
Full�dio 4 sthn Pragmatik  An�lush � Dunamoseirèc
Panepisthmio Aigaiou

Tmhma Statistikhc kai Analogistikwn-Qrhmatooikonomikwn Majhmatikwn
Did�skwn: Eleujèrioc Taqts c

1. Na brejeÐ h aktÐna sÔgklishc R kai to �jroisma thc dunamoseir�c
∞∑

n=0
nxn sto di�sthma sÔgkli-

shc (−R,R).

2. 'Estw (an)n∈N h ex c akoloujÐa arijm¸n: an =

{
1 an n = m! gia k�poio m ∈ N
0 diaforetik�

.

Na breÐte to sÔnolo sÔgklishc thc dunamoseir�c
∞∑

n=0
anxn.

3. Na apodeÐxete ìti − ln(1− x) =
∞∑

n=1

xn

n
gia ìla ta x ∈ (−1, 1).

4. 'Estw mia
∞∑

n=0
anxn me aktÐna sÔgklishc R > 0 kai èstw a >

1
R
. Na apodeiqjeÐ ìti up�rqei b > 0

tètoio ¸ste |an| ≤ ban gia ìla ta n = 0, 1, 2, . . ..

5. Na apodeiqjeÐ ìti ln(
1 + x

1− x
) = 2x +

2x3

3
+

2x5

5
+ . . ., x ∈ (−1, 1).

6. Na brejeÐ to sÔnolo sÔgklishc twn dunamoseir¸n
∞∑

n=1

3n

n4n
xn,

∞∑
n=1

n!·(x

n
)5n,

∞∑
n=0

xn

n2 + 1
,
∞∑

n=1

xn

ln(n + 1)
,

kai
∞∑

n=1
(2n + 3n)xn.

7. Na brejeÐ to sÔnolo sÔgklishc twn dunamoseir¸n
∞∑

n=1
n5xn,

∞∑
n=1

1
2nn3

(x−1)n,
∞∑

n=1

n

n + 1
(x+1)n,

∞∑
n=1

(n + 5)(x− 2)n,
∞∑

n=1

2n

n2
(x− 3)n,

∞∑
n=1

√
nxn.

8. Na brejeÐ to di�sthma sÔgklishc twn dunamoseir¸n
∞∑

n=1

n!
nn

xn,
∞∑

n=1

(n!)2

(2n)!
xn,

∞∑
n=1

(1+
1
2
+· · ·+ 1

n
)xn,

∞∑
n=1

xn

2
√

n
,
∞∑

n=1
(1 +

1
n

)n2
xn,

∞∑
n=1

1
2n + 3n

xn,
∞∑

n=1

(−1)n

n!
(
n

e
)nxn,

∞∑
n=1

(
3n

n
+

5n

n2
)xn.

9. Na apodeiqjeÐ ìti:

sin h x = x +
x3

3!
+

x5

5!
+ · · ·+ x2n+1

(2n + 1)!
+ · · · , x ∈ R,

cos h x = 1 +
x2

2!
+

x4

4!
+ · · ·+ x2n

(2n)!
+ · · · , x ∈ R,

Arc tanx = x− x3

3
+

x5

5
+ · · ·+ (−1)nx2n+1

2n + 1
+ · · · , x ∈ (−1, 1).

10. 'Estw
∞∑

n=0
anxn kai

∞∑
n=0

bnxn dÔo dunamoseirèc me aktÐnec sÔgklishc R1 kai R2, antÐstoiqa, ìpou

R1 6= R2. Na apodeiqjeÐ ìti h aktÐna sÔgklishc thc dunamoseir�c
∞∑

n=0
(an + bn)xn eÐnai R =

min{R1, R2}.
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11. Na brejeÐ mia anap�rastash thc sun�rthshc

f(x) =
1

(1 + 2x)2

se dunamoseir� se kat�llhlo di�sthma (a, b).

12. Na brejeÐ to sÔnolo sÔgklishc thc dunamoseir�c

∞∑
n=0

sin(
nπ

6
)

2n
(x− 1)n.

13. Na brejeÐ to sÔnolo sÔgklishc thc dunamoseir�c

∞∑
n=1

(−1)n

4nnp
x2n,

ìpou p eÐnai mia stajer�.

14. 'Estw f(x) =
∞∑

n=0
anxn gia k�je x sto di�sthma sÔgklishc thc dunamoseir�c. Upojètoume ìti

f ′(x) = −2xf(x), f(0) = 1.

Na brejoÔn ta an. AnagnwrÐzete thn sun�rthsh f ?

15. Na ekfr�sete to ∫ x

1

ln t

t− 1
dt

san dunamoseir� me kèntro 1 kai na breÐte thn aktÐna sÔgklishc thc seir�c.

16. 'Estw

f(x) =
∞∑

n=0

anxn, |x| < R

kai g(x) = f(xk), ìpou k eÐnai ènac jetikìc akèraioc. Na apodeÐxete ìti g(m)(0) = 0 an m 6= kn

kai g(kn)(0) =
(kn)!
n!

f (n)(0), n ≥ 0.

17. 'Estw ìti 0 = f(x) =
∞∑

n=0
an · xn gia |x| < R ìpou R > 0 eÐnai h aktÐna sÔgklishc thc seir�c.

DeÐxte ìti an = 0, n = 0, 1, 2, . . ..

18∗. 'Estw

f(x) =
∞∑

n=0

an · (x− x0)n, |x− x0| < R,

kai èstw (tn) mia akoloujÐa tètoia ¸ste

(aþ) f(tn) = 0 gia ìla ta n.

(bþ) tn 6= x0 gia ìla ta n.

(gþ) lim
n→∞

tn = x0.

Na apodeÐxete ìti f(x) = 0 gia ìla ta x ∈ (x0 −R, x0 + R).

(Upìdeixh: Qrhsimopoi ste to Je¸rhma tou Rolle kai kat�llhla thn jewrÐa stic dunamoseirèc)
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