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JEMA 1. Swstì   l�joc?

a) H sun�rthsh f(x) = sin(sinx), x ≥ 0, eÐnai omoiìmorfa suneq c.
b) An h g eÐnai omoiìmorfa suneq c epÐ tou [m,m + 1] gia k�je m ∈ Z, tìte h g eÐnai omoiìmorfa

suneq c epÐ tou R.
g) Up�rqei omoiìmorfa suneq c sun�rthsh f : R→ R h opoÐa den eÐnai fragmènh.
Na aitiolog sete pl rwc tic apant seic sac.

LÔsh. a) Sto m�jhma èqoume dei ìti h sun�rthsh x 7→ sinx, x ∈ R, eÐnai omoiìmorfa suneq c. Epomè-
nwc, h dojeÐsa sun�rthsh f eÐnai omoiìmorfa suneq c epÐ tou [0,+∞) wc sÔnjesh dÔo omoiìmorfa su-
neq¸n sunart sewn. Gia mia apìdeixh tou teleutaÐou apotelèsmatoc, deÐte tic shmei¸seic tou maj matoc
  tic lÔseic thc proìdou stic 20/05/11 (http://www.actuar.aegean.gr/Dep/Yliko pragmatikis.html).
Apì ta parap�nw prokÔptei ìti h prìtash sto a) eÐnai alhj c.

b) H prìtash eÐnai yeud c. JewreÐste thn sun�rthsh g(x) = x2, x ∈ R. H g eÐnai omoiìmorfa
suneq c epÐ tou [m,m+ 1] gia k�je m ∈ Z (Je¸rhma Heine) en¸ den eÐnai omoiìmorfa suneq c epÐ tou
R (bl. shmei¸seic maj matoc). 2

g) H prìtash eÐnai alhj c. JewreÐste thn sun�rthsh f(x) = x, x ∈ R.

JEMA 2. Na melethjeÐ wc proc thn shmeiak  kai omoiìmorfh sÔgklish h ex c akoloujÐa sunart -
sewn:

fn(x) =

{
n2x2 − 2nx an x ∈ [0, 2n ],

0 an x ∈ [ 2n , 2].

LÔsh. Shmeiak  sÔgklish: 'Estw x ∈ [0, 2]. An x = 0, tìte fn(0) = 0 gia ìla ta n ∈ N. Sunep¸c,
lim
n→∞

fn(0) = 0.

'Estw x ∈ (0, 2]. Tìte up�rqei n0 ∈ N tètoio ¸ste 2
n0
≤ x. Sunep¸c, gia k�je fusikì arijmì

n ≥ n0, x ∈ [ 2n , 2] kai �ra gia k�je fusikì arijmì n ≥ n0, fn(x) = 0. Epomènwc, lim
n→∞

fn(x) = 0.

Apì ta parap�nw èpetai ìti fn → f , ìpou f(x) = 0 gia k�je x ∈ [0, 2].

Omoiìmorfh sÔgklish: Gia k�je n ∈ N, jètoume:

An = {|fn(x)− f(x)| : x ∈ [0, 2]} = {|fn(x)| : x ∈ [0, 2]}.

'Estw n ∈ N. Tìte An = {2nx − n2x2 : x ∈ [0, 2/n]}. (n2x2 − 2nx ≤ 0 gia k�je x ∈ [0, 2/n]
kai fn(x) = 0 gia k�je x ∈ [2/n, 2]). H sun�rthsh h(x) = 2nx − n2x2, x ∈ [0, 2/n], lamb�nei (olikì)
mègisto sto 1/n thn tim  h(1/n) = 1. Sunep¸c, sup(An) = 1. 'Ara, lim

n→∞
(sup(An)) = 1 6= 0. Epomènwc,

h akoloujÐa (fn) den sugklÐnei omoiìmorfa sto [0, 2]. 2

JEMA 3. a) Na dojeÐ o orismìc thc ènnoiac “seir� sunart sewn”.

b) Na apodeiqjeÐ ìti h
∞∑
n=0

(1− x)xn sugklÐnei shmeiak� en¸ den sugklÐnei omoiìmorfa epÐ tou [0, 1].

g) Na apodeiqjeÐ ìti h sun�rthsh f(x) =
∞∑
n=1

1

n2 + x2
eÐnai paragwgÐsimh sto R.



LÔsh. a) Blèpe shmei¸seic maj matoc.
b) 'Estw (Sn) h akoloujÐa twn merik¸n ajroism�twn thc dojeÐshc seir�c. Tìte gia k�je n ∈ N kai

gia k�je x ∈ [0, 1],

Sn(x) =

n∑
i=0

(1− x)xi = (1− x)(1 + x+ · · ·+ xn) = 1− xn+1.

Epomènwc, Sn → S, ìpou

S(x) =

{
1 an x ∈ [0, 1),

0 an x = 1.

Epeid  h Sn eÐnai suneq c epÐ tou [0, 1] gia k�je n ∈ N, en¸ h S eÐnai asuneq c, èpetai ìti h dojeÐsa
seir� sunart sewn den sugklÐnei omoiìmorfa epÐ tou [0, 1].

(Wc �skhsh, exet�ste thn
∞∑
n=0

(−1)n(1 − x)xn wc proc thn shmeiak  kai omoiìmorfh sÔgklish sto

[0, 1]).

g) Katarq n parathroÔme ìti h dojeÐsa f eÐnai kal� orismènh diìti h seir�
∞∑
n=1

1

n2 + x2
sugklÐnei

gia k�je x ∈ R (kai m�lista h sÔgklish epÐ tou R eÐnai omoiìmorfh). Gia to zhtoÔmeno thc �skhshc,
arkeÐ na apodeÐxoume ìti h f eÐnai paragwgÐsimh epÐ opoioud pote diast matoc [a, b], a, b ∈ R, a < b.
'Estw loipìn a, b ∈ R me a < b. 'Estw fn(x) = 1

n2+x2 . Tìte, gia k�je n ∈ N, h fn eÐnai paragwgÐsimh

sto [a, b] kai f ′n(x) = −2x
(n2+x2)2

eÐnai suneq c sto [a, b]. EpÐshc, h
∑
fn sugklÐnei (omoiìmorfa) epÐ tou

[a, b] kai h
∑
f ′n sugklÐnei omoiìmorfa epÐ tou [a, b]. Pr�gmati, gia k�je n ∈ N kai gia k�je x ∈ [a, b]

èqoume ìti ∣∣∣∣ −2x

(n2 + x2)2

∣∣∣∣ ≤ 2 max{|a|, |b|}
(n2 + x2)2

≤ 2 max{|a|, |b|}
n4

.

Epeid  h arijmhtik  seir�
∑ 2max{|a|,|b|}

n4 sugklÐnei, apì to M -test èqoume ìti h
∑
f ′n sugklÐnei omoiì-

morfa epÐ tou [a, b].
Apì to je¸rhma ��'Estw (fn)n∈N mia akoloujÐa sunart sewn epÐ tou [a, b] tètoia ¸ste gia k�je

n ∈ N, h fn eÐnai paragwgÐsimh sto [a, b] kai h f ′n eÐnai suneq c epÐ tou [a, b]. Upojètoume epÐshc

ìti gia k�poio x0 ∈ [a, b], h arijmhtik  seir�
∞∑
n=1

fn(x0) sugklÐnei, kai ìti h seir� sunart sewn
∞∑
n=1

f ′n

sugklÐnei omoiìmorfa epÐ tou [a, b]. Tìte h
∞∑
n=1

fn sugklÐnei omoiìmorfa epÐ tou [a, b] se mia paragwgÐsimh

sun�rthsh f epÐ tou [a, b] kai f ′(x) =
∞∑
n=1

f ′n(x) gia k�je x ∈ [a, b].�� (bl. shmei¸seic maj matoc) èpetai

ìti h f eÐnai paragwgÐsimh epÐ tou [a, b] kai efìson to [a, b]  tan tuqaÐo, h f eÐnai paragwgÐsimh se k�je
x ∈ R. 2

JEMA 4. a) Na diatupwjeÐ to je¸rhma Cauchy-Hadamard. GiatÐ to je¸rhma den dÐnei plhroforÐec
gia dÔo sugkekrimèna shmeÐa thc eujeÐac twn pragmatik¸n arijm¸n? Na aitiolog sete thn ap�nths  sac

qrhsimopoi¸ntac kat�llhla paradeÐgmata.

b) Na apodeÐxete ìti: − ln(1− x) =
∞∑
n=1

xn

n
gia ìla ta x ∈ (−1, 1).

LÔsh. a) Bl. shmei¸seic maj matoc.

b) JewreÐste thn
∞∑
n=0

xn, x ∈ (−1, 1), kai efarmìsate olokl rwsh ìro proc ìro, ìpwc k�name sto

m�jhma gia thn ln(1 + x). 2

2



JEMA 5. a) 'Estw

f(x) =

{
−1 an x ∈ [−1, 0],

1 an x ∈ (0, 1].

Na exetasteÐ an f ∈ RSf [−1, 1], f ∈ RSf2 [−1, 1], f2 ∈ RSf [−1, 1]. Se perÐptwsh ìpou h exetazìmenh
sun�rthsh eÐnai oloklhr¸simh, na upologisteÐ to antÐstoiqo olokl rwma.

b) 'Estw

f(x) =

{
0 an x = 0,

x2 sin 1
x an x ∈ (0, 2/π].

Na exetasteÐ an f ∈ BV [0, 2/π].

LÔsh. a) Sto m�jhma èqoume dei mia plhj¸ra tètoiwn paradeigm�twn. Gi' autì dÐnoume mìno èna sketc
thc lÔshc.

f /∈ RSf [−1, 1]: ArkeÐ na apodeÐxoume ìti up�rqei ε > 0 tètoio ¸ste gia k�je diamèrish P tou
[−1, 1], U(f, P, f) − L(f, P, f) ≥ ε. 'Estw P = {x0, x1, . . . , xn}, x0 = −1, xn = 1, x0 < . . . < xn, mia
tuqaÐa diamèrish tou [−1, 1]. DiakrÐnoume tic parak�tw dÔo peript¸seic:

(i) 0 ∈ P . Tìte 0 = xk gia k�poio k, 0 < k < n. 'Eqoume:

L(f, P, f) =

n∑
i=1

mi ·∆fi

=

(
k∑

i=1

mi ·∆fi

)
+mk+1 ·∆fk+1 +

(
n∑

i=k+2

mi ·∆fi

)

=

(
k∑

i=1

(−1) · (−1− (−1))

)
+ (−1)(1− (−1)) +

(
n∑

i=k+2

1 · (1− 1)

)
= −2

kai

U(f, P, f) =

n∑
i=1

Mi ·∆fi

=

(
k∑

i=1

Mi ·∆fi

)
+Mk+1 ·∆fk+1 +

(
n∑

i=k+2

Mi ·∆fi

)

=

(
k∑

i=1

(−1) · (−1− (−1))

)
+ 1 · (1− (−1)) +

(
n∑

i=k+2

1 · (1− 1)

)
= 2

'Ara, U(f, P, f)− L(f, P, f) = 4.

(ii) 0 /∈ P . Parìmoia me thn perÐptwsh (i) apodeiknÔetai ìti L(f, P, f) = −2 kai U(f, P, f) = 2,
sunep¸c, U(f, P, f)− L(f, P, f) = 4.

Apì ta parap�nw kai gia ε = 3 èqoume ìti U(f, P, f)− L(f, P, f) > ε, opìte f /∈ RSf [−1, 1].

f ∈ RSf2 [−1, 1]: 'Eqoume ìti f2(x) = 1 ∀x ∈ [−1, 1], sunep¸c f ∈ RSf2 [−1, 1] kai
∫ 1
−1 fdf

2 = 0 (Bl.
par�deigma stic shmei¸seic gia RS olokl rwma fragmènhc sun�rthshc wc proc stajer  sun�rthsh).

f2 ∈ RSf [−1, 1]: H f2 eÐnai stajer  sto [−1, 1] kai h f eÐnai aÔxousa sto [−1, 1], sunep¸c f2 ∈
RSf [−1, 1] (Bl. shmei¸seic) kai

∫ 1
−1 f

2df = 1 · (f(1)− f(−1)) = 2.
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b) H f eÐnai suneq c sto [0, 2/π]. EpÐshc, h f èqei fragmènh par�gwgo sto (0, 2/π). Pr�gmati, gia
k�je x ∈ (0, 2/π) èqoume ìti:

|f ′(x)| =
∣∣∣∣2x sin

1

x
+

(
−1

x2

)
x2 cos

1

x

∣∣∣∣ ≤ 2|x|+ 1 <
4 + π

π
.

Apì thn jewrÐa stic sunart seic fragmènhc kÔmanshc èpetai ìti f ∈ BV [0, 2/π]. 2
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