TrohoyLopodg tov mivaka A", n € Z »xou Tou

exdeTixo) mivaxo e
Nixoc Xahdidc
Tuhuo EtatiotxhAc xouw AvahoyioTixey - Xernuatoowxovouixomy Modnuatixdy
Havemothulo Avyotou

‘Eotw nivaxag aptducdy Ay xm xon €0tw 6L Béloupe vo utohoyloouue tov A™ ue
n € Z. Elvou TpoTWOTERO VoL EQUPUOCOUUE xaTtdhhnia to Yempnua twv Cayley-
Hamilton (8ec [3]). H Sixywvonoinon Sev ebvor mdvtote epuxth) eved 1 wédodog
uE emaywyt) 0ev elvon évtote ebxoha mpaypoatomolfody. H uédodog mou Yo mo-
pouctdoouye €yel tdvtote anotéheopa (aveldptnta ov o Tivaxog ebvat Slorywvo-
Toiolog 1 6yt) xou emtmhéov eivan e0xoho «oAyopLBpoToL o Lpocy (ot avtideon
pe tnv pédodo tng emarywyNg) He amoTEREGUA TOY €UXONO UTOAOYIOUS SUVAUE®Y
MEYSAWY TUVAXWY PE TNV ¥EYON) UTOAOYLO TV,

To mpthto Briuc TOU UTOEOVKE VoL XEVOUUE Vol VoL UTOAOYIGOUUE TO EAGYLOTO
TOAUGVUUO TOU TVOXQL.

TroAoyLopdc EAdyiLotou IoAvwviuou

Mot vor umohoyicoupe To eEXdYIGTO TOAUDVUUO TOU TVl Ay, xim XoTaoxeLElOVUE
TOV Tvool Bm2><(m+1) o omolog TepLEyeL 0TI 0TARES ToL Toug Tivaxeg I, A, - -+, A™.
Anhad oty TewTn oTHAN Tou Tivaxa B tonodetodue Tol oTolyEld TE TEOTNG
oThAng Tou I émerta Ta oToryela Tng delTepne oThHANG Tou 1 x.T.A. Mty deltepn
oThAn Tou B tonovetolue TNy mpodTn 6THAN Tou A oty cuvéyela Ty 6elTEE
oTHAN Tou A %.T.A

Trohoyilouye Tov avarypévo xhpaxwté B. To miiloc r v nyetxdy
povadwv (ot onoleg Yo Peloxovton oTic 1 TEMTES 0THAES) pog divouv Tov Badud
Tou ehayloTou toAuwviuou. To anotéheoya Yo elvon 6TL TO EAGYIGTO TOAUGVUHO
elvor To

Q(k’) =k" — Br,rJrlkT_l - Brfl,vdrlkr_2 - B177’+1

Etvor govepd 611 1 pédodog auth| etvan ebxoha «ahyopriuomotioyny.
[ v améBelln tne mapomdve teyvixhAc uropel vor det xaveic to BiBiio [3].
X1y ouvéyela opouotdloupe pLo LEY0B0 UTOAOYLOUOU TOU YOoRUXTNEIGTIXOU
TOAVWVOUOU.

TroAoyLopdg XapoktnpeloTtikol oAuwviuou

Oa napouctdcouvye tov akyopriuo twv Leverrier - Faddeev yio tov umo-
AOYIOUO TV CUVTEAEG TV TOU YORUXTNELOTIX0U ToAUWVUUoU evog mivoxa A. H



anddelEn tou Yo topovotldooupe otneileton oto [2] divovtag pla amhooTepr Lop-
¢ e

Eotw o mivoxac Ay xot 4(k) = k™ + a1k™ ™ + - + ap, 0 yopoTn-
ploTixd Touv Tohudvuuo. ‘Eotw mivaxec N1, -+, Ny, (mou Yo touc utoloyicouye
TOPAXAT) T.0.

(kI — AN (k) = I8 (k) 1)

6mou N(k) = Nik™ L+« + Np,. Oewpolpe Ty owxoyévelr mvdxwv B(s) =
sl — A. Tlopatnpolue 6Tt av ot wiotwég tou A ebvan ou ki, -+, kp, (6)L xotd
ovdryxn dtoxexpluéves) tote oL Wotwée tou B(s) eivon ov A; = s — k;. Hpdrypa,
ool

N — B(s)| = |\ — sI+ A] = (=1)™|(s — \)I — A

e0xoha TeoxOTTEL T0 {NTOVUEVO.

O nivoxag B(s) etvon avtiotpéduog avy (dec [3] oehida 348) \; = s—k; # 0
vy i =1,---,m. Xe auth v nepintwon (Snhadr s # k; yio i =1,---,m) o
avtiotpogoc etvar o (sI — A) ™! pe Wrotpée s_lki (Bec [3] oehida 349).

Tote Moyw tne 1 woydel 6Tt

N(s) -1
=(sI—A)"", obtoavsF#k; 2
S =l 4) # )
omou k; ywe i =1,--- ,m ot 18loTéc Tou mivoxa A.
Emmiéov
1 1 5
trace(s] — A)™1 = p— +-+ P 5322 (Bec doxnon 522 tou [3])

‘Ouoc
A=sl—(sI—A)
Av s # k; modemhaotéloupe xartd péhn pe tov (s — A) ™1 xou éyoupe d1
s(sI — AL —T=A(sI —A)~!
AoufBdvovtog to fyvog xatd UEAT XL YeNOWOTOWVTAS TNV 2 TOlPVOUUE TNV CYECT

85:4(8) — m = trace AN(s)
5a(s) 5a(s)’

S#k‘i



and TNy onolo TPoxUTTEL OTL

—a18™ N = 2a9s™ 2 — . — (m —1)am—18 — may, =
(trace AN7)s™ ! 4 (trace AN5)s™ 2 + .- 4 (trace AN,,_1)s + trace AN,,

Emopévec

a; = —%traceANi, i=1,2,---,m
INo voe utohoyloouye Toug IV; Vo YeNoWoTo\CoVUE TNV oyéon
(kI — A)N(k) = 16a(k)
And tnyv oyéon auth TEoXUTTEL OTL

NiE™ 4+ Nok™ L 4 oo 4 Nk — (ANE™ L+ ANGE™ 2 -+ AN,,) = 16 4(k)

Omndte mpoxITTEL O ETOUEVOS AVUDPOUIXOS OAYORUIUOC YLl TOV UTOAOYIOUO TWV
GUVTEAECTWY TOU YURAUXTNELOTIXO) TOAUWVIUOU.

Nl = ]I, a; = —% trace ANl

Ny = AN;+ a1, ay = —% trace ANs

Ny, = ANp_1+ am-1l, l— —% trace AN,,
0 = AN, +ayl

H tehevtaia egloworn umopel va yenowonomnldel yia ToV UTOAOYIOUO TOU OVTL-
otpdpou tou A. Ipdypott, AN, = —a,] %o enopévac Ny = —am A~ Avie
xNoTOVTAS T0 Ny, 0TIV TEOTYOUUEVT) LoOTTTAL Aou3dvouuE

Al LAy o 9mlg

A, am

MAPATHPHEH 1 (EA&y)L0TO KoL YOopokTNELOTLKS ToAv@vuUo) Ar umodoyioou-
€ TO €AdYI0TO TOAUWYUUO €VO§ Tivaka Apxm € TOV TPOmo mou meprypdipaje
TP TOTE pe Alyn akdun OouAeld pumopoUe va UTOAOYICOUUE Kal TO XapaKTPIoTL-
K6 ToAvYUHo Ypnouotowdvtas Ty 1édodo twy Leverrier - Faddeev.

XTny Tepintwon mov To XapakTnploTiké TOAVWY U0 TUMTITTEL UE TO €AdY10TO
Oev xperdletal va kdvoupue Titote Tepioootepo. Av dyi, TOTE TO €AdY10TO TOAUDYU-
po Oa etvar falpod 1 < m evdd to yapaxtnpiotiké moAvdvupo Oa etvar faOpod
m.



Karaokevdlovpe to opoyevég ypaupio ovotnua

ag
N al
B-| . |=0 (3)
am
é /. /7 - / / /.
omov ag, @i, -+ , @y AYYOOTOl OUVTEAEOTES Kal B o avaypérog kAipakwtos tivakag

/. 4 7/ / 7 / /. V4 /

Tou B mou éyouue non vroloyioer. To opoyevés auté olotnua éxer drelpes AVoeg,
dU0 €K TwV OTOolWY €1Va1 01 CUVTEAETTES TOU €AdY10TOU Kail TOU XapaKTNploTIKoU To-
Avwrduov. I'a va vrodoylooupe to yapaktnpiotiké toAvavuvpo Jétoupe ay, = 1
KAl TOUS A1, Gm—2, " - , Gy (6TOU T €lvar to TA0os twy nyetikdy povddwy tov
avaypévov khpakwtol tivaka B) oUpgpwva ue tov akydépidpo twv Leverrier -
Faddeev. Xtny oguvéyea Alvouue to mapandvew ypaupixé olotnua yia va umo-
Aoyioouue Toug UTOAOITOUS UV TEAETTES, dnAadl) Tovg ar—1,- -+ ,ag. H texvikn

z /. Z /4 /z /7 4 /7 /7 /
avtij elvar 1daitepa Bolikry (and tny dron tou tAndouvs tpdéewr) av kdmnoiog Déler
va vrodoyioer kai to eldy10to aAAd Kal To XapaKTnpioTIKe TOAUWYUNLO.

/ / / /7 z /

Ag to Oolue mo ovykekpiuéva o€ éva mapdderypa omov Ya vmodoyioouue
TPATA TO EAGYI0TO TOAUWDYUHO Kal €TEITa To XapakTnploTiko.

Eotw o mivakag

-3 6 0
A= 210
00 3

Oa kataorevdoouue tov mivaxa B xpnoworowvtas tous I, A, A%, A3, ‘Exouue

1 -3 21 87
0o 2 -4 38
0 0 0 0
0 6 —-12 114
B=|1 1 13 —-11
0 O 0 0
0 0 0 0
0 O 0 0
1 3 9 27

Ka1 0 avaypévos KAHaKkwTos Tov elval

10 15 —30
) 01 —2 19
B=10o00 0 o0



To mAnlog twv nyetikdy upovddwy elvar 2 emouévws o Paduds tov eAayiotou
ToAvwrUpov elvar 2. Oétovpe as = 1 kar az = 0 ka1 AVvovtas ws mpog Toug
utéroimous éxouue ot (des Ttny Tpitn oTrAn tou avaypévou kAipakwtol)
qk) =k*+2k —15= (k+5)(k —3) (eAdyioto ToAUGYUNO0)
Yny ouvvéyea Ja vrtodoyioouue kai To XapaKTnpioTiké TOAVWY UHO.
To ypappuké ovotnua
ag + 15a9 — 30as3 = 0
a1 —2a3+19%9%3 = 0
éxel dnepes AUoeis. Akdun kar av Qéooupe az = 1 éyouue dreipes emdoyés
yia to az. AnAadn vndpyouvv dmeipa modvdvuua Paduod 3 ue peyotofdiuo

ourteAeotn) Ty povdda ta onoia undevilovtar and tov mivaka A. Ia tov Adyo

avtov ovveyilovpe Vétortas ag = —trace A = —1 epappdlovzas tov akyépiduo
wwv Leverrier - Faddeev. Etol kataAnyouvue oto ovotnua

ayg = 45

ay = —21

T0 omolo TpoYavas éxel povadikn AVon. ‘pa TeAikd To XapaKTNPIOTIKG TOAVWDY ULO
efval to

Salk) =k —k* — 21k + 45

Ipogavds Oa puropovoaue va ovvexioovue tov akydpiduo twv Leverrier - Faddeev
Y@ va UTOAOYIOOUUE ka1 TOUS UTOAOITOUS OUrTeAeaTés. Epdoor duws éxovue 1on
unodoyioel to eAdyioto moAvdvupo pe tny uébodo anadowpns tov Gauss eivai
TPOTIUOTEPO VA UTOAOYITOULE TOUS EVATOUEVAVTES TUVTEAEOTES X PNOILOTIOIDVTAS
T0 Ypaupikoé ovotnua 3. a

TroloyLopde tou A" yia n € N

Troloyilouye Ti¢ plleg Tou ehdyioTou ToALWVOHOL. Eotw dtt ot pilec Tou ehdyt-
GTOU TOAUWYVUUOU etvar ot Ky, - - -, k TOAMOTAOTNTAC P1, - -+, P| XU €0TE OTL €lvon
Bordpot 7. ‘Eotw v(k) = ar—1k™ 1 + -+ - + a, éva dyvesto mohuedvupo (to orolo
Yo unohoyicoupe Topaxdtw). Tote, Yétovtac f(k) = k", xataoxeudloupe To
TOEUXATE YROUUIXO GUGTNUN UE SYVWOGTOUE TOUC GUVTEAEGTEC TOU TOAUWYUHOU

v(k),
V() = fOky), i=0,---,p1—1

v (k) = fOk), i=0,-,p—1



6mou ue O (k;) evwoolye Ty i-00Th tapdyeyo e ouvdetnong f utohoyiouévn
oto onuelo kj. To clotnuo awtd €yer povadixr Aoon (6eg Pifho [3] oyetixd)
ond v onola taipvoupe to Ttohudvupo v(k). Amodemvieton 6t A" = v(A) =
CLTflAT_l 4+ - 4 apl.

Edv 8ev punopolpe var UTOAOYIGOUUE TO EAGYLOTO ARG EYOUNE UTOOYIOEL TO
YUEAXTNELO TIXO TOAUMVUPO TOTE XAVOUUE oxeBe¢ TNy (Blar epyasia yenoHLoToL-
OVTAC TO YAUPOXTNELOTXG TOAUGVUPO. TNy nep(ntmon auth Gune To (&yvenoTo)
rohucdvupo v(k) Yo ebvor Bardpod m—1, yeyahltepo omd 10 avtio ToLy 0 TOAUGVUNO
OTNY TEPITTWOT YPNONS TOU EAEYLOTOU TOAUGVOUOU.

Troloytopde tou A7 yia n €N

Yty neplntwon mou o mivaxac A elvon avtioTteédiog uropolue exola va
urohoyicoupe tov A™™ (xau dpat xon Tov A7) av éyouye #d1 uTohoyicel Tov A™.
Ioyler 1o mopaxdte Yempnua (dec [3], oehida 361).

BEQPHEMA 2 (H popyn twv otoixeiov tov A™") Eotw éu o mivakas Amxm
etvar avuiotpépos. Av to (i, ) otoryeio tov A" elvar to a;j(n) wéte to (i,7)
otoeio tou A" efvar to a;;(—n). Eidikérepa ta otovela tov AL etvar
aij(—l).

NapPATHPHEH 3 (Tevikevpévoc Avtiotpogoc) Akdun kai otny mepintwon mov
o mivakag A dev elvar avtiotpépiog vndpyer ndvtote o mivakas B e otoela
wa aij(—1). O mivakas B o€ avty v mepintwon eivar o Drazin yevikeuuérog
avtiotpogog tou A ka1 cupfoliletar pe AP (bes [1], ka1 ovykexpipéva Ty andder-
&n wov Oewpripatog 7.5.2 kadds ka1 Tny anddeién tov Jewpripatos 536 tou [3]).
Yo [1] pmopel va der kavels kar epappoyés autol Tou Yerikeuuérou avTioTpigou,
eidikd otis MapkoPiavé§ aAvoides kar 0TS 01apopikés e€lowoels. Yuvenws, €vag
Tpom0S VToAoyrooU tou Drazin yevikeupévouv artiotpdpouv tou A elvai o umolo-
yiouds tov A" (e onowadrimote uétodo) kar otny ouvéyea tou B o onoiog éyel
ws otowela ta a;j(—1). Yo [1] Oa Bper kavel§ ka1 dAovg tpdmovg vroAoyopol
autol TOU YEVIKEVUEVOU avTIoTPOPOU.

TrnoAoyLopog Tou ekBeTikoV Tivako et4

‘Eotw o nivaxag Apxyp Ye Wotpéc g ki, - -+, kyy, TONOmAOTNTAC 71, - -+, Ty (UE
ri+7r24- -+ Ty = n), ONAadH TO YoEAXTNELOTIXG TOAUMVUKO Tou Tivoxa A €xel
™y popyh 04 (k) = (k — ki)™ - (k — k2)™ - -+ (k — kp,)™™. Oa unoloylcouye tov



exdetind mivanca e (Bec [3]). Oa umoloyicouue éva moludvupo n — 1 Badyoy,
SN v(k) = b1k 4 + b, 1o Gote av f(r) = €' va 1oy vel

V() = fOU), i=0,--,r—1

v (km) = fO k), =0, ,1rm—1

6mou we v xon ) evwoolyue TV i-06Th Tapdyeyo e cuvdptnone. T i = 0
evvooUue TNy Blae Ty cuvdetnom (xwels Topdywmyo).

O exdetinée mivaag et Do etvor o mivaog v(A) = b1 A" - b L.
H pédodog autr) odnyel ndvtote 6Tov uTOAOYLOUS Tou {NToluevou Tivaxa elte o
mivaxag A eivan Starywvornotfiotuog elte Oyt Xnuewdote 6t av Véoouye f(x) = a2
xou axohovdncouue dha Tor Tponyolpeva Bruata, o tivaxag v(A) Va eivon (oo e
Tov A". Tlpogavig, umopolue vor UTOAOYIGOUNE TOV eEXVETIXG TVOXA YENOLLOTOL-
OVTAC TO ENGYLIOTO TOAUWYLUO OTOTE OE aUTH TNV TEpinT®womn o tohukdvupo v(k)
Yo etvor €va Bardud ixpdTepo and o EAdyIGTO.

[IAPATHPHEH 4 (Tmoloyiopéc Idrtotiuev) Eidaue pia pédodo vroloyiopod tov
xapaxtnpiotikol ToAvwyUHoU kai enions e puéfodo vmodoyiouol tou eddyiotov
ToAvwyUnov. XTny mepintwon mov o mivakas €lvar peydAng didotaons iows eivai
apketd XpovoPdpo va umoloyioel kavel§ Ti§ 1010TIUES HETW TOU XapaKTnploTikoU.
H elpeon tov eddyiotov ToAVwYUUOU 0€ UEPIKES TEPITTWOES UTOopel va €lval n
AVan oto mpdfAnua xpdévov, dtav (kar av) dnkadn to eAdyioto ToAvdvuuo €lva
ToAU ikpotepov Balpol ané to xapakTnpioTiko Kal €TOpéVwS €lval eUKOAGTEPO
va vroloyioel kavel§ Ti§ 1010TIUES Uéow auTol. 1TOUS OUYXPOVOUS UTOAOYVIOTES
o1 enebepyaoTés eival tepioodTepor and évas. Avté onuaivel ot kavels umopel va
xpnoororjoel dvo enebepyaatés, évay yia tny kde pédodo. Me tov Ttpomo avto
Ua éyer mdvtote to emOuuntoé amotéleoa oToy oUVTOUOTEPO OLVYATO XpPovo. Xe
Hia Tétowa avtipueTdmon tov Véuatos iows taiker onpavtiké poro to yeyovos ot
017 Nyetikég povdodes Ya Ppiokovtal 0TS 1 TPwTES TTAAES TOU avaypévou kAija-
kwtoU tou mivaka B. Ankadn, yw mapdderyua, av to eAdyioto moAvdvupo elvar
devtépov Paliol tote apkel va epyaotolue 0TS TPEIS TPWTES 0THAES Tou B yia
va UTOAOYIoOUHE TOV avayHévo KAHAKWTO kal va Tdpouvpe Tto eAdy10To ToAvwYU-
Ho. Emotpatedortag tepioodtepous emebepyaotés, umopole va <avadéooupuer oe
évay va €pyaotel 0TS TPEIS TPWTES OTHAES, 0€ €vay dALo ot €61 mpddTeS OTHAES
k.TA. Ev té\a, emadn vndpyowr kai dAAeS texrikés elpeong idotiucy (enavain-
TTkéS yia mapdderyua, bes oxetikd oe fifAia Apiiuntiknig Avdilvong) puropolje
va Ti§ €pappoloupe dAe§ TavTdypova o€ d1aPopeTikols enebepyaoTés €Tol woTe va
TdpoulE TNy andvTnon oToY TUYTOUOTEPO OUVYATO XPOVO. a



[IAPAAEITMA 5 ‘Eotw o mivakag

1 0 0
A=1104 06 O
0 04 06

Oa vnoloyioouue ty vooth ddvaun A" kar tov exfetikd wivaxa e, Sty
TPOKEUEVT) TePITTWOon), €med 0 mivakas €val kdtw TPLYWYIKOS Kal JUKPOS o€
didotaon, dev éxel kavéva vonua va vtodoyioovpe to eAdyioto ToAvdvupo. Adyw
TOU 0Tl €lval kdtw TPIYwVIKOS 01 1010TIUES ToU PpiokovTal aTny S1aywvio, omnoTe
etvar o1 ki = 1 modlamAdtnrag 1 kar ko = 0.6 moAdamAdTnrag 2. Xuvends to
xapaxtnpotiké tolvdvupo etvar to da(k) = (k—1)(k —0.6)2. Ilapdla aved, Oa
unodoyioouue to eddyioto moAvwvupo ue tny pédodo mouv éxoupe Teprypdipel ws
éva axoun mapdoeryua.

Ia va vrodoyioovue to eddyioto moAvdvupo kataokevdlovue évav mivaka
Byy4 6mov oty mpdtn othAn toroletolie tov povadiaio mivaka, otny deltepn
tov mivaxka A, oty tpfen tov A? ka1 oty téraptn tov A3, Tlpoxirter Aoirdv o
Tivakag

1 1 1
0.4 0.64 0.784
0 0.16 0.352

0.4 0.48 0.432
0 0 0
0 0 0

1
0
0
0
B=|1 06 036 0216
0
0
0
1 0.6 0.36 0.216 |

Yny owéyea vroloyilovpe tov avaypévo KAUaAKwTo TOU 0 0Tolog OTHY



TpokeUérn TepitTwon €lval o

[ 1.0 0.0 0.0 0.36
0.0 1.0 0.0 —1.56
00 00 1.0 2.2
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0

| 0.0 00 0.0 0.0

o
Il

To mAn0og twy nyetikdy povddwy pag otvel tov falié tou eAdyiotou ToAvwrUpov.
Eb6c 0nAadr) éxouvue tpeig nyetikég povddes emopévag o Badiios tov eAdyiotov mo-
AvwrUpov eivar tpia. Avté BéBaia onuaiver 6T OUUTITTEL 1€ TO XAPAKTNPIOTIKO
ka1 6t emmAéov o mivakas A Oev elvar daywvoroijoipos. H otnin nov Ppioke-
Ta1 auéows petd TNy teAeutaia nyeTikn puovdda, TEPIEYEl TOUS TUVTEAEOTES TOU
eAdy10tov moAvwriuov e avtideto mpoonuo. AnAadr) to edyioto moAVWYULO
efvar To

—0.36 + 1.56k — 2.2k + k3

Oa vroloyioovue tpa tny viootn dUvaun tov A kar tov exletikdé mivaka
et Oéroupe f(x) = 2" ka1 g(x) = €'*. Karaokevdlovje to mapakdtew ypapjurs
ovotnua

at+b+c = f(1) (1) g(1)
0.36a +0.6b+c = f(0.6) (1) g(0.6)
12a+b = f(0.6) (1) g (0.6)

O rivakag Tov ypaupikol autold ovoTHUatos €ivat o

1 1 1
F=1]03 06 1
12 1 0
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Onwg éxouvue armoodeiéer, o mivaxas avtdg efvar mdvtote avTioTpédipios kar o a-
YTIOTPOPOS TOU OTNY TPOKEUEVT) TEPITTWOT) €lval o

6.25 —6.25 —25
Fl=| -75 175 4
225 —-1.25 —1.5

7(1)
Eropévas to sudvvoua (a,b,c) da efvar oo ue F~1- | f(0.6) | ya wny
f(0.6)
g(1)
tepinTwon tng vootis tvaung tov A K F=1. | ¢(0.6) | ya v mepintwon
9'(0.6)

Tou exletikoU mivaka.
Ia v viootn 6Yvaun tov A mpokintel ot

a = 6.25-6.25-0.6"—2.5-n-0.6""
= —75+75:06"+4-n-06"""
¢c = 225-1.25-0.6"—15-n-0.6""
Ka1 eTopuévag n vioot divaun tou A efvai o tivaxag A" = aA? +bA +cl, dn\adn

1.0 0.0 0.0
A" = | 1.0 — 0.6 0.6™ 0.0
1.—0.6"—04-n-06™"1 04-n-0.6" 0.6™

(25 emaAnevon pumopolue va O1UOTOIOOUME €Taywyr) Kal va O1aTIoTWIOULE
S Ul 1] Hmopour XPTOIHOTO GOV yoyn H
ot mpdypat mpékerwar ya tny viootr) dlvaun tov A. EmmAéov, Oérovtag dmou n
t0 —1 Aapfdvouvue tov avtiotpogo tou tivaka A (e Oecdpnua 2).
Ia wov exletiké mivaxa Oa éxovpie

a = 625-¢ —6.25-¢"% -25.¢.0%

b = —T75-€e+75-e"% 44t

c = 225-¢" —125-"% — 151"

Ernopéves o exletikés nivaxas 0a etvar o et = aA? + bA + cl, 6niadn

et 0.0 0.0
tA __ t 0.6t 60'6t 0.0

ot — 06t _ () 4406t (4406t 0.6
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Ta emaARdevon umopolpe va xpnoororijoouue to yeyovds éu o mivaxag et4

efval o Lovadikos Tivakag Tov ikavomolel TNy enduevn dagopikn eklowon mvdkwy
(6€g avtiotoryn mapdypago ota cuoTHUaTe SaPopikdy eEl0dTewY)

P(t) = AP(t)
P(O) = I

Av vrohoyiooupe tov () (rapaywyilovtas ws mpos t kdde otoryeio tov)
Oa mpéma va wyva du et - A = () kadds ka 6u 94 = 1. Ipdyuan,
O1amOTAOVOUUE 0Tl 10X V€l Kal €MOMEVOS EYOUUE TO TUUTEPATHA OTL O TIvaKas mov
unodoyioaue elvar npdypatt o ekUetikdg. a

[IAPAAEITMA 6 Ag vmoOéooupe ot éxouue évay mivaka A tou omolov to eAdyi0to
TOAUYULO €lval IKpoTepo Tou yapaktnpiotikol. Av urnoloyioouue tny viootn
oUvapn Tou Tivaka He TO XaPaKTNPIOTIKO kal ue to eAdyioto Ua mpokUiel to 1010
anotéleoua (6es [3]). Ag to SoUpe avtd o€ mponyolduevo mapdderyua. ‘Eotw o

tivakag

-3 6 0
A= 2 10
0 0 3

To yapaxtnpiotikd ToAvdvupo Tov tivaxa avtod eivai to §4(k) = (k—3)%(k+5)
evdh To eAdyioto molvdruuo eivar toma(k) = (k—3)(k+5). Ag vrodoyioouue tny
viootr) 0Uvaun tov A xpnoiponoikrtag to eAdyioto toAvdvupo. Kataokevdlovpe
éva moAuddvupo Paiiod éva, dnkadry to v(k) = ak+b kar oTnr ouréyea dnuovpyd
g ebiodoes
(=5)a+b = (=5H)"
3a+b = 3"

O rivaxag Tov ovotiuatos avtol €ivai o

-5 1
3 1
K@l 0 avTIoTPOPos Tov €lval o

1 [ -1/8 1/8 ]

F=

3/8 5/8



12

a -1/8 (=5)" +1/83"
Ernopévawg to didvvoua ( ) efvar To . Onote n rvio-
b 3/8 (—5)" +5/83"
otn 6Vvaun tov nivaka A Oa elvar
3/4 (=5)"+1/43™ —=3/4 (-5)"+3/43" 0
A" =aA+bl= | —-1/4 (=5)" +1/43" 1/4 (=5)" +3/43" 0
0 0 3"

EraAnOeletar pe enaywyn éu mpdyupatt mpokertar yia tny viootn) dUvaun tov A.
Eriong, Oérortas émov n to —1 Aapufdvouue tov avtiotpopo tov A. Mmropeite va
<pHavTéetey Ty Hopen movu éxel o exletikog mivakas; EnaAnfebote to!

Ag¢ vrmodoyioouue otny owéyela tny viootr) dUvaun xpnoiLoTowdYTas To
xapaktnpotiké toAvarupo. Kataokevdlovue éva moluvdvuuo devtépov Paduo,
o v(k) = ak? + bk + ¢ ka1 oty cwéyeaa T§ eqidoeg

%a—5b+c = (—5)"
9a+3b+c = 3"
6a+b = n3"!

O mivaxag Tov oUOTAHUATOS KAl 0 avTIOTPOPOS ToU elval

1 1
25 —5 1 Lo L1
-1 3 3
F=19 3 1 ka F = 35 35 1/4
9 55 15
6 1 0 a4 & 5

Yuvends n Adon tov maparndve ovotiuatos elval

. o 8 1 1/8n3"!
3(=5)" n -
c

9(=5)" 4 553" 150371
64 64 8
Yny owéyea ya va vroloyioouue tny viootn duvaun Ua uvrodoyioouvue tov
tivaxa aA? + bA + cl. Awmotdvouue én mpdkerrar ya tov B0 mivarxa mou
éxoupe 1on vmodoyioel.

To Kképdog Tov vToAoYIoHOU TS YI00TNHS dUVauns, XPNoIUOToIOYTaS TO €-
Ady10to moAvwrupo, Tou mapandvew mivaka Ntav katapxds oTOY UTOAOVIOUO TwV
wiotiuwr. Ilpdypati, nrav evkoddtepo va vrmoloyiooupe ti§ 1010TUéS PpiokovTag
1§ piles evo§ moAvwvUpov devtépouv Paluol oe oxéon e ts piles €vis molvw-
viuov tpitov Paluol. Xty owéyea ypnoiuomowdvtas to eAdY10To TOAUWDY UHO
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énpeme va Aboouue éva ovotnua €€1000€wy e OU0 aYYdoToUS Kal 6U0 €51000€1S
€V OTNY TEPIMTWOT ToU XapakTnpiotikoU €npene va AUooupe éva ovotnua €6i-
OWDTEWY € TPEIS aYVHOoToUS Kal TPelS €€1000€lS. Ye TEPITTWOES e YAAUTEPWY
mvdkwy 1 dapopd umopel va eivar moAU peyaAitepn. a

MAPAAEITMA 7 (Miyodikég ISiotipec) Oa umodoyioouvue tny rootn ddvaun

TOoU Tivaka
3 2
A =
-1 3

O1 1610T1uéS ToU Tivaka autol efvai o1 ky = 3 + V/2i ka1 ky = 3 — v/2i. Xty
TEPITTWOT) TwWY UIYAOIKDY 1010TIUOY €1VAl TPOTIUOTEPO YA TOUS HETATPEPOUUE TTNY
ToAikn) TouS Hop@n, 6nAadn va vmoloyiocouue ta 1,0 T.w. va ypdpetar o kdOe
apruds otny popen r(cos(0) + isin(f)). Apxel va Oéoouue 6 = arctan Y2 em

3
r=+v32+2=+11. Ondre

k= V11 (cos <arctan ?) + ¢sin (arctan ?))
ko = V11 (cos <arctan \/j) — ¢sin (arctan f))

Yy ouvvéyela kataokevdlovue éva molvdvupo mpdtouv Paduol, to v(k) =
ak +b. Ia va vroloyiocouue tovg a,b oxnuatilovue tig tapaxdtw e l0woerg

Kai

ak1+b = k?
aks+b = kg

E&odvortag tpaypatikd puépn e mpaypaticd kal pavaotikd [Uépn Ue parTaotikd
TpokUTTOUY 01 €£10¢)0€I§

2 2
av/'11 cos <arctan \3[> +b = (V11)"cos (narctan \3[>

2 2
av11sin (arctanng) = (V11)"sin (narctan{)

Ynueadote on

[r(cos(0) + isin(#))]" = r"(cos(nb) + isin(nh))
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O rnivaxas F ka1 o avtiotpopos tov F~1 tou ouotipatog avtod efvar

3.0 1 ol 0 1/2v2
\/50] Kal _[1—1.5\@]

Erouévag éxouvue ot

F=

o

< . > ) (m)nsin (n arctan (?))
b (\/ﬁ)n cos (n arctan (g)) —1.5V2 (\/ﬁ)n sin (n arctan (72))
Ywvenig A" = aA + bll, 6nAaon

(\/ﬁ)n cos (n arctan (?)) V2 (\/ﬁ)n sin (n arctan (?))

_g (\/ﬁ)” sin (n arctan (%)) (\/ﬁ)n cos (n arctan (%))

A" =

Xpnouomoidvtas TprywyoeTpikéS TavTotnTeS umopel va amoderyOel emayw-
yikd 6t mpdkertar mpdyuatt ya tny viootn) dUvaun tov wivaka A. Xnueote
ouws ot Ya mpéner va ypnoiponorjoete ws A tov

(\/ﬁ) coS (arctan (%)) V2 (\/ﬁ) sin (arctan (?))
_g (\/ﬁ) sin (arctan (?)) (\/ﬁ) cos (arctan <§>>

Yy popen tov A", Oétovtag émou n to —1 Aapufdvovue tov avtiotpopo tou

rivaxa A, onAaon tov
(\/ﬁ)_l cos (— arctan (?)) V2 (\/ﬁ)_l sin (— arctan (g))
—@ (\/ﬁ)_1 sin <— arctan (g)) (m)_l cos <— arctan <§>>

T0 omolo umopel va enaAndevlel xpnoHoTOIOY TAS TPIYWVOUETPIKES TAUTOTI)TES.
Oa vnodoyloovue ka1 tov exletid mivaxa et
v(k) = ak + b oxnuatilouue g esiodoeas

. Oecwpartag to TOAVGYUHO

aki+b = €M
ako +b = etk

Onwg

etk — et(3+i\/§) — 3t cos(\/ﬁt) + ie3 Sin(\/ﬁt)
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To mapardvw Aoimdy cVotnua Vivetai
0 nu

2
aVv'11 cos <arctan \3f> +b = e cos(V2t)
2
aVv11sin (arctan \?{) = Msin(V2t)

e3t cos (t\/i)
e3tsin (tﬂ)
pévas o exdetikés mivaxas Ba etvar o et = a A + b, 5n\adrj
A 3t cos (tv/2) V2e3tsin (tv/2)
—1/2/2e3tsin (t\/ﬁ) et cos (t\/i)

z / ’ z 4 /. /. /
25 emaAnlevon, pumopolue va dumotwoouvpe 6t o mapandvw mivakas eivar Avon

s dagopixnis e€lowons mvdkwr P'(t) = P(t)A, P(0) = L O

H A\don tov ovotiuatos etvar to Sdvvopa F~1- . Emo-

MAPAAEITMA 8 (Tlivokac plyadikev aptbuev) FEotw o mivakas

1—-21¢ 0
A=
3 1-24

O rivaxag avtds éyer pa 100t ToAdarAdtnTag dvo, Ty ki = 1 — 2i.

Ia va vnoloyiooupe to eAdyioto moAvdvuuo Ua kataokevdoouue évay mivaka
Byy3 o onoiog otnr mpan othAn Oa éyer tov povadiaio, otny devtepn tov A kai
oty tptfen tov A%, Oa éyouue Aomdy

(1 1-2i —3—4i ]
0 3 6 —12i
0 0 0

|1 1-2i —3—4i

O avaypérog khipaxwtos Ja efvar o

0 3+4i ]
1 2—44
0 0
0 0

o)
I

1
0
0
0
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Eropévas to eldyioro molvadvupo etvar to ma(k) = k* — (2 — 4i)k — (3 + 4i) =
(k — (1 — 2i))? (Betve To TARTOG TWY NyeTikY JOVEdwWY KAl TOUS TUVTEAETTES
otny tpftn othiAn). Avté onuaiver ét o wivaka§ dev eivar S1aywromoioljLos.
Kataokevdlovpe éva molvdvupo mpdrov Baduod, to v(k) = ak + b térow dote
va 1kavomolel TS €€100Telg

a(l—2i)+b = (1—2i)"
a = n(l-2)"1

Avvovtag to ovotnua vroloyilovue ta a, b ka1 otny ouvéyeaa tov A™ o onolog Ua
z.
etvai

A" =

(1—2i)" 0
3n(l—20)""" (1—24)" ]

Eraywyikd anodeixvietal 6t mpdyuat eivai n viootn d6Uvaun tov nivaka A. Oéro-
vtag omov n to —1 Aaupdvouue tov mivaka

1/5+2/5i 0 ]
> -2 1/5+2/5i

o omolog €fvai o avtiotpopos tou mivaka A.
Yny ouwvéyea vrnoloyilovue tov exbetiké mivaka. Xynuatilovue tg €&
0Wo€Ig

a(l—2)+b = -2
a = tet(1-20)

Advovtag to ovoTnua vrodoyilovue tous a,b kar otnr ovvéyea Ua éxovue
o(1=23)t 0

3 e(1-20)t  (1-20)t

oA —

Etiola emaAnfeoupe 6 o maparndve mivakas ikavoroiel Ttny Owapopixn) efiow-
7/ / / z z

on mwvikwy P (t) = P(t)A, P(0) = I ka1 enopévewg npdypatt mpékertar ya tov

exletino mivaka. O

Hepoobtepec Aentopépetec xou epappoyéc Yo Ppet xavelc oto [3] xar oTic
AVUUPOPES TIOU UTIRYOUV GE QUTO.
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