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| will discuss, in set theory without the full power of the Axiom

of Choice (AC), the deductive strength of the following two
statements:

© The Ellis—Numakura Lemma: “Every compact

Hausdorff right topological semigroup has an idempotent
element’.

© "There exists a free idempotent ultrafilter on w" .
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| will discuss, in set theory without the full power of the Axiom

of Choice (AC), the deductive strength of the following two
statements:

© The Ellis—Numakura Lemma: “Every compact

Hausdorff right topological semigroup has an idempotent
element’.

© "There exists a free idempotent ultrafilter on w" .

Why is it important to study their mutual relationship as

well as their possible interrelations with AC and weak forms of
AC?
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A chief reason is that both of the aforementioned results are
(known to be) strongly related to Hindman’s Theorem:
“For any finite colouring of w, there exists an infinite set

H C w such that the set

FS(H) ={> x: F € [H]*\ {0}}

x€EF

is monochromatic’

(initially known as the "Graham—Rothschild conjecture”
and proven to be true by Hindman in 1974), which is a
cornerstone of the Ramsey theory of numbers and also
provable in ZF, as shown by W. W. Comfort in 1977.
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Definition

A semigroup is a non-empty set S together with a mapping
(x,y) — xy of S x S to S such that x(yz) = (xy)z for all
x,y,z € S. In other words, a semigroup is a non-empty set
with an associative binary operation. If, in addition, the binary
operation is commutative, then the semigroup is called abelian
semigroup.

Let S be a semigroup. For a fixed element s € S, the mapping
x — xs of S to S is called the right action of s on S, and is
denoted by ps.

An element s of a semigroup S is called idempotent if ss = s.
A non-empty subset H of a semigroup S is called a
subsemigroup of S if xy € H for all x,y € H.

A right topological semigroup is a semigroup S with a
topology 7 on S such that for all s € S, the right action p, of
s on S is a continuous mapping of S to itself.
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(Ellis—Numakura Lemma (ENL)) Every compact Hausdorff
right topological semigroup has an idempotent element.

It is part of the folklore that

Zorn’s Lemma (<= AC) = ENL.
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(Ellis—=Numakura Lemma (ENL)) Every compact Hausdorff
right topological semigroup has an idempotent element.

It is part of the folklore that
Zorn’s Lemma (<= AC) = ENL.

Beyond that, and prior to [T2018], no other proofs for ENL
were known (to the best of our knowledge), and thus resulting

in a gap in information about the set-theoretic strength of
ENL.
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(Ellis—=Numakura Lemma (ENL)) Every compact Hausdorff
right topological semigroup has an idempotent element.

It is part of the folklore that
Zorn’s Lemma (<= AC) = ENL.

Beyond that, and prior to [T2018], no other proofs for ENL
were known (to the best of our knowledge), and thus resulting
in a gap in information about the set-theoretic strength of
ENL. For example, the first of the subsequent two
(intriguing) questions is still open, while the second has been
completely settled in [T2018] (in the negative).

@ Is ENL provable in ZF? |

@ Is ENL equivalent to AC? |




Preliminaries

(ZF ) Given a compact Hausdorff right topological semigroup
S, if 9(S) is well orderable, then S has a minimal closed
subsemigroup.
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Preliminaries

Lemma

(ZF ) Given a compact Hausdorff right topological semigroup
S, if 9(S) is well orderable, then S has a minimal closed
subsemigroup.

V
Lemma

(ZF ) Given a compact Hausdorff right topological semigroup
S, if A is a minimal closed subsemigroup of S, then A is a
singleton {a}, where a is idempotent.
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Preliminaries

Lemma

(ZF ) Given a compact Hausdorff right topological semigroup
S, if 9(S) is well orderable, then S has a minimal closed
subsemigroup.

Lemma

(ZF ) Given a compact Hausdorff right topological semigroup
S, if A is a minimal closed subsemigroup of S, then A is a
singleton {a}, where a is idempotent.

PW: The power set of a well orderable set can be well
ordered.

In ZF, PW < AC, but in ZFA, PW = AC.

In ZF, PW = ENL.
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Deductive strength of ENL

@ Boolean Prime Ideal Theorem (BPI): Every Boolean
algebra has a prime ideal. Equivalently, every proper filter
on a set can be extended to an ultrafilter.

@ Multiple Choice Axiom (MC): Every family of non-empty
sets has a multiple choice function (i.e. a function which
chooses from every member of the family a nonempty
finite subset).

@ LW: Every linearly ordered set can be well ordered.

o ACs,: Every family of nonempty finite sets has a choice
function.
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Deductive strength of ENL

@ Boolean Prime Ideal Theorem (BPI): Every Boolean
algebra has a prime ideal. Equivalently, every proper filter
on a set can be extended to an ultrafilter.

@ Multiple Choice Axiom (MC): Every family of non-empty
sets has a multiple choice function (i.e. a function which
chooses from every member of the family a nonempty
finite subset).

@ LW: Every linearly ordered set can be well ordered.

o ACs,: Every family of nonempty finite sets has a choice
function.

©Q In ZF, ACy, is strictly weaker than BPI, which in turn is
strictly weaker than AC,

Q@ In ZF, MC < LW <= AC, but in ZFA, MC %
ACq, (e.g. Second Fraenkel Model) and LW = MC
(e.g. Basic Fraenkel Model).
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A short list of results to be discussed:

@ ENL for well orderable semigroups is provable in ZF.

@ ENL for Loeb semigroups is provable in ZF (where a
space X = (X, 7) is called Loeb if the family of all
nonempty closed sets in X has a choice function).

© BPl = MENL = ENL + ACg,, where MENL is “For
every family A = {(S;,;,77) : i € 1} of non-trivial
compact Hausdorff right topological semigroups, there
exists a function f with domain / such that (/) is an
idempotent of S;, for all i € I". Hence, ENL % AC in

ZF.

Q In ZFA, MC = ENL,,, i.e. ENL for abelian
semigroups.

Q@ In ZFA, LW = ENL,,, i.e. ENL for linearly ordered
semigroups.

@ ENL, = BPI in ZF, where p € {abel, lo}, and
ENL % P in ZFA, where P € {MC, LW},



ENL for well orderable semigroups is provable in ZF.
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ENL for well orderable semigroups is provable in ZF.

Proof. Let S be a well-orderable compact Hausdorff right
topological semigroup. Let < be a well ordering of S.
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ENL for well orderable semigroups is provable in ZF.

Proof. Let S be a well-orderable compact Hausdorff right
topological semigroup. Let < be a well ordering of S.

Claim. For every closed subsemigroup A of S there is a
definable way to choose an a € A such that
C:={xe€A:xa=a} #0. (Note that C is a closed
subsemigroup of S.)
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ENL for well orderable semigroups is provable in ZF.

Proof. Let S be a well-orderable compact Hausdorff right
topological semigroup. Let < be a well ordering of S.

Claim. For every closed subsemigroup A of S there is a
definable way to choose an a € A such that
C:={xe€A:xa=a} #0. (Note that C is a closed
subsemigroup of S.)

Proof of claim. Using <, a and C will be defined via
transfinite recursion.
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Put Ry = A. As Ry # () (semigroups are non-empty by
definition), pick any ro € Ry. If ro € Ryro, then we are done. If
h g Rol’o, let

Rl = Roro.

Then R; is a closed, proper subsemigroup of Ry. Since < is a
well ordering of S, let

ri = min(Ry).

If n € Ryri, then we are done; otherwise, Ryr; is a closed,
proper subsemigroup of S. Let R, := Ryr; and continue as in
the first step.
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Suppose that « is a limit ordinal and that we have constructed
a descending sequence (Rj)s<q of closed subsemigroups of S
(hence, each one of them is contained in A= R;) and a
sequence (r3)p<q such that V5 < «, rz € Rs.

By compactness of S, we deduce that

Ro =) Rs # 0.

B<a

Furthermore, R,, is a closed subsemigroup of S. Let
ro := min(Ry,).

At a successor ordinal stage we work exactly as in the first two
steps of the recursion.

Since Ord (the class of all ordinal numbers) is proper, the
recursion must terminate at some ordinal stage . This means
that at stage x, we have ended up with a closed subsemigroup
R. of A and with an r, € R,r,. Letting a := r,. and

C :={x € A: xa = a}, the claim is proved, 0O(Claim)



Via recursion, and using the claim, we find an idempotent of
S: By the claim (applied to S), Iwp € S such that
Co={x€eS: xwy=w} #0. If wy € Gy, we are done.
Otherwise, by (the proof of) the claim applied to Gy, we find a
wy € C such that G = {X € G :xwy = Wl} 7£ 0.

If wy € G4, we are done. Otherwise, we apply the claim to C;.
At a limit ordinal stage, we take the intersection of the
descending family of closed subsemigroups of S constructed in
the previous stages (the intersection is nonempty due to
compactness of S), and we apply the claim to this
intersection.

At a successor ordinal stage, we work as in the first two steps
of the recursion.

As Ord is a proper class, at some ordinal stage we have
obtained a closed subsemigroup A, of S and a w, € A, such
that w, € G, = {x € A, : xw,, = w,. }. Thus w,w,, = w,. O
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In ZFA, LW (every linearly ordered set can be well ordered)
implies ENVL for linearly ordered semigroups.
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Corollary

In ZFA, LW (every linearly ordered set can be well ordered)
implies ENVL for linearly ordered semigroups.

Recall that, LW is equivalent to AC in ZF, but it is not
equivalent to AC in ZFA.
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The arguments of the previous proof glaringly show that to
establish ENL it is sufficient to assume the existence of
choice functions for the family of all nonempty closed
subsets of the semigroup, i.e. to assume that the
semigroup is a Loeb space.
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The arguments of the previous proof glaringly show that to
establish ENL it is sufficient to assume the existence of
choice functions for the family of all nonempty closed
subsets of the semigroup, i.e. to assume that the
semigroup is a Loeb space.

We thus immediately obtain the following result.

ENL for Loeb semigroups is provable in ZF.
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The arguments of the previous proof glaringly show that to
establish ENL it is sufficient to assume the existence of
choice functions for the family of all nonempty closed
subsets of the semigroup, i.e. to assume that the
semigroup is a Loeb space.

We thus immediately obtain the following result.

ENL for Loeb semigroups is provable in ZF.

This, together with the fact that BPI implies “Every
compact Hausdorff space is Loeb”, but does not imply
AC in ZF, yields the following theorem which sheds further
light on the deductive strength of ENL.

BPI implies ENL. Thus ENL /s not equivalent to AC in ZF.
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It is unknown whether or not ENL is equivalent to BPI.
However, as we will see later on, certain fragments of ENL are
not equivalent to BPI (and recall also ENL restricted to
well-orderable, or Loeb, semigroups).

Eleftherios Tachtsis The Ellis-Numakura Lemma and Choice



It is unknown whether or not ENL is equivalent to BPI.
However, as we will see later on, certain fragments of ENL are
not equivalent to BPI (and recall also ENL restricted to
well-orderable, or Loeb, semigroups).

BPl = MENL = ENL + ACg,.
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It is unknown whether or not ENL is equivalent to BPI.
However, as we will see later on, certain fragments of ENL are
not equivalent to BPI (and recall also ENL restricted to
well-orderable, or Loeb, semigroups).

BPl = MENL = ENL + ACg,.

Proof. We first recall the following two facts about BPI:

@ BPI <= “products of compact Hausdorff spaces are
compact”.

@ BPI = “products of nonempty compact Hausdorff spaces
are nonempty” = “compact Hausdorff spaces are Loeb".
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BPI = MENL: Let A = {(S5;,:;,7i) :i €} be a family of
non-trivial compact Hausdorff right topological semigroups
and also let A =[], Si. By (2) above, A% (), and by (1)
and (2), A with the product topology is a compact Hausdorff
Loeb space.

We define a binary operation - on A by requiring

(Vf € A)(Vg € A)(vi € NI(F-g)(i) = (i) -1 g()].

Then (A,-) is a right topological semigroup. As BPI implies
ENL, A has an idempotent element, h say. Then, for every
i €1, h(i) is an idempotent of S;.
MENL = ENL: Straightforward.
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MENL = ACg,: Let A={S;:i €/} be a family of
non-empty finite sets.

For each i € I, we let T; be the discrete topology on S; and we
also define a binary operation -; on S; by requiring

(Vx € S))(Vy € Si)(x-iy =y).

Then, for each i € I, (S;,+;,T;) is a compact Hausdorff right
topological semigroup. By MENL, there exists a function f
with domain / such that, for every i € I, f(i) is an idempotent
element of S;. Clearly, f is a choice function for the family A.
Thus ACg, is true. O
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In ZFA, MC =- ENL for abelian semigroups.
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In ZFA, MC =- ENL for abelian semigroups.

Proof. Let S be a compact Hausdorff right topological
abelian semigroup. Let f be a multiple choice function for the
family of all nonempty closed subsets of S. As in the proof of
ENL for well-orderable (or Loeb) semigroups, it suffices to
show the following:

Claim. For every closed subsemigroup A of S there is a
definable way to choose an a € A such that the closed
subsemigroup {x € A : xa = a} is nonempty.
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Proof of the claim. Follow the proof of the corresponding
claim for ENL restricted to well-orderable semigroups, but at
each ordinal stage « of the transfinite recursion, define

n=TI ~

XEf(Ra)

Recall that f(R,) is (nonempty) finite and note that r, is
well-defined since S is abelian. O
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@ If P € {LW,MC}, then MENL = P in ZF (or in ZFA).
@ For every P € {ENL,,e, ENL,,}, P = BPI in ZFA.
© MC = MENL in ZFA.
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@ IfP € {LW,MC}, then MENL = P in ZF (or in ZFA).
@ For every P € {ENL,,e, ENL,,}, P = BPI in ZFA.
© MC = MENL in ZFA.

The above result follows from the previous theorems and the
following known facts:

e BPI implies neither LW nor MC in ZF (or in ZFA).

@ MC does not imply ACg,, and thus the stronger BPI, in
ZFA.
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Free idempotent ultrafilters on w

Let X be an infinite set. 5X denotes the Stone space of the
Boolean algebra B = (p(X),N,U, X,0), i.e., 5X is the set of
all ultrafilters on X together with the topology 7 which has as
a base the set of all (clopen) sets of the form

[Al={U e pX:AclU}, Ac p(X).

(BX,T) is Hausdorff and all principal ultrafilters (x) (x € X)
are isolated points. X with the discrete topology embeds as an
open relatively discrete subspace of 83X via x — (x).
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Free idempotent ultrafilters on w

Let X be an infinite set. 5X denotes the Stone space of the
Boolean algebra B = (p(X),N,U, X,0), i.e., 5X is the set of
all ultrafilters on X together with the topology 7 which has as
a base the set of all (clopen) sets of the form

[Al={U e pX:AclU}, Ac p(X).

(BX,T) is Hausdorff and all principal ultrafilters (x) (x € X)
are isolated points. X with the discrete topology embeds as an
open relatively discrete subspace of 83X via x — (x).

Definition
(Glazer) Let U,V € fw. We define

U+V={ACw:{necw:A—neV}el},

where A—n={x€w:x+ne A}
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The addition ‘+' on Sw extends the usual addition on w since
(n) + (m) = (n+ m), and is known to be non-commutative.

@ It was Glazer who first proved the existence of a free
idempotent ultrafilter on w, i.e. of a free ultrafilter ¢/ on
wsuchthatd +U =U.
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The addition ‘+' on Sw extends the usual addition on w since
(n) + (m) = (n+ m), and is known to be non-commutative.

@ It was Glazer who first proved the existence of a free
idempotent ultrafilter on w, i.e. of a free ultrafilter ¢/ on
wsuchthatd +U =U.

The following two facts are part of the folklore.

(ZF ) The space (pw,+) is a right topological semigroup.

(ZF) If (Bw \ w, +) is nonempty, then (fw \ w,+) is a closed
right topological subsemigroup of (fw, +).
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e BPI,: Every proper filter on w can be extended to an
ultrafilter on w.

e BPIg: Every proper filter on R can be extended to an
ultrafilter on R.

BPIl, < “the Cantor cube 2% is compact”.

BPIly <= ‘“the Cantor cube 2°® js compact” = BPI,, +
‘2R s Loeb”. The latter implication is not reversible in ZF.
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(ZF ) For every infinite set X, 53X embeds as a closed subspace
of 29X) . Thus, Sw embeds as a closed subspace of 2%.

Theorem

The following hold:

(i) BPly = BPIl, + 2% js Loeb” = ‘“there exists a free
idempotent ultrafilter on w".

(ii) ENL + BPIl, = ‘there exists a free idempotent ultrafilter
onw".

(i) “There exists a free idempotent ultrafilter on w” + BPI,,
in ZF. Hence, it is relatively consistent with ZF that there
exists a free idempotent ultrafilter on w but Sw is not
compact.
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Definition
Let H C w. We define

FS(H) = {Zx L F e [H]<\ {(b}}.

xEF

| A\

Theorem

(Hindman’s Theorem) If w is partitioned into finitely many
pieces then one of the pieces, A, contains an infinite set H
such that FS(H) C A. (Such a set A is called an IP set.)

\
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Definition
Let H C w. We define

FS(H) = {Zx L F e [H]<\ {@}}.

xEF

Theorem

(Hindman’s Theorem) If w is partitioned into finitely many
pieces then one of the pieces, A, contains an infinite set H
such that FS(H) C A. (Such a set A is called an IP set.)

| A

A\

e Comfort in 1977 showed that Hindman's theorem is
provable in ZF. (Actually, Comfort credits the argument
to Baumgartner.)

@ The standard proof of Hindman's theorem is due to Galvin
who (based on Glazer's result) showed that, in ZF, any
element of a free idempotent ultrafilter on w is an IP set.
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“There exists a free ultrafilter on w” <= ‘every countable
filter base on w is included in an ultrafilter on w”.

Definition

If x,y € w, x # y, then x,y, x + y is called a Schur triple.

Theorem

The following are pairwise equivalent:

(i) There exists a free ultrafilter on w.

(ii) There exists a free ultrafilter on w which is not idempotent.
(iii) For every IP set A C w there exists a free ultrafilter F on
w such that A € F.
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Proof. (i) — (ii) We first prove (via mathematical induction)
that there exists an infinite subset A of w which contains no
Schur triple.

Let ag, a; be positive integers with ag < a;. Assume that, for
some n € w \ {0}, we have chosen natural numbers

ag, ai, ..., a, such that

(Vje{l,...,n})(Vy € FS({ak : k <j})(y < a)).

(In particular, note that ap < a; < --- < a,.)

As FS({ao, ..., an}) is finite, we may let a,;; be the least
natural number which is greater than every element of
FS({ao,...,an}). This concludes the inductive step. Put

A={a,:new}.
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By the above construction, A is infinite and has no Schur
triples.

As |A| = R, there exists (by hypothesis) a free ultrafilter on
A, F say. Let G be the filter on w which is generated by F.
As F is a free ultrafilter on A and G is generated by F, G is a
free ultrafilter on w such that A € G.

By Galvin's result, G is not idempotent because, since A€ §
has no Schur triples, there is no infinite set H C A such that
FS(H) C A.

(i) — (i) This is straightforward.
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(i) — (iii) Let A C w be an IP set, then A contains an infinite
set H with FS(H) C A. Let

B ={FS(H\ Q): Q€ [H]“}.

Since |H| = Xg and |[w]<¥| = Ny, it follows that |B| = No.
Furthermore, B is a filter base such that (1B = ). Thus, by
our hypothesis and the previous Fact, there is a free ultrafilter
U on w such that B C Y. Since FS(H) € U and FS(H) C A,
we obtain A € U.

(iii) — (i) Since FS(w) C w, our hypothesis readily implies
that there exists a free ultrafilter on w. O
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BPI,, implies there exists a free ultrafilter on w which is not
idempotent. The latter implication is not reversible in ZF.

Proof. Follows from the previous theorem and a result of
Keremedis—Hall-Tachtsis (2013) that “there exists a free
ultrafilter on w” does not imply BPI,, in ZF (via the
construction of a novel ZF-model with the required
properties). O
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BPI,, implies there exists a free ultrafilter on w which is not
idempotent. The latter implication is not reversible in ZF.

Proof. Follows from the previous theorem and a result of
Keremedis—Hall-Tachtsis (2013) that “there exists a free
ultrafilter on w” does not imply BPI,, in ZF (via the
construction of a novel ZF-model with the required
properties). O

Problem

Does either of “there exists a free ultrafilter on w” and (the
strictly stronger in ZF) BPI,, imply “there exists a free
idempotent ultrafilter on w”?
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BPI,, implies there exists a free ultrafilter on w which is not
idempotent. The latter implication is not reversible in ZF.

Proof. Follows from the previous theorem and a result of
Keremedis—Hall-Tachtsis (2013) that “there exists a free
ultrafilter on w” does not imply BPI,, in ZF (via the
construction of a novel ZF-model with the required
properties). O

Problem

Does either of “there exists a free ultrafilter on w” and (the
strictly stronger in ZF) BPI,, imply “there exists a free
idempotent ultrafilter on w”?

This is still open, but a promising ZF-model (due to
Mathias) towards a (possibly) negative answer is the following:
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We start with Feferman’s model M as the ground model in
which countably many generic reals are added but no set to
collect them, ACWO (the axiom of choice for well-ordered
families) is true, and all ultrafilters on w are principal. We
then force with a suitable notion of forcing P over M so that
the generic extension M[G] of M has a free non-idempotent
ultrafilter on w.

Let P = [w]“/fin. We define a partial order < on IP by
requiring:
[A] < [B] <= A\ B is finite

where for X € [w]¥, [X] is the equivalence class of X, i.e.,
[X] ={XAZ:Z e [w]“}.
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A word of caution: Since in Feferman’s model M, all
ultrafilters on w are principal, it follows that ACg (the axiom
of choice for sets of sets of reals) is false in M. Thus there is
a problem in choosing simultaneously representatives from the
equivalence classes. As a result, the above forcing notion

(P, <) should actually be reformulated.

Either take as forcing conditions infinite subsets p, g of w
with the agreement that if p/\q is finite, then they force the
same statements, and that p is a stronger condition than q if
p\ q is finite,

or take IP as defined above and define < on P by either
“p<qiff ¥x € pVy € q (x\ y is finite)" or “p < q iff

dx € pdy € g (x\yis finite)".

Then all the arguments of the proof remain essentially the
same. Thus for the sake of simplicity, we keep the original
formulation of (P, <).
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IP is Ny-closed (i.e., whenever v < Ry and (pg)e<~ is a
decreasing sequence of elements of P — that is, £ <n —

Py < pe —then (3qg € P) (V€ <) (g < pe))-

Let G be a P-generic set over M and let M|[G] be the generic
extension model of M.

M([G] has the same reals as M. \

Let
U:UG

U is a free ultrafilter on w in M[G]. \
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U is not idempotent in M[G].

Proof. It suffices to show that there exists A € U such that A
contains no Schur triple. Then, by Galvin's result, we will
obtain that U/ is not idempotent.

Let

D ={peP:(3A € p)(A has no Schur triple)}.

Clearly, D € M. Furthermore, D # ) (due to a previous
argument).

D is dense in P. Let p = [X] € P. We will find a d € D such
that d < p. As X is infinite, we may easily construct (as done
previously) an infinite Y C X which has no Schur triples.
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It follows that the set
d=1[Y]

belongs to D. As Y C X, we obtain
d=[Y] <[X]=p,

i.e. D is dense in IP as required.

Since G is a P-generic set over M, we have GN D # (). Let
g € GN D. By the definition of D, there exists A € g such
that A has no Schur triples. Furthermore, as [A] = g € G, we
have A € U. Thus, by Galvin's result, the ultrafilter I/ is not
idempotent. O
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Problem

1. Are all ultrafilters on w in M[G] non-idempotent?

2. Are the ultrafilters U +U, U +U + U, . .. non-idempotent
in M[G]? Are these ultrafilters as well as their €-isomorphic
ultrafilters all the ultrafilters on w in M[G]?

3. Is any of ENL and ENL for abelian semigroups, and ENL
for linearly orderable semigroups provable in ZF?

4. Does either of MC and PW imply ENL in ZFA?

5. Does ENL imply either of “there exists a free idempotent
ultrafilter on w” and BPI,,?

6. Does the statement “there exists a free ultrafilter on w”
imply “there exists a free idempotent ultrafilter on w"?

7. Does ACs,, imply MENL? Does MENL imply BPI?
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