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JEMA 1. 1) Na exetasteÐ h sun�rthsh f(x) = cos(x2), x ∈ R, wc proc thn omoiìmorfh
sunèqeia.

2) IsqÔei ìti to ginìmeno dÔo omoiìmorfa suneq¸n sunart sewn eÐnai omoiìmorfa suneq c
sun�rthsh? To Ðdio er¸thma gia thn sÔnjesh dÔo omoiìmorfa suneq¸n sunart sewn. An h
ap�nthsh eÐnai katafatik  apodeÐxte ton isqurismì. An eÐnai arnhtik , tìte na d¸sete kat�llhlo
antipar�deigma.

LÔsh. 1) JewroÔme tic akoloujÐec xn =
√
2πn, yn =

√
2πn+ π

2
, n ∈ N. EÐnai eÔkolo na

diapist¸sete ìti lim
n→∞

(xn−yn) = 0, en¸ lim
n→∞

(f(xn)−f(yn)) 6= 0. 'Ara, h f den eÐnai omoiìmorfa

suneq c epÐ tou R.
2) H ap�nthsh sto pr¸to er¸thma eÐnai arnhtik . Pr�gmati, èstw f(x) = x, x ∈ R. H f

eÐnai omoiìmorfa suneq c epÐ tou R, en¸ h f 2(x) = x2, x ∈ R, den eÐnai, ìpwc gnwrÐzoume apì
tic paradìseic tou maj matoc.

H ap�nthsh sto deÔtero er¸thma eÐnai jetik . Pr�gmati, èstw A,B ⊆ R kai f : A → B,
g : B → R dÔo omoiìmorfa suneqeÐc sunart seic. Ja apodeÐxoume ìti h g ◦ f : A → R eÐnai
omoiìmorfa suneq c epÐ tou A. Proc toÔto, èstw ε > 0. Apì thn omoiìmorfh sunèqeia thc g
epÐ tou B, up�rqei δ > 0 tètoio ¸ste

(∀x, y ∈ B) (|x− y| < δ ⇒ |g(x)− g(y)| < ε). (1)

Apì thn omoiìmorfh sunèqeia thc f epÐ tou A, gia ton jetikì arijmì δ, up�rqei δ′ > 0 tètoio
¸ste

(∀x, y ∈ A) (|x− y| < δ′ ⇒ |f(x)− f(y)| < δ). (2)

O arijmìc δ′ eÐnai autìc pou anazhtoÔme. Pr�gmati, èstw x, y ∈ A tètoia ¸ste |x− y| < δ′.
Apì thn (2) èqoume ìti |f(x) − f(y)| < δ kai (efìson f(x), f(y) ∈ B) apì thn (1), |g(f(x)) −
g(f(y))| < ε. 'Ara, h g ◦ f eÐnai omoiìmorfa suneq c epÐ tou A.

JEMA 2. 1) Na d¸sete touc orismoÔc twn ex c ennoi¸n: (a) akoloujÐac sunart sewn epÐ
enìc sunìlou A ⊆ R, (b) thc shmeiak c kai omoiìmorfhc sÔgklishc akoloujÐac sunart sewn
kai na epishm�nete thn diafor� twn dÔo ennoi¸n.

2) 'Estw h akoloujÐa sunart sewn

fn(x) =


−x− 1

2n
an x ∈ [−1,− 1

n
]

n

2
x2 an x ∈ (− 1

n
, 1
n
)

x− 1

2n
an x ∈ [ 1

n
, 1]

Na apodeÐxete ìti (fn) eÐnai mia akoloujÐa paragwgÐsimwn sunart sewn h opoÐa sugklÐnei omoiì-
morfa epÐ tou [−1, 1] sthn f(x) = |x|, x ∈ [−1, 1].



LÔsh. 1) Bl. paradìseic maj matoc.
2) Gia thn shmeiak  sÔgklish: 'Estw x ∈ [−1, 1]. An x = 0, tìte ∀n ∈ N, fn(0) = 0,

sunep¸c lim
n→∞

fn(0) = 0 (= |0|).
'Estw x > 0. Tìte up�rqei n0 ∈ N tètoio ¸ste 1/n0 < x, sunep¸c gia k�je n ≥ n0,

1/n < x. 'Ara, gia k�je n ≥ n0, x ∈ [1/n, 1], opìte fn(x) = x− 1
2n

gia k�je n ≥ n0. Sunep¸c,
lim
n→∞

fn(x) = x = |x|.
'Estw x < 0. Tìte −x > 0 kai ergazìmenoi gia to −x ìpwc parap�nw, prokÔptei ìti up�rqei

n0 ∈ N tètoio ¸ste ∀n ≥ n0, fn(x) = −x− 1
2n
. 'Ara, lim

n→∞
fn(x) = −x = |x|, efìson x < 0.

Apì ta parap�nw èpetai ìti fn → f epÐ tou [−1, 1] ìpwc to jèlame.
ApodeiknÔoume t¸ra ìti h (fn)n∈N sugklÐnei omoiìmorfa sthn f epÐ tou [−1, 1]. Gia k�je

n ∈ N, èstw An = {|fn(x) − |x|| : x ∈ [−1, 1]}. Ja apodeÐxoume ìti to sÔnolo An eÐnai �nw
fragmèno apì ton arijmì 3/2n. 'Estw x ∈ [−1, 1]. DiakrÐnoume tic parak�tw peript¸seic:

1. x ∈ [−1,−1/n]. Tìte |fn(x)− |x|| = | − x− 1/2n− (−x)| = 1/2n ≤ 3/2n.

2. x ∈ (−1/n, 1/n). Tìte |fn(x)− |x|| = |nx2/2− |x|| ≤ nx2/2 + |x| < n
2

1
n2 +

1
n
= 3/2n.

3. x ∈ [1/n, 1]. Tìte |fn(x)− |x|| = |x− 1/2n− x| = 1/2n ≤ 3/2n.

Apì ta parap�nw sumperaÐnoume ìti

∀n ∈ N, 0 ≤ an := sup(An) ≤ 3/2n.

Efìson lim
n→∞

3/2n = 0, èqoume epÐshc ìti lim
n→∞

an = 0, opìte h (fn)n∈N sugklÐnei omoiìmorfa

sthn f epÐ tou [−1, 1].

JEMA 3. 1) Na apodeiqjeÐ ìti h seir� sunart sewn
∞∑
n=1

(−1)n sin
(x
n

)
sugklÐnei omoiìmorfa

epÐ opoioud pote diast matoc [a, b], a, b ∈ R, a < b.
2) Na melethjeÐ wc proc thn shmeiak  kai omoiìmorfh sÔgklish h seir� sunart sewn

∞∑
n=1

1

n3/2

(
x

x+ 1

)n
, x ≥ −1

4
.

LÔsh. 1) Bl. istoselÐda tou maj matoc, lÔseic Test 3 (2011).
2) H dojeÐsa seir� suglÐnei omoiìmorfa epÐ tou [−1/4,+∞) diìti: Gia k�je x ≥ −1/4 èqoume

ìti

∣∣∣∣ x

x+ 1

∣∣∣∣ < 1. Autì prokÔptei apì to gegonìc ìti h teleutaÐa anisìthta isqÔei an kai mìno an

x > −1/2. Sunep¸c, ∀n ∈ N, ∀x ≥ −1/4, 1

n3/2

∣∣∣∣( x

x+ 1

)n∣∣∣∣ < 1

n3/2
kai efìson h seir�

∞∑
n=1

1

n3/2

sugklÐnei, to sumpèrasma èpetai apì to M -test tou Weierstrass.

JEMA 4. Gia k�je p ∈ R, na brejeÐ to sÔnolo sÔgklishc thc dunamoseir�c
∑ (−1)n

4nnp
x2n.

LÔsh. Jètoume y = x2. Tìte h aktÐna sÔgklishc thc dunamoseir�c
∑ (−1)n

4nnp
yn eÐnai 4 kai

epomènwc h aktÐna sÔgklishc thc arqik c dunamoseir�c eÐnai 2.
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1. x = −2. Tìte èqoume thn arijmhtik  seir�
∑ (−1)n

np
.

(aþ) p > 1. Tìte h seir� sugklÐnei apìluta �ra kai apl�.

(bþ) p ∈ (0, 1]. Tìte h seir� sugklÐnei upì sunj kh (dhl. sugklÐnei en¸ den sugklÐnei
apìluta).

(gþ) p ≤ 0. Tìte h seir� den sugklÐnei.

2. x = 2. 'Opwc parap�nw.

Apì ta parap�nw èqoume ìti gia p > 0, to sÔnolo sÔgklishc eÐnai to kleistì di�sthma
[−2, 2], en¸ gia p ≤ 0, to sÔnolo sÔgklishc eÐnai to anoiktì di�sthma (−2, 2).

Ta jemata einai isodunama.

Kalh Epituqia.
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