sthma sÔ-
gklishc (x0 − R, x0 + R). Efìson, lim

n→∞
tn = x0, apì thn sunèqeia thc f èpetai ìti

lim
n→∞

f(tn) = f(x0). 'Omwc, f(tn) = 0 gia ìla ta n ∈ N, epomènwc f(x0) = 0. Apì thn

�llh meri�, f(x0) = a0, �ra a0 = 0, ìpwc to jèlame. 2


